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Coq Proof Assistant

Coq is based on Curry-Howard Correspondence
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@ Lambda calculus

@ Curry-Howard for Propositional Intuitionistic Logic

© Curry-Howard for Classical and Gédel Logic

© Curry-Howard for First-Order Classical Logic Arithmetic
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LAMBDA CALCULUS

Church (1936)
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Lambda calculus

A-calculus is a programming language whose basic objects are
functions
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Lambda calculus

A-calculus is a programming language whose basic objects are
functions

Definition of functions:

f=x— x2+1
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Lambda calculus

A-calculus is a programming language whose basic objects are
functions

Definition of functions:
f=x—x%+1
Application of a function to an argument:

f(a) = & + 1

Federico Aschieri Curry-Howard Correspondence



Lambda calculus

A-calculus is a programming language whose basic objects are
functions

Definition of functions:
f=x—x%+1
Application of a function to an argument:
fa) = & + 1

In \-calculus:
AX X2 +1

(M x2+1)a— &+ 1
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Lambda Terms

@ Variables x,y, z, ... are \-terms
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Lambda Terms

@ Variables x,y, z, ... are \-terms

Q If uis a M\-term, then A\x uis a \-term
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Lambda Terms

@ Variables x,y, z, ... are \-terms
Q If uis a M\-term, then A\x uis a \-term

© If t and u are \-terms, then t u is a \-term
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Lambda Terms

@ Variables x,y, z, ... are \-terms
Q If uis a M\-term, then A\x uis a \-term

© If t and u are \-terms, then t u is a \-term

(x is said to be bound in \x u. Variables which are not bound
are said to be free)
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Lambda Terms

@ Variables x,y, z, ... are \-terms
Q If uis a M\-term, then A\x uis a \-term

© If t and u are \-terms, then t u is a \-term

(x is said to be bound in \x u. Variables which are not bound
are said to be free)

Notation: tuuy ... up stands for (((tu) uy) ... un)
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Lambda Terms

@ Variables x,y, z, ... are \-terms
Q If uis a M\-term, then A\x uis a \-term

© If t and u are \-terms, then t u is a \-term

(x is said to be bound in \x u. Variables which are not bound
are said to be free)

Notation: tuuy ... up stands for (((tu) uy) ... un)
AXAY X
AXAy z
M Ax f(f(x))
= (By renaming of bound variable)
Ag Ax g(9(x))
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Reduction Rules

Redex :
(Axu)t— ut/x]

(t must not contain as free variables bound variables of u)
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Reduction Rules

Redex :
(Axu)t— ut/x]
(t must not contain as free variables bound variables of u)
(AXAyx) b b

—

(Ayt) b
—

t
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Reduction Rules

(Axu)t— ut/x]
(t must not contain as free variables bound variables of u)
(Ax Ay x)y &2
>

Ayy)t
>

to
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Examples: Pairs

<ta U>, o, 1
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Examples: Pairs

<ta U>, o, 1

<f, U>7l’0 —t

(t,uymy — u
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Examples: Pairs

<ta U>, o, 1

<f, U>7l’0 —t

(t,uymy — u

(t,u) == Axxtu
Y = AXAY X
T I=AXAY Y
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Examples: Pairs

<ta U>, o, 1

<f, U>7l’0 —t

(t,uymy — u

(t,u) == Axxtu
Y = AXAY X
T I=AXAY Y

(t,u)ymog = (AX X EU)(AXAY X) —= (AX Ay x)tu— (Ay tu—t
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Examples: Pairs

<ta U>, o, 1

<f, U>7l’0 —t

(t,uymy — u

(t,u) == Axxtu
Y = AXAY X
T I=AXAY Y

(t,u)ymog = (AX X EU)(AXAY X) —= (AX Ay x)tu— (Ay tu—t
(t,)ymy = (AXXEU)(AXAY Y) — (AX Ay y)tu— (A\yy)u—u
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Examples: Booleans

if wthentelseu, True, False
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Examples: Booleans

if wthentelseu, True, False

if Truethentelseu st

if Falsethentelseu s u
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Examples: Booleans

if wthentelseu, True, False

if Truethentelseu st

if Falsethentelseu s u

ifwthentelseu := (t,u) w
True := my == AX Ay X

False .= 71 := AxAyy
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Examples: Booleans

if wthentelseu, True, False

if Truethentelseu st

if Falsethentelseu s u

ifwthentelseu := (t,u) w
True := my == AX Ay X

False .= 71 := AxAyy

if Truethentelseu = (t,u)my — t
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Examples: Numbers

n times
—
A= MM .(fx)..))
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Examples: Numbers

n times
—
A= MM .(fx)..))

IsZero0 — True
isZeron+ 1 — False
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Examples: Numbers

n times
—
A= MM .(fx)..))

IsZero0 — True
isZeron+ 1 — False

0= \MMxx
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Examples: Numbers

n times
—
A= MM .(fx)..))

IsZero0 — True
isZeron+ 1 — False

0= \MMxx

(MAX x)? True — True
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Examples: Numbers

n times
—
A= MM .(fx)..))

IsZero0 — True
isZeron+ 1 — False

0= \xx
(MAX x)? True — True

(MAx fx) (\z False)? — (\z False)? — False
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Examples: Numbers

n times
—
A= MM .(fx)..))

IsZero0 — True
isZeron+ 1 — False

0= Mxx
(AMAx x)? True — True
(MAx fx) (\z False)? — (\z False)? — False

isZero := Ann(\z False) True
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Examples: Numbers

n times

—N
n:= MM f(...(fx)...)
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Examples: Numbers

n times

—N
n:= MM f(...(fx)...)

Addn

3|

= nNn+m
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Examples: Numbers

n times

—N
n:= MM f(...(fx)...)

Addnm— n+m

Add := xmAnXfAx nf(mfx)
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Examples: Numbers

n times

—N
n:= MM f(...(fx)...)

Addnmw— n+m
Add := xmAnXfAx nf(mfx)

Add 23 — A Ax 2f (31 x) > M Ax 2 (F(( X))
— M F(F(F(F(F X)) = 5
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Kleene’s Predecessor Function

n times

. —_ ,—/\_\ .
Given n:= A Ax f(...(fx)...), we want to the iterate
successor function from 0 exactly n — 1 times.
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Kleene’s Predecessor Function

n times

. —_ ,—/\_\ .
Given n:= A Ax f(...(fx)...), we want to the iterate
successor function from 0 exactly n — 1 times.

(True, ny — (False, n)
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Kleene’s Predecessor Function

n times
. —_ ,—/\_\ .
Given n:= A Ax f(...(fx)...), we want to the iterate
successor function from 0 exactly n — 1 times.

(True, ny — (False, n)

(False,n) — (False,n+ 1)
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Kleene’s Predecessor Function

n times

. —_ ,—/\_\ .
Given n:= A Ax f(...(fx)...), we want to the iterate
successor function from 0 exactly n — 1 times.

(True, ny — (False, n)

(False,n) — (False,n+ 1)

Apif pmo then (False, py) else (False,pmy + 1)
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Kleene’s Predecessor Function

n times

. —_ ,—/\_\ .
Given n:= A Ax f(...(fx)...), we want to the iterate
successor function from 0 exactly n — 1 times.

(True, ny — (False, n)
(False,n) — (False,n+ 1)
Apif pmo then (False, py) else (False,pmy + 1)

Pred :=
An. n(Ap if pmg then (False, p ) else (False, pm1+1)) (False, 0)
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Higher Order Recursion
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Higher Order Recursion

R

Ruv0—u

Ruvn+1+— vn(Ruvn)

Federico Aschieri Curry-Howard Correspondence



Higher Order Recursion

R

Ruv0—u

Ruvn+1+— vn(Ruvn)

(n,Ruvn) — (n+1,vn(Ruvn))
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Higher Order Recursion

R

Ruv0—u

Ruvn+1+— vn(Ruvn)

(n,Ruvn) — (n+1,vn(Ruvn))

Ao (pmo+1,v(pmo)(pmi))
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Higher Order Recursion

R

Ruv0—u

Ruvn+1+— vn(Ruvn)

(n,Ruvn) — (n+1,vn(Ruvn))

Ao (pmo+1,v(pmo)(pmi))

R:= Auxvinn (Ap(pmo + 1, v(pmo)(pm))) (0, u)
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All Turing—computable functions are representable in
A-calculus.
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All Turing—computable functions are representable in
A-calculus.

Also weird programs, as:

(Ax X x)(Ax x X)
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Theorem (Confluence)

Assume t —* u and t —* v, where u and v are normal forms,

i.e. no reduction rule can be applied to them. Then u and v are
the same term.
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INTUITIONISTIC PROPOSITIONAL LOGIC

AL NN T |
-
ny

Natural Deduction (Gentzen 1934, Prawitz 1965)
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Natural Deduction

Assumptions, Introduction and Elimination Rules
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Natural Deduction

Assumptions, Introduction and Elimination Rules

Reasoning starts from assumptions
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Natural Deduction

Assumptions, Introduction and Elimination Rules

Reasoning starts from assumptions

To every logical symbol belongs precisely one inference figure
which introduces the symbol and one which eliminates it
(Gentzen, 1934).
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Natural Deduction

Assumptions, Introduction and Elimination Rules

Reasoning starts from assumptions

To every logical symbol belongs precisely one inference figure
which introduces the symbol and one which eliminates it
(Gentzen, 1934).

The introductions represent, so to speak, the definitions of the
symbols concerned
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Natural Deduction

Assumptions, Introduction and Elimination Rules

Reasoning starts from assumptions

To every logical symbol belongs precisely one inference figure
which introduces the symbol and one which eliminates it
(Gentzen, 1934).

The introductions represent, so to speak, the definitions of the
symbols concerned

and the eliminations are no more, in the final analysis, than
consequences of these definitions (ibid.)
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Natural Deduction Trees
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Natural Deduction Trees

[Al

A— B
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Natural Deduction Trees

Federico Aschieri Curry-Howard Correspondence



(A—-B)—-(B—~C)— (A= 0))
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[A— B]

(B—-C)—= (A— 0
(A= B)— ((B—~C)— (A= 0))
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[A— B]

[B — C]

A—C
(B—-C)—= (A— 0
(A= B)— ((B—~C)— (A= 0))
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[A— B] [A]

[B — C]

C
A—C
(B—-C)—= (A— 0
(A= B)— ((B—~C)— (A= 0))
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[A— B] [A]
(B — C] B
C
A—C
(B—-C)—= (A— 0
(A= B)— ((B—~C)— (A= 0))
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Detour Removal

[A]
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Detour Removal

[Al
B
A-B A
B
A

B
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Simply Typed \-Terms

XA A
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Simply Typed \-Terms

XA A
xA: A
u:B

MAu:-A— B

Federico Aschieri Curry-Howard Correspondence



Simply Typed \-Terms

u:B
MAu:-A— B

t:A— B u:A
tu: B
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Simply Typed \-Terms

u:B
MAu:-A— B

t:A— B u:A
tu: B

CURRY-HOWARD ISOMORPHISM
A-TERM of TYPE A — PROOF of A
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Simply Typed \-Terms

u:B
MAu:-A— B

t:A— B u:A
tu: B

CURRY-HOWARD ISOMORPHISM
A-TERM of TYPE A — PROOF of A

TYPES of its free variables =— HYPOTHESES of the Proof
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AXABAYB=CAZA y(x2) . (A= B) = ((B— C) = (A— C))
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Theorem (Subject Reduction)

Ifs— s ands: A, then s’ : A. Moreover, the free variables of s’
are among those of s.

Federico Aschieri Curry-Howard Correspondence



Theorem (Subject Reduction)

Ifs— s ands: A, then s’ : A. Moreover, the free variables of s’
are among those of s.

Computation as Elimination of Detours
XA A
u:B

MAu:A— B t:A
(\xAu)t: B
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Theorem (Subject Reduction)

Ifs— s ands: A, then s’ : A. Moreover, the free variables of s’
are among those of s.

Computation as Elimination of Detours
XA A
u:B

MAu:A— B t:A
(\xAu)t: B

ult/x?] : B
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Theorem (Subformula Property)

Assume t : A is in normal form. Then the type of any subterm
of t is contained in A or in the type of some free variable of t.
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Theorem (Subformula Property)

Assume t : A is in normal form. Then the type of any subterm
of t is contained in A or in the type of some free variable of t.

No logical detours
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Theorem (Strong Normalization)

Assumet : A. Then t is strongly normalizable (SN), i.e. there is
no infinite sequence of terms

=t —b...—=th—= 1 — ...
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Lemma (Van Dalen, Levy, David)

Ifuis SNandt: Ais SN, then u[t/x] is SN.
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Lemma (Van Dalen, Levy, David)

Ifuis SNandt: Ais SN, then u[t/x] is SN.

Proof by lexicographic induction on the triple:
(size(A), longestred(u), size(t))
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Lemma (Van Dalen, Levy, David)

Ifuis SNandt: Ais SN, then u[t/x] is SN.

Proof by lexicographic induction on the triple:
(size(A), longestred(u), size(t))

Lemma 1: uis SN = longestred(u) exists by Kénig Lemma!
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Lemma (Van Dalen, Levy, David)

Ifuis SNandt: Ais SN, then u[t/x] is SN.

Proof by lexicographic induction on the triple:
(size(A), longestred(u), size(t))

Lemma 1: uis SN = longestred(u) exists by Kénig Lemma!

Lemma 2: tis SN and u[t/x]is SN = (Axu)tis SN
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Lemma (Van Dalen, Levy, David)
Ifuis SNandt: Ais SN, then u[t/x] is SN.

Proof by lexicographic induction on the triple:
(size(A), longestred(u), size(u))

CASE 1:

Suppose u = \zBw.
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Lemma (Van Dalen, Levy, David)
Ifuis SNandt: Ais SN, then u[t/x] is SN.

Proof by lexicographic induction on the triple:
(size(A), longestred(u), size(u))

CASE 1:

Suppose u = \zBw.
size(w) < size(u)

longestred(w) = longestred(u)
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Lemma (Van Dalen, Levy, David)
Ifuis SNandt: Ais SN, then u[t/x] is SN.

Proof by lexicographic induction on the triple:
(size(A), longestred(u), size(u))

CASE 1:

Suppose u = \zBw.
size(w) < size(u)

longestred(w) = longestred(u)
By IH, w[t/x] is SN.
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Lemma (Van Dalen, Levy, David)
Ifuis SNandt: Ais SN, then u[t/x] is SN.

Proof by lexicographic induction on the triple:
(size(A), longestred(u), size(u))

CASE 1:
Suppose u = \zBw.
size(w) < size(u)

longestred(w) = longestred(u)
By IH, w[t/x] is SN.
Therefore u[t/x] = \zB w]t/x] is SN
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Lemma (Van Dalen, Levy, David)

Ifuis SNandt: Ais SN, then u[t/x] is SN.

Proof by lexicographic induction on the triple:
(size(A), longestred(u), size(u))

CASE 2:

u=yw ... wp with y # x.
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Lemma (Van Dalen, Levy, David)

Ifuis SNandt: Ais SN, then u[t/x] is SN.

Proof by lexicographic induction on the triple:
(size(A), longestred(u), size(u))

CASE 2:

u=yw ... wp with y # x.

size(w;) < size(u)

longestred(w;) < longestred(u)
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Lemma (Van Dalen, Levy, David)

Ifuis SNandt: Ais SN, then u[t/x] is SN.

Proof by lexicographic induction on the triple:
(size(A), longestred(u), size(u))

CASE 2:
u=yw ... wp with y # x.
size(w;) < size(u)

longestred(w;) < longestred(u)
Thus w;[t/x] € SN by IH.
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Lemma (Van Dalen, Levy, David)

Ifuis SNandt: Ais SN, then u[t/x] is SN.

Proof by lexicographic induction on the triple:
(size(A), longestred(u), size(u))

CASE 2:

u=yw ... wp with y # x.

size(w;) < size(u)
longestred(w;) < longestred(u)
Thus w;[t/x] € SN by IH.
Therefore u[t/x] = y(wy[t/x]) ... (wp[t/x]) € SN.
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Lemma (Van Dalen, Levy, David)

Ifuis SNandt: Ais SN, then u[t/x] is SN.

Proof by lexicographic induction on the triple:
(size(A), longestred(u), size(u))

CASE 3:

u=M\Bvyww ... w.
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Lemma (Van Dalen, Levy, David)

Ifuis SNandt: Ais SN, then u[t/x] is SN.

Proof by lexicographic induction on the triple:
(size(A), longestred(u), size(u))

CASE 3:
u=M\Bvyww ... w.

Let v/ = v[t/x], w = w[t/x], w/ = wi[t/x], i=1...n).
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Lemma (Van Dalen, Levy, David)

Ifuis SNandt: Ais SN, then u[t/x] is SN.

Proof by lexicographic induction on the triple:
(size(A), longestred(u), size(u))

CASE 3:
u=M\Bvyww ... w.
Let v/ = v[t/x], w = w[t/x], w/ = wi[t/x], i=1...n).

By IH, v/, w', w] are SN, since the size of v, w, w; is smaller than
size(u) and their longestred is at most that of longestred(u).
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Lemma (Van Dalen, Levy, David)

Ifuis SNandt: Ais SN, then u[t/x] is SN.

Proof by lexicographic induction on the triple:
(size(A), longestred(u), size(u))

CASE 3:
u=M\Bvyww ... w.
Let v/ = v[t/x], w = w[t/x], w/ = wi[t/x], i=1...n).

By IH, v/, w', w] are SN, since the size of v, w, w; is smaller than
size(u) and their longestred is at most that of longestred(u).

longestred(v[w/yBlw; ... wy) < longestred(u)

Federico Aschieri Curry-Howard Correspondence



Lemma (Van Dalen, Levy, David)

Ifuis SNandt: Ais SN, then u[t/x] is SN.

Proof by lexicographic induction on the triple:
(size(A), longestred(u), size(u))

CASE 3:
u=M\Bvyww ... w.
Let v/ = v[t/x], w = w[t/x], w/ = wi[t/x], i=1...n).

By IH, v/, w', w] are SN, since the size of v, w, w; is smaller than
size(u) and their longestred is at most that of longestred(u).

longestred(v[w/yBlw; ... wy) < longestred(u)

By IH, v'[w'/yBlw; ... w}, is SN, thus
ult/x] = (\yB.v)w'w] ... w},is SN by Lemma 2.
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Lemma (Van Dalen, Levy, David)

Ifuis SN andt: Ais SN, then u[t/x] is SN.

Proof by lexicographic induction on the triple:
(size(A), longestred(u), size(u))

CASE 4:

U= XWw...wp withn>0.
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Lemma (Van Dalen, Levy, David)

Ifuis SN andt: Ais SN, then u[t/x] is SN.

Proof by lexicographic induction on the triple:
(size(A), longestred(u), size(u))

CASE 4:
U= XWw...wp withn>0.

w; = w;[t/x] is SN by IH.
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Lemma (Van Dalen, Levy, David)

Ifuis SN andt: Ais SN, then u[t/x] is SN.

Proof by lexicographic induction on the triple:
(size(A), longestred(u), size(u))

CASE 4:
U= XWw...wp withn>0.
w; = w;[t/x] is SN by IH.

(Xwy...Wp_q)[t/x] =twj...w,_,isin SN by IH.

* -1
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Lemma (Van Dalen, Levy, David)

Ifuis SN andt: Ais SN, then u[t/x] is SN.

Proof by lexicographic induction on the triple:
(size(A), longestred(u), size(u))

CASE 4:

U= XWw...wp withn>0.

w; = w;[t/x] is SN by IH.

(Xwy...Wp_q)[t/x] =twj...w,_,isin SN by IH.

uft/x] = (twg...w,_,z)[w;,/z], with z fresh.
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Lemma (Van Dalen, Levy, David)

Ifuis SN andt: Ais SN, then u[t/x] is SN.

Proof by lexicographic induction on the triple:
(size(A), longestred(u), size(u))

CASE 4:

U= XWw...wp withn>0.

w; = w;[t/x] is SN by IH.

(Xwy...Wp_q)[t/x] =twj...w,_,isin SN by IH.
uft/x] = (twg...w,_,z)[w;,/z], with z fresh.

* 7 n—1

type(w}) < type(t) = u[t/x] is SN by IH.
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Theorem (Strong Normalization)

Assume t : A. Then t is strongly normalizable, i.e. there is no
infinite sequence of terms

t—tH—=b.. . —=th—= 11— ...

By induction on t.
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Theorem (Strong Normalization)

Assume t : A. Then t is strongly normalizable, i.e. there is no
infinite sequence of terms

t—tH—=b.. . —=th—= 11— ...

By induction on t.

t = x"is SN

Federico Aschieri Curry-Howard Correspondence



Theorem (Strong Normalization)

Assume t : A. Then t is strongly normalizable, i.e. there is no
infinite sequence of terms

t—tH—=b.. . —=th—= 11— ...

By induction on t.
t = x*is SN

t = AxAu. uis SN by IH, so t is SN.
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Theorem (Strong Normalization)

Assume t : A. Then t is strongly normalizable, i.e. there is no
infinite sequence of terms

t—tH—=b.. . —=th—= 11— ...

By induction on t.
t = x"is SN
t = AxAu. uis SN by IH, so t is SN.

t =uv = xv[u/x], where uand v are SN by IH. By Lemma, ¢
is SN.
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Reducibility (Tait 1960s)
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Reducibility (Tait 1960s)

t € Redp iff t : P is strongly normalizable
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Reducibility (Tait 1960s)

t € Redp iff t : P is strongly normalizable

t € Red,_,p iff forall u € Red, , tu € Redg
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Reducibility (Tait 1960s)

t € Redp iff t : P is strongly normalizable
t € Red,_,p iff forall u € Red, , tu € Redg

te Redr — te SN
t: T — te Redr
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u:A v:B
(u,v):ANB
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u:A v:B
(u,v):ANB

t:AANB
tmg: A

t:AANB
tmy: B
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u:A v:B
(u,v):ANB

t:AANB
tmg: A

t:AANB
tmy: B

(o, t1) i — 1 (i€ {0,1})
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u:A
o(u): AvB
u:B
t(u)y:AvB
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t:AvB u:.C V:.C
t[xA.u,yB.v]: C
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t:AvB u:.C V:.C
t[xA.u,yB.v]: C

o(Uu)[x.v,y.w] — v[u/x]

vi(U)[x.v,y.w] — wlu/y]
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Logical Detours

u:A v:B
(u,v) :ANB = u-A
<U,V>7T0 A
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Natural Deduction

A : :
o(u): AvB v:C w:C
o(W)XAv, yBw] - C

viu/x": C
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Theorem (Disjunction Property)

Suppose t : AV B is in normal form, i.e. no reduction rule can
be applied to t, and t does not contain free variables. Then
t=w(u)andu:Aort=1(u)andu: B.

Federico Aschieri Curry-Howard Correspondence



Church Numerals cannot be given a useful type!

MY ZYAXYF(F(X) : (Y = Y) = Y = Y .= NAT
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Church Numerals cannot be given a useful type!

MY ZYAXYF(F(X) : (Y = Y) = Y = Y .= NAT

(n,Ruvn) — (n+1,va(Ruvn))
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Church Numerals cannot be given a useful type!

MY ZYAXYF(F(X) : (Y = Y) = Y = Y .= NAT

(n,Ruvn) — (n+1,va(Ruvn))

AD (P70 + 1, v(pmo)(pr1)) : (NAT A NAT) — (NAT A NAT)
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Church Numerals cannot be given a useful type!
MY ZYAXYF(F(X) : (Y = Y) = Y = Y .= NAT
(n,Ruvny — (n+1,via(Ruvn))
Ap{pmo+1,v(pm)(pmi)) : (NAT A NAT) — (NAT A NAT)

R := AuAvAn™T n (Ap (pmo + 1, v(pmo)(pm))) (0, u)
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Complexity

Theorem (Schwichtenberg)

Suppose that t : A, k be the size of t and r be the size of A.
Then t reduces to a normal term in at most

steps.
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INTUITIONISTIC SECOND ORDER PROPOSITIONAL LOGIC

Polymorphic A-calculus (Girard 1971, System F)
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@ Type Variables A, B,C, X, Y, ... are types.
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@ Type Variables A, B,C, X, Y, ... are types.

©Q If Aand B are types, A — Biis a type.
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@ Type Variables A, B,C, X, Y, ... are types.
©Q If Aand B are types, A — Biis a type.

Q If Ais atype and X a type variable, then VX A is a type.
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Polymorphic A-Terms
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Polymorphic A-Terms

u:B
MAu:A— B

t:A— B u:A
tu: B
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Polymorphic A-Terms

A
AXt: VXA

(X is not in the types of the free variables of t)
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Polymorphic A-Terms

A
AXt: VXA

(X is not in the types of the free variables of t)

VXA
tB: A[B/X]
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Polymorphic A-Terms

A
AXt: VXA

(X is not in the types of the free variables of t)
t: VXA

tB: AB/X]

(AX 1) B t[B/X]
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VX.(A-B—=X)—»X)—A
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[VX. (A= B— X) — X)] -

A
VX.(A-B—=X)—»X)—A
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[VX. (A= B— X) — X)] -
(A—=B— A)— A)

A
VX.(A-B—=X)—»X)—A
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VX. (A= B— X) = X)] -
(A—=B— A)— A) A—-B—=A

A
VX.(A-B—=X)—»X)—A
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A
[VX. (A— B— X) — X)] B[—>]A
(A->B—A) — A A—-B— A

A
(VX.(A=-B—=X)—=X)—>A
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Booleans

Bool :=vX. X = X = X
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Booleans

Bool :=vX. X = X = X

True := AXAx*\yX x
False :== AX x*\yX y
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Booleans

Bool :=vX. X = X = X

True := AXAx*\yX x
False :== AX x*\yX y

w:Boolt: C,u: C

ifwthentelseu:=wCtu
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Booleans

Bool :=vX. X = X = X

True := AXAx*\yX x
False :== AX x*\yX y

w:Boolt: C,u: C

ifwthentelseu:=wCtu

if True thent else u = (NXAXXAyX x) Ctu— (MxCAyCx)tu—t
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Church Numerals

NAT = ¥X. (X = X) = X — X
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Church Numerals

NAT = ¥X. (X = X) = X — X

Every normal term of type NAT is of the form:

n times

—
=AM XXX (L (Fx)..)
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Pairs

ANB:=YX.(A=-B—=X)—= X
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Pairs

ANB:=YX.(A=-B—=X)—= X

u:Av:B

(u,v) == AXXIxAB=>Xxuv
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Pairs

ANB:=YX.(A=-B—=X)—= X

u:Av:B

(u,v) == AXXIxAB=>Xxuv

u:AnB
umg := uAAx*\yBx)

ury == uB(x \yBy)
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The terms of type Nat — Nat represent all computable
functions that are provably total in second-order Arithmetic.
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Still A-calculus

Let t* the term obtained from ¢ by erasing types and A. Then:
t—u

—

F—u
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Theorem (Subject Reduction)

Ift— t andt: A, thent : A. Moreover, the free variables of t'
are among those of t.
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Theorem (Subject Reduction)

Ift— t andt: A, thent : A. Moreover, the free variables of t'
are among those of t.

Computation as Elimination of Detours

u A
AXUu:VXA
(AXu)B: AB/X]
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Theorem (Subject Reduction)

Ift— t andt: A, thent : A. Moreover, the free variables of t'
are among those of t.

Computation as Elimination of Detours

u A
AXUu:VXA
(AXu)B: AB/X]

u[B/X] : A[B/X]
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Strong Normalization

Theorem (Girard, 1971)

Every term of the polymorphic \-calculus is strongly
normalizable.
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Intermediate Logics

Classical Logic

Intermediate Logics
Il + Classica/ Taaio/ogy

Intuitionistic Logic
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Intermediate Logics

Intermediate Logics

~y

Intuitionistic Logic on Steroids
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Intermediate Logics

Concurrency
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CLASSICAL AND GODEL LOGIC

(Griffin 1991, Godel 1933)
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Classical \-calculi

Ac calculus: Griffin 1991, Krivine 2010—...
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Classical \-calculi

Ac calculus: Griffin 1991, Krivine 2010—...

A calculus: Parigot 1992
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Classical \-calculi

Ac calculus: Griffin 1991, Krivine 2010—...
A calculus: Parigot 1992

Anpe: Curien and Herbelin 2010
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Classical Logic

Classical Logic: Intuitionistic Propositional Logic with
Excluded Middle
-AV A
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Classical Logic

Classical Logic: Intuitionistic Propositional Logic with
Excluded Middle
-AV A

-A=A— 1
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t: L
tefqP:P
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Excluded Middle

[t A— 1] [@ : A

u:C v:C
ullgv:C
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3 Principles

@ Unidirectional message passing, exception
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3 Principles

@ Unidirectional message passing, exception

@ If a process can communicate with several processes, it
will
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3 Principles

@ Unidirectional message passing, exception

@ If a process can communicate with several processes, it
will

© Messages can be open processes
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Principle 1: Message Passing, Exception

Clau]||aD > Dlu/a]
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Principle 1: Message Passing, Exception

Clau]||aD > Dlu/a]

the displayed occurrence of a is the rightmost in C and u is closed
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Principle 1: Message Passing, Exception

Clau]||aD > Dlu/a]

the displayed occurrence of a is the rightmost in C and u is closed

ulla v+~ u, if adoes not occurin u

ulla v+ v, if adoes not occurin v
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Parallel disjunction

OuT —* T
Term O s.t. OTu —* T
OFF —* F
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Parallel disjunction

OuT —* T
Term O s.t. OTu —* T
OFF —* F

Add type Bool, booleans and if-then-else.
O :=

AxBool \yBoolif x then T else (a%°° 7+ x efgg.y) ||a (if ¥ then T else a5°°)
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Parallel disjunction

OuT —* T
Term O s.t. OTu —* T
OFF —* F

Federico Aschieri Curry-Howard Correspondence



Parallel disjunction

OuT —* T
Term O s.t. OTu —* T
OFF —* F

OTu :=if Tthen Telse (&%~ 1 Tefqg,,) ||a (if uthen T else a°°)
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Parallel disjunction

OuT —* T
Term O s.t. OTu —* T
OFF —* F

OTu :=if Tthen Telse (&%~ 1 Tefqg,,) ||a (if uthen T else a°°)

—

T || (if uthen T else 8%
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Parallel disjunction

OuT —* T
Term O s.t. OTu —* T
OFF —* F

OTu :=if Tthen Telse (&%~ 1 Tefqg,,) ||a (if uthen T else a°°)

—

T || (if uthen T else 8%

T
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Parallel disjunction

OuT —* T
Term O s.t. OTu —* T
OFF —* F
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Parallel disjunction

OuT —* T
Term O s.t. OTu —* T
OFF —* F

OFF := if Fthen T else (a%°° 71 F efqg,) |la (if Fthen T else a5°°')
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Parallel disjunction

OuT —* T
Term O s.t. OTu —* T
OFF —* F

OFF := if Fthen T else (a%°° 71 F efqg,) |la (if Fthen T else a5°°')

p_>
Bool— 1 Bool
a I:equooI Ha a

Federico Aschieri Curry-Howard Correspondence



Parallel disjunction

OuT —* T
Term O s.t. OTu —* T
OFF —* F

OFF := if Fthen T else (a%°° 71 F efqg,) |la (if Fthen T else a5°°')

p_>
Bool— 1 Bool
a I:equooI Ha a

—
Bool— 1
a oo FequooI Ha F
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Parallel disjunction

OuT —* T
Term O s.t. OTu —* T
OFF —* F

OFF := if Fthen T else (a%°° 71 F efqg,) |la (if Fthen T else a5°°')

p_>
Bool— 1 Bool
a I:equooI Ha a

—
Bool— 1
a oo FequooI Ha F
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Principle 2: Permutations and Scope Extrusion

wlp (ullav) = (Wl u)lla(wlpv)
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Principle 2: Permutations and Scope Extrusion

wlp (ullav) = (Wl u)lla(wlpv)

(Wllav)llowe= (ullw)lla(v o w)
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Principle 2: Permutations and Scope Extrusion

wlp (ullav) = (Wl u)lla(wlpv)

(Wllav)llowe= (ullw)lla(v o w)

SCOPE EXTRUSION

(viacClbal) [lp w
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Principle 2: Permutations and Scope Extrusion

wlp (ullav) = (Wl u)lla(wlpv)

(Wllav)llowe= (ullw)lla(v o w)

SCOPE EXTRUSION

(viacClbal) [lp w

va(v|C[ba])|w=va(v|Clba]|w)
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Principle 2: Permutations and Scope Extrusion

wlp (ullav) = (Wl u)lla(wlpv)

(Wllav)llowe= (ullw)lla(v o w)

SCOPE EXTRUSION

(viacClbal) [lp w

va(v|C[ba])|w=va(v|Clba]|w)

(v llaClbal) s w s (v 1o w) [la (Clba] [lo w)



Principle 3: Cross Reductions

Clau] ||la D
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Principle 3: Cross Reductions

Clau] ||la D

z is the sequence of the free variables of u which are bound in
Claul;
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Principle 3: Cross Reductions

Clau] ||la D
z is the sequence of the free variables of u which are bound in
Claul;

Clau]laD ~ (C[b2]||la D)l Dlu"?/4]
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Optimisation via code mobility: the full power
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Optimisation via code mobility: the full power

Without input redirection
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Optimisation via code mobility: the full power

BIES

Without input redirection
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Optimisation via code mobility: the full power

DICID

Without input redirection
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Optimisation via code mobility: the full power

With input redirection
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Optimisation via code mobility: the full power

With input redirection
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Optimisation via code mobility: the full power

(=) (o)

With input redirection
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Optimisation via code mobility: the full power

DICID

With input redirection
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Parallel Form

t="tlla 2 lla - - llan tas1

where each {j is a simply typed A-term.

PARALLEL FORM
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Parallel Form

t="tlla 2 lla - - llan tas1

where each {j is a simply typed A-term.

PARALLEL FORM
M (U |la V) = Axu|[g Ax v

(Ulla v, w) — (u,w) |2 (v, w), if adoes not occur free in w

(w, ul|a V) = (w,u) |2 (w, V), if adoes not occur free in w
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Normalization and Subformula Property

Every proof term reduces to a normal proof term, satisfying the
Subformula Property.
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Godel Logic

Godel’s G: Intuitionistic Propositional Logic with Dummett’s
Axiom
A—-B v B—-A
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Curry-Howard Correspondence for Godel Logic
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Dummett’s Axiom

[@8: A— B [@74: B — A

U:IC v:C
ullagv:C
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3 Principles

@ Non-deterministic message passing
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3 Principles

@ Non-deterministic message passing

@ If a process can communicate with several processes, it
will
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3 Principles

@ Non-deterministic message passing

@ If a process can communicate with several processes, it
will

© Messages can be open processes
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Principle 1: Non-deterministic Message Passing

Claul[aDlav]  —  C[v][aDlav]
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Principle 1: Non-deterministic Message Passing

Claul[aDlav]  —  C[v][aDlav]

Clau] ||a Dlav] = Dlu] ||a Clau]
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Principle 1: Non-deterministic Message Passing

Claul[aDlav]  —  C[v][aDlav]

Clau] ||a Dlav] = Dlu] ||a Clau]

the displayed occurrence of a is the rightmost in C and D

Federico Aschieri Curry-Howard Correspondence



Principle 1: Non-deterministic Message Passing

Claul[aDlav]  —  C[v][aDlav]

Clau] ||a Dlav] = Dlu] ||a Clau]

the displayed occurrence of a is the rightmost in C and D

u|la v — u, if adoes not occur in u

ulla v+ v, if adoes not occurin v
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Parallel disjunction

OuT —* T
Term O s.t. OTu —* T
OFF —* F
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Parallel disjunction

OuT —* T
Term O s.t. OTu —* T
OFF —* F

O := AxBol \yBool(if x then (\z Mk Z) else (\z Mk k))T(ax)

lla (if y then (Az Ak z) else (Az Ak k))T(ay)
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Parallel disjunction

OuT —* T
Term O s.t. OTu —* T
OFF —* F
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Parallel disjunction

OuT —* T
Term O s.t. OTu —* T
OFF —* F

OuT := (ifuthen (A\z Ak z) else (A\z Ak k))T(au)
lla (if Tthen (Az Ak z) else (Az Ak k))T(aT)
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Parallel disjunction

OuT —* T
Term O s.t. OTu —* T
OFF —* F

OuT := (ifuthen (A\z Ak z) else (A\z Ak k))T(au)
lla (if Tthen (Az Ak z) else (Az Ak k))T(aT)

)_>
(ifuthen (Az Ak z) else (Az Ak k))T(ax) |la T
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Parallel disjunction

OuT —* T
Term O s.t. OTu —* T
OFF —* F

OuT := (ifuthen (A\z Ak z) else (A\z Ak k))T(au)
lla (if Tthen (Az Ak z) else (Az Ak k))T(aT)

)_>
(ifuthen (Az Ak z) else (Az Ak k))T(ax) |la T

—
T
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Parallel disjunction

OuT —* T
Term O s.t. OTu —* T
OFF —* F
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Parallel disjunction

OuT —* T
Term O s.t. OTu —* T
OFF —* F

OFF := (if Fthen (Az Ak z) else (Az Ak k))T(aF)
lla (if Fthen (Az Ak z) else (Az Ak k))T(aF)
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Parallel disjunction

OuT —* T
Term O s.t. OTu —* T
OFF —* F

OFF := (if Fthen (Az Ak z) else (Az Ak k))T(aF)
lla (if Fthen (Az Ak z) else (Az Ak k))T(aF)

H
aF |, aF
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Parallel disjunction

OuT —* T
Term O s.t. OTu —* T
OFF —* F

OFF := (if Fthen (Az Ak z) else (Az Ak k))T(aF)
lla (if Fthen (Az Ak z) else (Az Ak k))T(aF)

H
aF |, aF

—
F
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Buyer-Vendor

product name
—

B 1%

rice
By
credit card n.

B — )%
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Buyer-Vendor

product name
—

B 1%

rice
By
credit card n.

B — )%

Bla(pay-for(a(prod)))] ||la V[use(a(cost(a0)))] —
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Buyer-Vendor

product name
—

B 1%

rice
By
credit card n.

B — )%

Bla(pay-for(a(prod)))] ||la V[use(a(cost(a0)))] —

V[use(a(cost(prod)))] ||a Bla(pay-for(a(prod)))] —
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Buyer-Vendor

product name
—

B 1%

B¢y

B creditia>rd n. v
Bla(pay_for(a(prod)))] ||a V[use(a(cost(a0)))] —
V[use(a(cost(prod)))] ||a Bla(pay-for(a(prod)))] —

V([use(a(price))] ||a Bla(pay-for(a(prod)))] —
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Buyer-Vendor

product name
—

B 1%

rice
By
credit card n.

B — )%

Bla(pay-for(a(prod)))] ||la V[use(a(cost(a0)))] —
V[use(a(cost(prod)))] ||a Bla(pay-for(a(prod)))] —

V([use(a(price))] ||a Bla(pay-for(a(prod)))] —

Bla(pay-for(price))] ||a V[use(a(price))] —
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Buyer-Vendor

product name
—

B 1%

rice
By
credit card n.

B — )%

Bla(pay for(a(prod)))] [|a V[use(a(cost(a0)))] —
Vluse(a(cost(prod)))] [|a Bla(pay-for(a(prod)))] —
Vluse(a(price))] [|a Bla(pay-for(a(prod)))] —
Bla(pay for(price))] || Vuse(a(price))] —

Bla(card)] ||a V[use(a(price))] —*
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Buyer-Vendor

product name
—

B 1%

rice
By
credit card n.

B — )%

Bla(pay for(a(prod)))] [|a V[use(a(cost(a0)))] —
Vluse(a(cost(prod)))] [|a Bla(pay-for(a(prod)))] —
Vluse(a(price))] [|a Bla(pay-for(a(prod)))] —
Bla(pay for(price))] || Vuse(a(price))] —
Bla(card)] [|a V[use(a(price))] —"

V|use(card)] |4 Bla(card)]
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Principle 2: Permutations and Scope Extrusion

W lp (ullav) = (Wl u)lla(wlpv)
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Principle 2: Permutations and Scope Extrusion

W lp (ullav) = (Wl u)lla(wlpv)

(Wllav)llpw = (ullpw) lla (vl w)
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Principle 2: Permutations and Scope Extrusion

W lp (ullav) = (Wl u)lla(wlpv)

(Wllav)llpw = (ullpw) lla (vl w)

SCOPE EXTRUSION

(viacClbal) [lp w
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Principle 2: Permutations and Scope Extrusion

W lp (ullav) = (Wl u)lla(wlpv)

(Wllav)llpw = (ullpw) lla (vl w)

SCOPE EXTRUSION

(viacClbal) [lp w

(vlaClba]) llp w = (v o w) [la(C[ba] [lp W)
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Principle 3: Cross Reductions

Clau] ||a Dlav]
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Principle 3: Cross Reductions

Clau] ||a Dlav]

y is the sequence of the free variables of u which are bound in
Clau];

z is the sequence of the free variables of v which are bound in
Dlav];
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Principle 3: Cross Reductions

Clau] ||a Dlav]

y is the sequence of the free variables of u which are bound in
Clau];

z is the sequence of the free variables of v which are bound in
Dlav];

Clau] [a Dlav] — (DI"@Y] ||aClad]) s (C[v*Y?] |2 Dlav])
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Code Mobility

Clau] [a Dlav] — (DI"@Y] ||aClau]) s (C[v*Y?] |2 Dlav])

CODE MOBILITY
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Parallel Form

t="tlla 2 lla - - llan tas1

where each {j is a simply typed A-term.

PARALLEL FORM
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Parallel Form

t="tlla 2 lla - - llan tas1

where each {j is a simply typed A-term.

PARALLEL FORM
M (U |la V) = Axu|[g Ax v

(Ulla v, w) — (u,w) |2 (v, w), if adoes not occur free in w

(w, ul|a V) = (w,u) |2 (w, V), if adoes not occur free in w
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Normalization and Subformula Property

Every proof term reduces to a normal proof term, satisfying the
Subformula Property.
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CLASSICAL FIRST-ORDER LOGIC AND ARITHMETIC

(Herbrand 1931, Kreisel 1952)

Federico Aschieri Curry-Howard Correspondence



Herbrand’s and Kreisel's Theorem

Theorem (Herbrand)

CLF JaP = PCLF P[m;/a]V ---V P[my/q]

P quantifier-free

Theorem (Kreisel)

PAF JaP = HAF JaP ~ HAF P[n/a]

P quantifier-free
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Simply Typed \-Terms
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Simply Typed \-Terms

x4 A
XA A
u:B

MAu:A— B
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Simply Typed \-Terms

u:B
MAu:A— B

t:A— B u:A
tu: B
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u:A v:B
(u,v):ANB
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u:A v:B
(u,v):ANB

t:AANB
tmg: A

t:AANB
tmy: B
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u:A v:B
(u,v):ANB

t:AANB
tmg: A

t:AANB
tmy: B

(o, t1) i — 1 (i€ {0,1})
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t:AvB u:.C V:.C
t[xA.u,yB.v]: C
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t:AvB u:.C V:.C
t[xA.u,yB.v]: C

o(Uu)[x.v,y.w] — v[u/x]

vi(U)[x.v,y.w] — wlu/y]

Federico Aschieri Curry-Howard Correspondence



Universal Quantifier

t: A
Aat:Va A

provided « does not occur in the types of the free variables of ¢
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Universal Quantifier

t: A
Aat:Va A

provided « does not occur in the types of the free variables of ¢

_ t:VaA
tm: Alm/a]
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Universal Quantifier

t: A
Aat:Va A

provided « does not occur in the types of the free variables of ¢

_ t:VaA
tm: Alm/a]

(Aat)ym— tfm/a]
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Existential Quantifier

t: Alm/a]
(m,t): JaA

Federico Aschieri Curry-Howard Correspondence



Existential Quantifier

t: Alm/a]
(m,t): 3o A

xA A

t:3daA u :. C
t[(a, x*).u]: C

provided o does not occur in the types of the free variables of t differe
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Existential Quantifier

t: Alm/a]
(m,t): 3o A

xA A

t:3daA u :. C
t[(a, x*).u]: C

provided o does not occur in the types of the free variables of t differe

(m, H)[(a, x).u] — ulm/a][t/x]
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Logical Interpretation

L converts to: W[m/a]
_VaA Alm/a]
Alm/a]
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Logical Interpretation

: [Al :
' _ Alm/o]
Alm/a] ™ converts to:
Ja A c m[m/a]
¢ c
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Involutive Negation
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Excluded Middle
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Excluded Middle

[@"A : VaA| [WZeA™ : 30 AL]

U:IC v:.C
ullav:C EM»

YaA prenex formula with n alternating quantifiers

Federico Aschieri Curry-Howard Correspondence



(ulv)w— uw|vw

Federico Aschieri Curry-Howard Correspondence



(ulv)w— uw|vw

(u| v)mj— umj| v
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(ulv)w— uw|vw
(u| v)mj— umj| v

(U] v)[x.wq,y.wo] — u[x.wy, y.wo] | v[x.wy, y.ws)
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(ulv)w— uw|vw
(U] v)mj — um;| v
(U] v)[x.wq,y.wo] — u[x.wy, y.wo] | v[x.wy, y.ws)

(u| v)[(e, x).w] — ul(a, x).w] | v[(a, x).w]
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(U] vV)w — uw | vw
(u] v)mi — umi | v
(u] V)lx.wa, y.wo] o> ulxws, y.wa] | vix.ws. y.wo]
(u] )[(or, ). w] 5 (v, ). W] | v[(er, %) W]

(Ulla v)w = uw [|g vw
(U ||a V)i — umj || vri
(U lla v)[x-W1, y.wo] = ulx.ws, y.wa] [|a VIX.w1, y.wo]

(U lla V)I(ev, X).w] = ul(ex, X).w] [[a V[(a; X).W]
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(EM):
ullav
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(EM):
ullav

VaP

aEIomP
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(EM):
ullav

aVa P

aEIomP

Raising Multiple Exceptions:
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(EM):
ullav

aVa P

aEIomP
Raising Multiple Exceptions:
(if a does not occur free in u)

ullaveu
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EM; (1 quantifier)
Raising Multiple Exceptions:

Cla"Pm] |2 v
}_)

v[(m, HPIm/el) /g2 P] | (c[HPI™el] o v)
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EM,, ( n alternating quantifiers)
Raising Multiple Exceptions:

Cla" m] || v
}_)

vi(m, bA 1M/l s @A || (oA |, v)
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Logical Interpretation: EM;

VaP
P{n/a] VaP Ja—P

EM;

Federico Aschieri Curry-Howard Correspondence



Logical Interpretation: EM;

YaP
P{n/a] YaP Ja—P
C C
= EM,
converts to:
_—~Pln/a] P[n/a]  VaP Ja—P
Ja—P
i c . C em,
¢ EM,
C
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Logical Interpretation: EM,

VaA
Aln/a] YaA JaAt+

EM,
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Logical Interpretation: EM,

VaA
Aln/a] YaA JaAt+
C = C EM,
converts to:
M Aln/a] YaA JaAL
Ja—-P . :
i+ c C en,
C C EM
C n—1
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Logical Interpretation

[VaA| [FaAt]

BLC BsC
B—C B

converts to
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Strong Normalization and Herbrand Disjunction

Extraction

CLFt:A = teSN
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Strong Normalization and Herbrand Disjunction

Extraction

CLFt:A = teSN

CLEt:3aP = t—" (mo,uo)| (my,uq1)| ... | (Mg, ug)
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Strong Normalization and Herbrand Disjunction

Extraction

CLFt:A = teSN
CLEt:3aP = t—" (mo,uo)| (my,uq1)| ... | (Mg, ug)

CLF P[my/a]V -V P[my/a]
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PA Arithmetic- Primitive Recursive Predicate Axioms

add(ti, b, 3)
add(t,0, 1) add(tr, S(&2), S(t3))

mult(t1, b, t3) add(t3, b, t4)
mult(t,0,0) mult(t, Sty ty)
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PA Arithmetic- Induction Rule

u: Al0] Vv VaAla] = A[S(a)]
Ruvm: Am]
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PA Arithmetic- Induction Rule

u: Al0] Vv VaAla] = A[S(a)]
Ruvm: Am]

Ruv0—u

RuvS(m)— vn(Ruvm)
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Excluded Middle - Revisited
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Excluded Middle - Revisited

ulv e u, if Pis false

ulv—v, if Pistrue
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PA Arithmetic and Witness Extraction

PA-t:A = te SN
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PA Arithmetic and Witness Extraction

PA-t:A = te SN

PAF t:3aP(a) = t+—" (n,u) and P(n) is true
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PA Arithmetic and Witness Extraction

PAFt:A = teSN
PAF t:3aP(a) = t+—" (n,u) and P(n) is true

PAF t:VB3aP(B,0) = tm " (n,u)and P(m,n)is true
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