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Abstract. This paper continues the research on the computationattspeHalpern and Pearl’s
causes and explanations in the structural-model approd@chthis end, we first explore how an
instance of deciding weak cause can be reduced to an equiviagance in which irrelevant vari-
ables in the (potential) weak cause and the causal modeta@ved, which extends previous work
by Hopkins. We then present a new characterization of weakecéor a certain class of causal
models in which the causal graph over the endogenous vesidials the form of a directed chain
of causal subgraphs, calleécomposable causal grapkRurthermore, we also identify two impor-
tant subclasses in which the causal graph over the endogeaoiables forms a directed tree and
more generally a directed chain of layers, calbedsal treeandlayered causal graptrespectively.
By combining the removal of irrelevant variables with thisancharacterization of weak cause, we
then obtain techniques for deciding and computing causgegplanations in the structural-model
approach, which can be done in polynomial time under swgtedsdtrictions. This way, we obtain
several tractability results for causes and explanationthe structural-model approach. To our
knowledge, these are the first explicit ones. They are ealbheciseful for dealing with structure-
based causes and explanations in first-order reasoning abtons, which produces large causal
models that are naturally layered through the time line,thod have the structure of layered causal
graphs. Another important feature of the tractable cagesgfgsal trees and layered causal graphs is
that they can be recognized efficiently, namely in lineagtifinally, by extending the new charac-
terization of weak cause, we obtain similar techniques éonputing the degrees of responsibility
and blame, and hence also novel tractability results foctire-based responsibility and blame.
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1 Introduction

Dealing with causality is an important issue which emerges in many applications ®ha existing ap-
proaches to causality in Al can be roughly divided into those that have dmeloped as modal nonmono-
tonic logics (especially in logic programming) and those that evolved fronrdeed Bayesian networks. A
representative of the former is Geffner's modal nonmonotonic logicdadling causal knowledge [12, 13],
which is inspired by default reasoning from conditional knowledge fas&ther modal-logic based for-
malisms play an important role in dealing with causal knowledge about actiehshamge; see especially
the work by Turner [36] and the references therein for an overvievepresentative of the latter is Pearl’s
approach to modeling causality by structural equations [1, 10, 30, 3ithws central to a number of
recent research efforts. In particular, the evaluation of deterministigpasbabilistic counterfactuals has
been explored, which is at the core of problems in fault diagnosis, plgndatision making, and deter-
mination of liability [1]. It has been shown that the structural-model apgr@dlows a precise modeling
of many important causal relationships, which can especially be used irahlatinguage processing [10].
An axiomatization of reasoning about causal formulas in the structuraldrapgeoach has been given by
Halpern [14].

Causality also plays an important role in the generation of explanations, at@af crucial importance
in areas like planning, diagnosis, natural language processing, abalilistic inference. Different notions
of explanations have been studied quite extensively, see especiallyl[1®4] for philosophical work, and
[29, 35, 20] for work in Al related to Bayesian networks. A critical exaation of such approaches from
the viewpoint of explanations in probabilistic systems is given in [2].

In [15], Halpern and Pearl formalized causality using a model-basedititwii which allows for a
precise modeling of many important causal relationships. Based on a nbtieea& causality, they offer
appealing definitions of actual causality [16] and causal explanatid@js [As they show, their notions
of actual cause and causal explanation, which is very different frmrconcept of causal explanation in
[26, 27, 12], models well many problematic examples in the literature.

The following example from [3] illustrates the structural-model approacbugRly, structural causal
models consist of a set of random variables, which may have a causahiofl on each other. The variables
are divided into exogenous variables, which are influenced by factdssde the model, and endogenous
variables, which are influenced by exogenous and endogenoublearid his latter influence is described
by structural equations for the endogenous variables. For more detatsustural causal models, we refer
to Section 2 and especially to [1, 10, 30, 31, 14].

Example 1.1 (rock throwing) Suppose that Suzy and Billy pick up rocks and throw them at a bottle. Suzy’
rock gets there first, shattering the bottle. Since both throws are fully aecuilly’s rock would have
shattered the bottle, if Suzy had not thrown. We may model such a scendréstructural-model approach
as follows. We assume two binary background variableandUg, which determine the motivation and the
state of mind of Suzy and Billy, whekés (resp.,Ug) is 1 iff Suzy (resp., Billy) intends to throw a rock. We
then have five binary variabl&sT, BT, SH, BH, andBS, which describe the observable situation, where
ST (resp.,BT) is 1 iff Suzy (resp., Billy) throws a rockSH (resp.,BH) is 1 iff Suzy’s (resp., Billy’s)
rock hits the bottle, an®8S is 1 iff the bottle shatters. The causal dependencies between these variables
are expressed by functions, which say that (i) the valu8Tof(resp.,BT) is given by the value oblg
(resp.,Ug), (ii) SH is 1iff ST is 1, (iii) BH is 1iff BT is1 andSH is 0, and (iv)BS is 1 iff SH or BH
is 1. These dependencies can be graphically represented as in Fig. 1.

Some actual causes and explanations in the structural-model appreatitearinformally given as
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BS

Us —=ST —»slH\

Ug —BT —»BH /

Figure 1: Causal Graph

follows. If both Suzy and Billy intend to throw a rock, then (i) Suzy’s throgvenrock is aractual causef
the bottle shattering, while (ii) Billy’s throwing a rock is not. Furthermore, (iii)ither Suzy or Billy intends
to throw a rock, then Suzy’s throwing a rock is explanationof the bottle shattering. Here, (i)—(iii) are
roughly determined as follows. As for (i), if both Suzy and Billy intend to theovock, then Suzy actually
throws a rock, and the bottle actually shatters. Moreover, undestthetural contingencyhat Billy does
not throw a rock, (a) if Suzy does not throw a rock, then the bottle doeshatter, and (b) if Suzy throws
a rock, then the bottle shatters, even if any of the other variables wouldheikectual values. As for (ii),
there is no structural contingency under which (a) if Billy does not throwck, then the bottle does not
shatter, and (b) if Billy throws a rock, then the bottle shatters, even if atlyeobther variables would take
their actual values. Finally, as for (iii), if either Suzy or Billy intends to thromek, then the bottle actually
shatters, Suzy’s throwing a rock is a cause of the bottle shattering wérestes actually throws a rock, and
there are some possible contexts in which Suzy throws a rock and some imshigicdoes not. Intuitively,
there should be a possible context in which the explanation is false, so ihaiit already known, and a
possible context in which the explanation is true, so that it is not vacuious.

There are a number of recent papers that are based on Halpereatid &efinitions of actual causality
[16] and causal explanations [18]. In particular, Chockler and Hal{3} define the notions of responsibility
and blame as a refinement of actual causality. Chockler, Halpern, apiéiduan [4] then make use of
the notion of responsibility for verifying a system against a formal spetifin. Along another line of
application, Hopkins and Pearl [23] and Finzi and Lukasiewicz [9legalize structure-based causes and
explanations to a first-order framework and make them available in situalonkes-based reasoning about
actions (see Section 8.3). Furthermore, Hopkins and Pearl [24] extpeusage of structure-based causality
[16] for commonsense causal reasoning. Finally, inspired by Halpet®aarl’s notions of actual causality
[16] and causal explanations [18], Park [28] presents a novebapp allowing for different causal criteria
that are influenced by psychological factors not representable incwtal causal model.

The semantic aspects of causes and explanations in the structural-muaa@ciphave been thoroughly
studied in [15, 16, 17, 18]. Their computational complexity has been ashlyz[6, 7], where it has been
shown that associated decision problems are intractable in general. d&uoplex deciding actual causes
(as defined in [16]) is complete for the clax$ (=NPNP) of the Polynomial Hierarchy, while deciding
whether an explanation over certain variables exists is completﬁgfdr:NPzzF"). Thus, these problems
are “harder” than the classical propositional satisfiability problem (wisitdP-complete), but “easier” than
PSPACE-complete problems. Chockler and Halpern [3] and Chockldpekta and Kupferman [4] have
shown that computing the degrees of responsibility and blame is completdyoppaal time computation
with restricted use of &5 oracle (see Section 3.4). As for algorithms, Hopkins [21] explorectheaased
strategies for computing actual causes in both the general and restatiads

However, to our knowledge, no tractable cases for causes and atplanin the structural-model ap-
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proach were explicitly known so far. In this paper, we aim at filling this gab@rovide non-trivial tractabil-
ity results for the main computational problems on causes and explanatioaese fractability results are
especially useful for dealing with structure-based causes and ekipla first-order reasoning about ac-
tions as recently introduced in [9], where one has to handle binarylaaoskels with a quite large number
of variables (see Section 8.3). We make contributions to several isshas) are briefly summarized as
follows:

e The first issue concerns focusing of the computation to the relevamfae causal model. Extend-
ing work by Hopkins [21], we explore how an instance of deciding wealse can be reduced to an
equivalent instance in which the (potential) weak cause and the causal mag contain fewer vari-
ables. That is, irrelevant variables in weak causes and causal mogl@detified and removed. We
provide two such reductions in this paper, which have different ptiggebut can be both carried out
in polynomial time. These reductions can lead to great simplifications in (potengak causes and
causal models, and thus speed up considerably computations abceg eadsexplanations. Notice
that weak causes are fundamental to the notion of actual cause, tosvenims of explanations, as
well as to the notions of responsibility and blame.

» The second issue to which we contribute are characterizations of wesg&scm the structural-model
approach. We present a novel such characterization for a classigflomodels in which the causal
graph over the endogenous variables has the form of a directed dte@ingal subgraphs, which we
call adecomposable causal graphVe also identify two natural subclasses of decomposable causal
graphs, where the causal graph over the endogenous variabiesdatirected tree and, more gener-
ally, a directed chain of layers, which we caltausal treeand alayered causal graptrespectively,
and provide simplified versions of the characterizations of weak causes.

e By combining the removal of irrelevant variables (in weak causes arshtapdels) with this new
characterization of weak cause in the above causal models, we obtaiithagofor deciding and
computing weak causes, actual causes, explanations, partial exptanatido-partial explanations,
as well as for computing the explanatory power of partial explanationighveil run in polynomial
time under suitable conditions. This way, we obtain several tractability resulisd structural-model
approach. To our knowledge, these are the first ones that are exptieiilyed for structure-based
causes and explanations.

e Furthermore, by slightly extending the new characterization of weak ¢auke above causal mod-
els, we also obtain algorithms for computing the degrees of responsibilitylame in the structural-
model approach, which similarly run in polynomial time under suitable conditiée.thus also
obtain new tractability results for the structure-based notions of resplitysimd blame. Note that
Chockler, Halpern, and Kupferman [4] have recently shown that ctingpthe degree of responsi-
bility in read-once Boolean formulas (which are Boolean formulas in which eariable occurs at
most once) is possible in linear time.

< Finally, we show that all the above techniques and results carry overdfinement of the notion
of weak cause and to a generalization of causal models to extended roauakeds, which have been
both recently introduced by Halpern and Pearl in [17]. Furthermoreleseribe an application of the
results of this paper for dealing with structure-based causes and atiptanin first-order reasoning
about actions. Here, one has to handle binary causal models with a ggéenlamber of variables,
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but with a natural layering through the time line. Thus, such causal modelsiudive the structure of
layered causal graphs.

An attractive feature of the tractable cases identified for causal treldayared causal graphs is that the
respective problem instances can be recognized efficiently, namelyam timee. For general decomposable
causal graphs, however, this is not the case, since this problem iefiplate in general. Nonetheless, effort
spent for the recognition may be more than compensated by the speed lyng #te reasoning problems
on weak causes and explanations.

Our results on the computational and semantic properties of weak cawseg@anations help, as we
believe, to enlarge the understanding of and insight into the structuraltayoo®ach by Halpern and Pearl
and its properties. Furthermore, they provide the basis for developiicieef algorithms and pave the
way for implementations. For example, complexity results on answer setgonaging [5] have guided the
development of efficient solvers suchms/ [25]. The results of this paper are in particular of interest and
significant, since a structural decomposition seems natural and appliesutoleenof examples from the
literature.

The rest of this paper is organized as follows. Section 2 contains solmaipegies on structural causal
models as well as on causes, explanations, responsibility, and blame tnigtfnausal models. In Section 3,
we describe the decision and optimization problems for which we presetaliiigg results in this paper,
and we summarize previous complexity results for these problems. In Sectiom éxplore the removal
of irrelevant variables when deciding weak cause. Section 5 presantalility results for causal trees.
Section 6 then generalizes to decomposable causal graphs, while Sectinoentrates on layered causal
graphs. In Section 8, we generalize the above techniques and resulkésreditied notion of weak cause
and extended causal models, and describe their application in firstreed®ming about actions. Section 9
summarizes our results and gives a conclusion.

To increase readability, all proofs have been moved to Appendices A-E.

2 Preliminaries

In this section, we give some technical preliminaries. We recall Pearlststal causal models and Halpern
and Pearl’s notions of weak and actual cause [15, 16] and their natfaglanation, partial explanation,
and explanatory power [15, 18].

2.1 Causal Models

We start with recalling structural causal models; for further backgtoamd motivation, see especially
[1, 10, 30, 31, 14]. Roughly, the main idea behind structural causaklmasl that the world is modeled
by random variables, which may have a causal influence on each ofhervariables are divided into
exogenous variables, which are influenced by factors outside the namdleéndogenous variables, which
are influenced by exogenous and endogenous variables. This lattemicdl is described by structural
equations for the endogenous variables.

More formally, we assume a finite setraindom variablesCapital letterdJ, V, W, etc. denote variables
and sets of variables. Each variabfg may take orvaluesfrom a finitedomainD(X;). A valuefor a
set of variablesX = {X4,..., Xp}isamapping: X - D(X;) 3 [DI(Xp) such thak(X;) CO(CK;)
forall i [{L,...,n}; for X = [[the unique value is the empty mappihglThe domainof X, denoted
D(X), is the set of all values foK. We say thatX is domain-boundedf |D(X;)|<k for everyX; [X]
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wherek is some global constant. Lower case letterg, z, etc. denote values for the variables or the sets of
variablesX, Y, Z, etc., respectively. Assignment= x of values to variables are often abbreviated by the
valuex. We often identify singleton§X;} with Xj, and their values with x(Xj).

ForY [Xlandx [DI(X), we denote bx|Y the restriction ok toY . For disjoint sets of variableX, Y
and valuex [DI(X), y [DI(Y ), we denote by the union ofx andy. For (not necessarily disjoint) sets
of variablesX,Y and valuex [DI(X), y [LDI(Y ), we denote byx[y] the union ofx|(>X\Y ) andy.

A causal modeM = (U, V, F) consists of two disjoint finite set$ andV of exogenouandendogenous
variables, respectively, and a $et={Fx | X [T} of functions that assign a value Xf to each value of
the parentsPAx [Tl CVI\{X} of X. Every valueu [DI(U) is also called a&ontext We call a causal
modelM = (U, V, F) domain-boundedf every X [\Vlis domain-bounded. In particuld¥] is binary iff
ID(X)| =2 for all X )1 The parent relationship between the variableMof (U, V, F) is expressed by
the causal graphfor M, denotedG(M), which is the directed grap{N, E) that hasU [Vlas the set of
nodesN, and a directed edge froik to Y in E iff X is a parent off , for all variablesX,Y [Ul[V1 We
useGy (M) to denote the subgraph Gi(M) induced by .

We focus here on the principal classretursivecausal model8 = (U, V, F); as argued in [15], we
do not lose much generality by concentrating on recursive causal médedsisal modeM = (U, V,F) is
recursive if its causal graph is a directed acyclic graph. Equivalently, there exisital orderingl—on V
suchthaty [PRAx impliesY [X]forall X,Y L[V1 Inrecursive causal models, every assignnieatu to
the exogenous variables determines a unique wafoe every set of endogenous variabl¥es[V] denoted
by Ym (u) (or simply byY (u), if M is understood). In the followindW is reserved for denoting a recursive
causal model.

Example 2.1 (rock throwing cont’d)The causal modé¥l = (U, V, F) for Example 1.1 is given by ={Us,
UB}, V Z{ST, BT, SH, BH, BS}, andF Z{FST, FBT1 FSH1 FBH1 FBS}: WherngT = US, FBT =
Ug, Fsy =ST, Fgy =1iff BT =1 andSH =0, andFgs =1 iff SH =1 or BH = 1. Fig. 1 shows the
causal graph foM, that is, the parent relationships between the exogenous and endsganiables ifM .
Since this graph is acyclié/ is recursive.[_1

In a causal model, we may set endogenous variaklde a valuex by an “external action”. More
formally, for any causal modé¥l = (U, V, F), set of endogenous variablgs [\V] and valuex [DI(X),
the causal modeMx—x is given by (U, V \X, Fx=x), WwhereFx—x ={F\’|Y I\ X} and each" is
obtained fromFy by settingX to X, is asubmodebf M. We useMy andFx to abbreviatdMx—x and
Fx=x, respectively, itX is understood from the context. Similarly, for a set of endogenous Vasigb[\/]
andu [DI(U), we write Yx(u) to abbreviateyy,, (u). We assume thaX(u) =x for all u CD(U) in the
submodel oM whereX is set tox.

As for computation, we assume for causal moddis= (U, V, F) no particular form of representation
of the functionsFx : D(PAx) — D(X), X [Y] in F (by formulas, circuits, etc.), but that evelRk is
evaluable in polynomial time. Furthermore, we assume that the causal Gi@gh for M is part of the
input representation d1. Notice thatG(M) is computable fronM with any common representation of
the functiong=x (by formulas, circuits, etc.) in time linear in the size of the representatiovl @inyway.
For any causal mod@/, we denote byfM [ihe size of its representation.

The following proposition is then immediate.

Proposition 2.1 For all X,Y [Vlandx [CDI(X), the valuesy (u) andYx(u), givenu [CO(U), are com-
putable in polynomial time.
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2.2 Weak and Actual Causes

We now recall weak and actual causes from [15, 16]. We first defiemts and the truth of events in a
causal modeM = (U, V, F) under a contexti LDI(U).

A primitive eventis an expression of the fortd =y, whereY is an endogenous variable apds a
value forY . The set ofeventds the closure of the set of primitive events under the Boolean operations
and [(fhat is, every primitive event is an event, ang iéndy are events, then alsap ande [[1). For any
eventp, we denote by (@) the set of all variables ip.

Thetruth of an eventp in a causal modeil = (U, V, F) under a contexti [DI(U), denoted M, u)

@, is inductively defined as follows:

s Mu)FY =yiff Ym(u) =y;
e (M,u) E —giff (M,u) E ¢ does not hold;

* (M,u) F ¢ LOiff (M,u) F ¢ and(M, u) F .

Further operatord_ahd - are defined as usual, that ig, C(landg -  stand for=(-¢ [=lp) and

—¢ [ respectively. We writepp (U) (resp.,@(u) if M is understood) to abbrevia(@, u) = ¢. For

X Ml andx [CD(X), we usepm, (u) (resp.,@x(u)) as an abbreviation ofMy, u) F ¢@. For X =

{X1,..., X} MIwith k = 1 andx; COCXj),1 < i<k, we useX = X; - - Xk to abbreviate the event

X1 =x; 1. Xk =xk. For any evenp, we denote by @l iis size, which is the number of symbols in it.
The following result follows immediately from Proposition 2.1.

Proposition 2.2 Let X [Vlandx [DI(X). Givenu [O(U) and an evend, deciding whetheg(u) holds
(resp.,0x(u) holds for giverx) is feasible in polynomial time.

We are now ready to recall the notions of weak and actual cause [[L3,€t0M = (U, V, F) be a causal
model. LetX [Vandx [DI(X), and letp be an event. TherX =X is aweak causef ¢ underu [CDI(U)
iff the following conditions hold:

AC1. X(u) = x andg(u).
AC2. SomeW [V N X and som& [DI(X) andw [CDI(W) exist such that:

(@) —@xw(u), and
(b) Pywz(U) for all Z LV N (X W) andZ = Z (u).

Loosely speakingAC1 says that bottX = x and@ hold underu, while AC2 expresses tha = x is a non-
trivial reason forp. Here, the dependence @ffrom X = x is tested under speciaiructural contingencies
where somé&V [V N\ X is kept at some valug [DI(W ). AC2(a) says thap can be false for other values
of X underw, while AC2(b) essentially ensures th2t alone is sufficient for the change frognto —¢.
Observe thaXX = x can be a weak cause onlyXf is nonempty.

FurthermoreX = x is anactual causef @ underu iff additionally the following minimality condition
is satisfied:

AC3. X is minimal. That is, no proper subsetXfsatisfies both AC1 and AC2.

The following characterization of actual causes through weak caukeeus.
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Theorem 2.3 (see [6])LetM = (U,V,F), X [V] x [CO(X), andu CO(U). Letg be an event. Then,
X =xis an actual cause af underu iff X is a singleton andX = x is a weak cause a@f underu.

We give an example to illustrate the above notions of weak and actual cause.

Example 2.2 (rock throwing cont'd)Consider the context; 1=(1, 1) in which both Suzy and Billy intend
to throw a rock. Then, botBT =1 andST =1 [BII =1 are weak causes &S =1, while BT =1 is not.
For instance, let us show th&T =1 is a weak cause @S =1 underu; 1. As for AC1, bothST andBS
arel underuy ;. As for AC2, under the contingency th&T is set to0, we have that (a) iBT is set to
0, thenBS has the valu®, and (b) ifST is set tol, thenBS is 1. In fact, by Theorem 2.3T =1is an
actual cause dBS =1 underuy 1, while ST =1 [BIl =1 is not. FurthermoreST =1 (resp..BT =1) is
the only weak (and by Theorem 2.3 also actual) caugSof 1 underus o = (1, 0) (resp.,up1 = (0, 1)) in
which only Suzy (resp., Billy) intends to throw a rock__1

2.3 Explanations

We next recall the concept of an explanation from [15, 18]. Intuitivaly explanation of an observed
event is a minimal conjunction of primitive events that caugesven when there is uncertainty about the
actual situation at hand. The agent’s epistemic state is given by a setsilflpasontextss [DI(U), which
describes all the possible scenarios for the actual situation.

Formally, letM = (U, V, F) be a causal model. LeX [[Vlandx [DI(X), let ¢ be an event, and let
C [ID{U) be a set of contexts. TheX, = x is anexplanationof ¢ relative toC iff the following conditions
hold:

EX1. @(u) holds, for every contexi [CI
EX2. X =xis aweak cause af under everyu [Clsuch thatX (u) = x.

EX3. X is minimal. That is, for everyx 'X] some contexti [Clexists such thaX{u) = x|X~and
X = x| X His not a weak cause af underu.

EX4. X(u)=x andX(uY £ x for someu, u~[T]

Note that inEX3, any counterexampl¥ ™ [Xlto minimality must be a nonempty set of variables. The
following example illustrates the above notion of explanation.

Example 2.3 (rock throwing cont'd)Consider the set of contex@s= {us 1, U1, Ug1}. Then,ST =11is
an explanation oBS = 1 relative toC, sinceEX1 BS(uy,1) = BS(u1,0) =BS(up,1) =1,EX2 ST =1isa
weak cause oBS =1 under botlu; 1 anduj o, EX3 ST is obviously minimal, andEX4 ST (u; 1) =1 and
ST (up1) E1. FurthermoreST =1 [BIT =1 is not an explanation d8S = 1 relative toC, since here the
minimality conditionEX3 is violated. (1

2.4 Partial Explanations and Explanatory Power

We next recall the notions af-partial / partial explanations and of explanatory power of partial eqgilans
[15, 18]. Roughly, the main idea behind partial explanations is to genethkzeotion of explanation of
Section 2.3 to a setting where additionally a probability distribution over the geissible contexts is given.
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LetM =(U,V, F) be a causal model. L&{ ['Vlandx [DI(X). Let@ be an event, and € [D{U)
be such thatp(u) for all u LC]1 We usec;ﬂ:x to denote the largest subse¥tof C such thatX =x is an
explanation ofp relative toC" Note that this seﬂ:;’gzx is unique. The following proposition from [7] shows
thatcg’ézx is defined, if a subsdi™of C exists such thaK =x is an explanation of relative toC" it also
characterize§y, _,..

Proposition 2.4 LetM = (U, V, F) be a causal model. LeX [Vlandx [DI(X). Letg be an event, and
let C CD{U) be such thatp(u) for all u [Tl If X = x is an explanation of relative to som&~ [T lthen
Cg’;:X is the set of all [[Tlsuch that either (i)X(u) & x, or (i) X(u) =x and X =x is a weak cause aff
underu.

P be a probability function o€ (that is, P is a mapping fronT to the interval[0, 1] such that
ucP (u) = 1), and define

0 1 1
P(Cx—x I X=Xx) = P(u) / P(u).
u u cl
=X’ X(u) = x

Then,X = x s called aro-partial explanatiorof ¢ relative to(C, P) iff C% _, is defined an®® (C%_, | X =
X)=dad. We sayX = x is apartial explanationof ¢ relative to(C, P) iff X =X is ana-partial explanation
of ¢ relative to(C, P) for somea > 0; furthermore,P (Cg';:X | X =x) is called itsexplanatory powefor
goodnesp

Example 2.4 (rock throwing cont’d)Consider the set of contexts={u1 1, U1, Up 1}, and letP (uy 1) =
0.2 andP (u1,0) =P (Up,1) =0.4. Then,CEZ =1 = C, and thusST =1 is a 1-partial explanation @S =1
relative to(C,P). That is,ST =1 is a partial explanation dBS =1 relative to(C, P) with explanatory
powerl. [1

As for computation, we assume that the above probability funcons C are computable in polyno-
mial time.

2.5 Responsibility and Blame

We finally recall the notions of responsibility and blame from [3]. Intuitivéifie notion of responsibility is
a refinement of the notion of actual cause, which also measures the minimlaénaf changes that must be
made under a structural contingency to create a counterfactual demenafp from X =x. Whereas the
notion of blame then also takes into consideration the belief of an agent digopbssible causal models
and contexts (before setting the weak cause).

In the sequel, leM = (U, V, F) be a causal model, 16X [\V] x [DI(X), andu [CD(U), and letg
be an event. Let us call the pdiM, u) a situation Then, thedegree of responsibilitpf X = x for @ in
situation(M, u), denoteddr((M, u), X=x, @), is 0 if X =x is not an actual cause @funderu in M, and
itis 1/ (k+1)if X =x is an actual cause gfunderu in M, and

() someW [VAX, X [DI(X), andw [DI(W) exist such thafC2(a) and (b) hold and th&t variables in
W have different values iw andW (u), and

(i) no WHIAAX, XPLDI(X), andw"[DI(W 5 exist such thaAC2(a) and (b) hold and th&"< k vari-
ables inwW “have different values im~andw Yu).
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Informally, dr((M, u), X=x, @) =1/ (k+1), wherek is the minimal number of changes that have to be
made undeu in M to make@ counterfactually depend o = x. In particular, if X =x is not an actual
cause ofp underu in M, thenk = oo, and thudr((M, u), X=x, @) =0. Otherwisedr((M, u), X=X, @)

is at mostl.

Example 2.5 (rock throwing cont'd) Consider again the conteut 1 = (1, 1) in which both Suzy and Billy
intend to throw a rock. As argued in Example 2.2, Suzy’s throwing a rf8¢k=£ 1) is an actual cause of the
bottle shatteringBS = 1), witnessed by the contingency that Billy does not throw (and hencerduidst).
Here,AC2 holds also under the contingency that Billy throws a rock, but the rock doghit the bottle
(BT andBH are set tdl and0, respectively). SincBT andBH arel and0, respectively, undeu; i, the
degree of responsibility of Suzy’s throwing a rod&I{ = 1) for the bottle shatteringgS =1) in (M, uz 1)

is given byl. [1

An epistemic staté = (K, P) consists of a set of situatiom& and a probability distributio® overK.
Thedegree of blamef settingX to x for ¢ relative to an epistemic sta&, P ), denoteddb(K, P, X X,
©), is defined as

—1
.y A ((Mx=x, U), X=X, 9) - P (M, u)) .

Informally, (K, P) are the situations that an agent considers possible bfaseset tox along with their
probabilities believed by the agent. Theiy(K, P, X ~ X, @) is the expected degree of responsibility of
X =xfor@in (Mx=x, U).

Example 2.6 (rock throwing cont'd)Suppose that we are computing the degree of blame of Suzy’s throwing
a rock for the bottle shattering. Assume that Suzy considers possible aedogifsion of the causal model
given in Example 2.1, denotelll ) where Billy may also throw extra hard, which is expressed by the
additional value of Ug andBT . If Billy throws extra hard, then Billy’s rock hits the bottle independently
of what Suzy does, which is expressed by additionally assumind@tias 1 if BT is 2. Assume then that
Suzy considers possible the contemis, u1 1, andus 2, where Suzy throws a rock, and Billy either does
not throw a rock, throws a rock in a normal way, or throws a rock exdra.hFinally, assume that each of
the three contexts has the probabilif3. It is then not difficult to verify that the degree of responsibility of
Suzy'’s throwing a rock for the bottle shatteringli®2 in (M Juy 2) and1 in both(M Y uy o) and(M 5 uy 1).
Thus, the degree of blame of Suzy’s throwing a rock for the bottle shajtexi?6. 1

3 Problem Statements

We concentrate on the following important computational problems for caeiggisinations, responsibility,
and blame in the structural-model approach, which comprise both decisibleprs and problems with
concrete output.

3.1 Causes

WEAK/ACTUAL CAUSE: GivenM=(U,V,F), X V] x [DI(X), u [DIU), and an eveny, decide if
X =xis aweak (resp., an actual) causepainderu.

WEAK/ACTUAL CAUSE COMPUTATION: GivenM = (U,V,F), X [V, u D), and an eveng,
compute the set of a "= x"such that (i)X "[ZXJandx"™ (XY, and (i) X "= x"is a weak (resp.,
an actual) cause @f underu.
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3.2 Notions of Explanations

EXPLANATION: GivenM =(U,V,F), X [\] x [DI(X), an eventp, and a set of contexts CD{U),
decide whetheK = x is an explanation af relative toC.

EXPLANATION COMPUTATION: GivenM = (U, V, F), X [\ ]an evenip, and a set of context [D{U),
compute the set of alk "= x"such that (i)X "[XJandx"”[DI(X ", and (ii) X "= xHs an explanation
of @ relative toC.

a-PARTIAL EXPLANATION: GivenM =(U,V, F), X [\] x [DI(X), an eventp, a set of context€ [
D(U) such thatp(u) for all u [C] a probability functionP on C, anda=0, decide ifX =X is an
a-partial explanation of relative to(C, P).

a-PARTIAL EXPLANATION COMPUTATION: GivenM = (U, V, F), X [Y] an eventp, a set of contexts
C [DIU) with @(u) for all u [C] a probability functionP on C, anda =0, compute the set of all
X "= xBsuch that (X PCXJandx™ CO(X Y, and (i) X "= xHs ana-partial explanation of relative
to (C,P).

PARTIAL EXPLANATION: GivenM =(U,V, F), X [\V]x [CDI(X), an eveni, a set of contexts [ D{U)
such thatp(u) for all u [CT]and a probability functio® onC, decide whetheX = x is a partial ex-
planation ofyp relative to(C, P).

PARTIAL EXPLANATION COMPUTATION: Given M =(U,V,F), X [\] an eventp, a set of contexts
C [IOIU) such thatp(u) for all u LCJ) and a probability functio® on C, compute the set of all
X M= xBsuch that (iX PCXJandx"CDICX Y, and (i) X == xis a partial explanation af relative to
(C,P).

EXPLANATORY POWER: Given M =(U,V, F), X [\V] x [DI(X), an eventp, a set of context€ [1
D(U), and a probability functioi® on C, where (i)@(u) for all u [T] and (i) X =X is a patrtial
explanation ofp relative to(C, P), compute the explanatory powerXf= x for ¢ relative to(C, P).

3.3 Responsibility and Blame

RESPONSIBILITY. GivenM = (U,V,F), X [Vl x [CD(X),u D), and an evenp, compute the
degree of responsibility oK = x for @ in (M, u).

BLAME: Given an epistemic statg, a set of endogenous variabls x [D]X), and an evenp, compute
the degree of blame of setting to x for ¢ relative toE.

3.4 Previous Results

Several complexity results for the above problems have been establishedrticular, as shown in [6],
the decision problems WAk CAUSE and ACTUAL CAUSE are both>5-complete in the general case, and
NP-complete in the case of binary variables. Furthermore, as shown in §/glettision problemsLA-
NATION and RARTIAL/a-PARTIAL EXPLANATION and the optimization problemX®LANATORY POWER

P pZb b33 ; : NP
are complete foD;, P2, andFP, respectively, in the general case, and completeDoy P, and
FP’\l‘—_'ID, respectively, in the binary case. Hdd§ (resp.,DP) is the “logical conjunction” of=5 and %
(resp.,NP andco-NP), and PCD(resp.,FPCd, is the class of decision problems solvable (resp., functions
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computable) in polynomial time with access to one round of parallel queries toaafe inC. Finally,
Chockler and Halpern [3] and Chockler, Halpern, and Kupfermarhfdfe shown that the optimization

P
problems RESPONSIBILITY and BLAME are complete for the classe®>2 109" gnd FPZEZI, respectively,
in the general case, and complete RPNPI°9N and FPNF | respectively, in the binary case. The class

FPCllognl contains the functions computable in polynomial time witfiog n) many calls to an oracle in
C, wheren is the size of the problem input.

To our knowledge, there exist no complexity results for the optimization pmobM/EAK/ACTUAL
CAUSE COMPUTATION, EXPLANATION COMPUTATION, anda-PARTIAL/PARTIAL EXPLANATION COM-
PUTATION so far. But there are complexity results on decision variants of two of the fatielems, which
are called EPLANATION EXISTENCEanda-PARTIAL EXPLANATION EXISTENCE, respectively. They are
the decision problems of deciding whether an explanation aratpartial explanation, respectively, over
certain variables exists, which are completeXdr (resp.,=5) in the general (resp., binary) case; see [7].

To our knowledge, there are no explicit tractability results for the aboebklems related to causes and
explanations so far. As for responsibility and blame, Chockler, HalewchKupferman [4] have shown that
computing the degree of responsibility in read-once Boolean formulasecdarie in linear time.

4 Irrelevant Variables

In this section, we describe how an instance of deciding weak causesgadiced with polynomial over-
head to an equivalent instance in which the (potential) weak cause analba cnodel may contain fewer
variables. That is, such reductions identify and remove irrelevantblasdn weak causes and also in
causal models. This can be regarded as an important preliminary step ontpetation of weak and actual
causes, which seems to be indispensable in efficient implementations.

We first describe a reduction from [7] and a generalization thereof inhwitrelevant variables in weak
causesX =x of an eventp are characterized and removed. We then generalize these two reduotions
two new reductions that identify and remove irrelevant variables in weagesX = x of ¢ and also in
causal modeld/, producing theeducedand thestrongly reduced causal model M w.r.t. X =x and an
event@. Both new reductions also generalize a reduction due to Hopkins [2&)otts of the fornX = x
andg = Y =y, whereX andY are singletons. The reduced causal moddVofv.r.t. X =x andg is in
general larger than its strong reduct wXt= x andg. But the former allows for deciding whethx= x"
is a weak cause af, for the large class of alK "[X] while the latter generally allows only for deciding
whetherX =x is a weak cause ajf.

In the rest of this section, to illustrate the removal of variables in (potentisgdkwauses and causal
models, we use what is shown in Fig. 2: (i) the causal gi@pt{M) of a causal modeM = (U, V, F),

(ii) the set of variables< [Vof a (potential) weak caus¥ = x, and (iii) the set of variable¥ (¢) in an
evento.

4.1 Reducing Weak Causes

The following result (essentially proved in [7]) shows that deciding weiel = X is a weak cause af
underu is reducible to deciding whethet "= x|X"is a weak cause ap underu, whereX is the set of
all X; Xl that are either ip or ancestors of variables in That is, in deciding whetheX =x is a weak
cause ofp underu, we can safely ignore all variables = x not connected to any variable n
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Figure 2: Causal GrapBy (M) along withX andV (o)

Theorem 4.1 (essentially [7])Let M = (U, V,F) be a causal model. LeX [Vland x [DI(X), let ¢
be an event, and let CDIU). Let X“be the set of all variables iX from which a (directed) path
exists inG(M) to a variable in@, and letx"=x|X" Then,X =x is a weak cause of underu iff
(i) X\AXH(u) =x|(X\XH and (ii) X "= x"is a weak cause af underu.

Example 4.1 Fig. 3 showsX “for a causal modeM = (U, V, F) and an evenp such that the causal graph
Gy (M) and the setX andV (@) are as in Fig. 2.1

Figure 3: Causal GrapBy (M) along withX FandV (¢)

The next theorem formulates the more general result that deciding whéthe is a weak cause af
underu is reducible to deciding whethét ™= x|X"is a weak cause af underu, whereX is the set of
all variables inX that occur ing or that are ancestors of variablesgmot “blocked” by other variables in
X. That is, in deciding whetheX = x is a weak cause @ underu, we can even ignore every variable
in X = Xx not connected via variables \h\X to any variable irp.

Theorem 4.2 LetM =(U,V, F) be a causal model. LeX [Vlandx [DI(X), let @ be an event, and let
u [DIV). Let X “be the set of all variableX; [XI from which there exists a path @(M) to a variable
in @ that contains noXj CXN\{X;i}, and letx"=x|X" Then,X =x is a weak cause af underu iff
(i) X\XF(u) = x|(X\XY and (ii) X "= x"is a weak cause af underu.

Example 4.2 Fig. 4 showsX “for a causal modeM = (U, V, F) and an evenp such that the causal graph
Gy (M) and the setX andV (@) are as in Fig. 2.1
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Figure 4: Causal GrapBy (M) along withX FandV (¢)

The next result shows that computing the set of all variables in a wealedhat are not irrelevant
according to Theorems 4.1 and 4.2 can be done in linear time.

Proposition 4.3 Given a causal modéVl = (U, V, F), X [\ ]and an evenp,

(a) computing the seXof all variablesX; [XI from which a path exists to a variable gncan be done
in time O([M [HLpl).]

(b) computing the seX Mof all variablesX; [XI from which a path exists to a variable gnthat contains
no Xj CXN{X;} can be done in tim®([M [HIQI).]

4.2 Reducing Weak Causes and Causal Models

We now generalize the reduction described in Theorem 4.1 to a reductich wbt only removes irrel-
evant variables from causes, but also removes irrelevant variablesusal models. In the sequel, let
M =(U,V, F) be a causal model. Let [\V]x [DI(X), andu [LDI(U), and letp be an event. We first
define irrelevant variables w.rX = x and¢, and then the reduced causal model wxf.t= x and@, which
does not contain these irrelevant variables anymore.

The set ofelevantendogenous variables M = (U, V, F) relative toX = x andg, denoted??(zx(M ),
is the set of allA [V1such that eitheR1 or R2 holds:

R1. Ais on a directed path i®(M) from a variable inX\{A} to a variable inp.
R2. A does not satisfirR1, and eithelA occurs ing, or A is a parent irG(M) of a variable that satisfid?1.

Informally, R$_, (M) is the set of all variables i, all variablesA that connect a different variable
in X to one ing, and all the parents of the latter variables. A variafléVlis irrelevantw.r.t. X =x
andg iff it is not relevant w.r.t.X =x and¢. Note that it doesiot necessarily hold thaX [RY,_ (M).

The reduced causal modeif M =(U,V,F) w.rt. X =x and o, denotedM)“é:X, is the causal model

ME=(U,V EFY that is defined by the set of endogenous variablés= R _ (M) and the following
set of functiond "= {F X | A [\M13}:

FU= {FR=Fa|A [WI5satisfiesR1} [F R =FA{A [\VI5satisfiesR2},

whereF ssignsAn (ua) to A for every valueua [DI(Ua) of the setUa of all ancestor [Ulof A
in G(M). We often useR% (M), R (M), M2, andMy, to abbreviateR% _ (M), RY%(M), M$__,

andM,, —Y, respectively.
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Example 4.3 Fig. 5 shows the causal grafy (M;‘é) along with the set of variable$™= X n R§ (M) for
a causal modev = (U, V, F) and an evenp such that the causal gra@y, (M) and the setX andV (¢)
are asinFig. 2.1

\
—— !
//’ o \ I'
\ )
\ \ \ o
~ - _ \ ~_ _7
N '/ -
\ |
xXC

Figure 5: Causal GrapBy (M) along withX"= X n R$ (M) andV ()

The following result shows that a variableXq= x is irrelevant w.r.t X = x andg iff it is not connected
to a variable inp. Hence, we are heading towards a generalization of the reduction imérhebl.

Proposition 4.4 LetM = (U, V, F) be a causal model. LeX [\ ]x [DI(X), and letp be an event. Then,
Xn Rﬂ(M) is the set of all variableB [XIfrom which there exists a directed path@{M ) to a variable
in Q.

The next result shows that deciding whetbér= x is a weak cause af underu in M can be reduced
to deciding whetheX "= x5is a weak cause af underu in My, whereX™=X n R% (M) andx"= x| X"

It generalizes Theorem 4.1. Note that this result and also Theoremsdi4/dhbelow do not carry over to
responsibility.

Theorem 4.5 LetM = (U, V, F) be a causal model. LeX [V] x [DI(X), andu [DIU), and letg be
an event. LeX"=X nR% (M) andx"=x|X" Then,X =x is a weak cause ap underu in M iff (i)
(OX\XH(u) = x|(X\XT in M, and (ii) X "= x"is a weak cause af underu in M.

Our next result shows that the reduction of a causal model is monotoXic Roughly, if X Y [CX] then
the reduced causal model M w.r.t. X"=x5and ¢ is essentially contained in the reduced causal model
of M w.r.t. X = x ande.

Proposition 4.6 LetM=(U, V, F) be a causal model. Let "CXTV_Ix"D{X Y, x [DI(X), and letp be
an event. Thery, -coincides with((M})%

We are now ready to formulate the main result of this section. The followingd¢heshows that
deciding whetheiX "= x5 whereX"[CX] is a weak cause af underu in M can be reduced to deciding
whether its restriction tR;"((M) is a weak cause a@f underu in Mf;. Itis a generalization of Theorems 4.1
and 4.5, which follows from Theorem 4.5 and Proposition 4.6.

Theorem 4.7 Let M = (U, V, F) be a causal model. Lex"xX1[V] x"[DI(XY, x [DI(X), andu [
D(U), and letg be an event. LeX™= X" R$ (M) andx™= x$X™ Then,X"=x"is a weak cause
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of @ underu in M iff (i) (XXXT(u) = xFXAXT in M, and (i) X ™= x™is a weak cause af underu
in M.
The following result shows that the reduced causal model and the tiestraf its causal graph to the

set of endogenous variables can be computed in quadratic and lineargspectively. Here, for any st
we denote byS| its cardinality.

Proposition 4.8 Given a causal modeM = (U, V, F), X V] x [DI(X), and an evenp, the directed
graph Gy (Mfé) (resp., the causal moddwl)"é) can be computed in tim@([M [+ [@I)resp., in time
O(lV M [+ [eD))l

4.3 Strongly Reducing Weak Causes and Causal Models

In the sequel, leM =(U,V, F) be a causal model. LeX [\V] x [DI(X), andu [DI(U), and letp be
an event. The reduced causal model wXt=x and@, which generalizes the idea behind Theorem 4.1,
still contains some superfluous variables for deciding wheXherx is a weak causes @f underu in M.
We now define the strongly reduced causal model w&.t= x and @, which generalizes the idea behind
Theorem 4.2, where these superfluous variables are removed. Waefiree strongly relevant variables
w.r.t. X = x andg, and then the strongly reduced causal model Vixr4 x andg@, which contains only such
variables.

The set ofstrongly relevanendogenous variables &l = (U, V, F) relative toX =x and¢, denoted
RE! (M), is the set of allA [1such that eitheB1or S2holds:

S1. Ais on a directed patR in G(M) from a variableB [XI\{A} to a variable inp, whereP does not
contain any variable fronX\{B}.

S2. A does not satisf1, and eithetA occurs ing, or A is a parent irG(M) of a variable that satisfi€s1

Note that all variables satisfyin§1 are fromV \X. Informally, I@LX(M) is the set of all variables
in @, all variablesA that connect a variable iX to one in@ via variables fromV \X, and all the par-
ents of the latter variables. Observe tR§L (M) [R_, (M). Thestrongly reduced causal modef
M =(U,V, F)w.r.t. X =x andg, denoted\i2_), is the causal modél "= (U, V JF 5, where the endoge-
nous variabley "=R%1_ (M) and the function& "= {F X | A [\/1} are defined by:

FU= {FR=Fa|A [WI5satisfiesST} [{F A =F A [VisatisfiesSZ},

whereF ssignsAn (ua) to A for every valueua [DI(Up) of the setUa of all ancestord [Ulof A
in G(M). We often useRZ{(M), RYAM), MZ - And it abbreviateRZ] (M), RLEY (M), MZ_],
andNi, =), respectively.

Example 4.4 Fig. 6 shows the causal grafy (N2)-dlong with the set of variableg "= X n RZ{M) for
a causal moddl = (U, V, F) and an evenp such that the causal gra@y, (M) and the setX andV (¢)
are asin Fig. 2.1

The following result shows that a variablelt= x is strongly relevant w.r.2X = x andg iff it is con-
nected inG(M) via variables iV \X to a variable inp. Thus, we are currently elaborating a generalization
of Theorem 4.2.
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N ,’XD

Figure 6: Causal GrapBy (N)-Along withX "= X n RZ(M) andV (¢)

Proposition 4.9 LetM = (U, V, F) be a causal model. LeX [\V]x [DI(X), and letg be an event. Then,
Xn @KM) is the set of allX; Xl from which there exists a directed path@(M) to a variable ing that
contains naX; CXIN{Xj}.

It is easy to verify that the monotonicity result of Proposition 4.6 and thus Bi&mrem 4.7 do not
carry over to strongly reduced causal models. Informally§ #[—X] then ay contain variables that
connect somé&; [XI"to a variable inp via variables invV \X" but that do not conne¢; [XI"[Xlto a
variable ing via variables invV \X [V X" since some variable fro®X\X"is needed, and are thus not
contained id\ﬁm:or example, if the causal gra@y, (M) and the set¥X andV (@) are as in Fig. 2, and
XBconsists of the variable iX that is shown upper left in Fig. 2, then this variable even does not occur
among the variables of the strongly reduced causal m@' since itis pruned away (cf. also Figure 6),
and hencéNKHJ - cannot be formed.

However, the weaker result in Theorem 4.5 also holds for stronglycezticausal models. That is,
deciding whetheX = x is a weak cause af underu in M can be reduced to deciding whether its restriction
to the strongly relevant variables is a weak cause ohderu in l\h;‘é:.fhis result generalizes Theorem 4.2.

Theorem 4.10 LetM = (U, V, F) be a causal model. LeX [\V] x [DI(X), andu [CDI(U), and letg be
an event. LeiX™=X n RZ{M) and x"=x|X" Then,X =x is a weak cause ap underu in M iff (i)
AXT(u) =x|(X\X in M, and (ii) X "= x"is a weak cause af underu in NiZ-—

The following result shows that also the strongly reduced causal madédha restriction of its causal
graph to the set of all endogenous variables can be computed in polyraordiihear time, respectively.

Proposition 4.11 Given a causal mode\l = (U, V, F), X [\V] x [DI(X), and an evend, the directed
graphGy (NK)resp., the causal modah)-k computable in tim© (M [# [@L){resp.,O(|V | (M [
leD))

The next result shows that for weak causes of the fotns X, whereX is a singleton, the reduced
causal model coincides with the strongly reduced one. Observe thatiahyweak cause is an actual cause
(by Theorem 2.3). Hence, for deciding actual causes, both redsat@ncide. Nonetheless, we need weak
causes in particular since they are a basic building block of explanationactual causes.

Theorem 4.12 LetM = (U, V, F) be a causal model. LeX [Vlandx [DI(X), and letg be an event.
If X is a singleton, theM; = NI
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5 Causal Trees

In this section, we describe our first class of tractable cases of cansesxplanations. We show that
deciding whether an atoid = x is a weak cause of a primitive event=y under a contexti in a domain-
bounded causal mod& = (U, V, F) is tractable, if the reduced causal mo@&} (My) is a bounded
directed tree with rooY , which informally consists of a directed path frohto Y, along with a number

of parents for each variable in the path afiibounded by a global constant (see Fig. 7). Under the same
conditions, deciding whethef = x is an actual cause, deciding whetb€r= x is an explanation relative to

a set of context§, and deciding whetheX = x is a partial explanation or am-partial explanation as well

as computing its explanatory power relativg(@Q P ) are all tractable.

: Wk\ '. Wz\wl\

X =pPpKk—mpk1l ... — pmpl — ppl=y

Figure 7: Path fronX to Y in a Causal Tree

More precisely, we say that a directed grapk- (V, E), given two nodesX, Y [V] is adirected tree

with root Y, if it consists of a unique directed pak = pk_pk-l ... ,pP%2Y fromX toY, and
setsW! of (unconnected) parentsE P! for all P~ such thati [{1,...,k}. Moreover,G is bounded
if [Wi| < I for eachi [{1,...,k}, i.e., Pi—1 has fan-in of variables frov at mostl + 1, wherel is

some global constant. & =Gy (M) for some causal mod& = (U,V,F) andX,Y [\, thenM is a
(bounded) causal trewith respect toX andY .

Example 5.1 An example of a causal tree is the following binary causal milet (U, V, F) presented in
[16] in a discussion of the double prevention problem, whére {Ugp, Usps} with D(A) = {0, 1} for
all AUV ={BPT,LE,LSS, SPS,SST, TD} with D(A) ={0, 1} for all A [V1 In a World War III
scenario, Suzy is piloting a bomber on a mission to blow up an enemy targetilgrid giloting a fighter as
her lone escort. Along comes an enemy plane, piloted by Lucifer. Slyaig&illy spots Lucifer, zooms in,
pulls the trigger, and Lucifer’s plane goes down in flames. Suzy’s missiondisturbed, and the bombing
takes place as planned. The question is whether Billy deserves somefardié success of the mission.
Here,BP T means that Billy pulls the triggeLE that Lucifer eludes BillyLSS that Lucifer shoots Suzy,
SPS that Suzy plans to shoot the targ&$ T that Suzy shoots the target, an that the target is destroyed.

Ugpg—» SPS \

Ugpr—BPT——»LE———|SS—SST—TD

Figure 8: Causal GrapB8(M)
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The setF ={FA |A |I|} consists of the functionBgpt = UpgpT, Fsps = Ugps, FLe = 1 —BPT,
FLss = LE, Fsst = 1iff LSS=0 andSPS =1, andFrp = SST. The causal grap®(M) is shown
in Fig. 8. LetX=BPT andY =TD. Then,Gy (M) is a directed tree with root , where the directed
path fromX to Y is P* =BPT, P® = LE, P?2=LSS, P1=SST, P°=TD, Wl=w3=w*=[]
andW?2=SPS. [1

As an important property, causal trees can be recognized very efficieamely in linear time. The
same holds for causal models whose reduced variant with respgcatalY is a causal tree.

Proposition 5.1 Given a causal modél = (U, V, F) and variablesX,Y [V1 deciding whetheM resp.
M is a (unbounded or bounded) causal tree with respeetandY is feasible inO([M D time.

5.1 Characterizing Weak Causes

We first consider weak causes. In the sequelMet (U,V,F) be a causal model, leX,Y [V such
thatM is a causal tree with respect ¥ andY , and letx [DI(X) andy [DKY ). We give a new char-
acterization ofX =x being a weak cause of =y under contexiu [CDI(U), which can be checked in
polynomial time under some conditions. We need some preparation by the fgjldefimitions. We define
RO={D(Y)\{y}}, and for evenyi [{1, ..., k}, we defingd' =P (u) andR' by:

R ={p (D(P") | bm [DYW ) [pHRI~:
[PICDIPY): p Cpliff Pt (u) Cpt
Panw () CDI(PH)\p},

Intuitively, R' contains all sets of possible valuesRofin AC2(a), for different values oV '. Here P0 =Y
must be set to a value different fromand the possible values of each otRédepend on the possible values
of PI=1. At the same time, the complements of setfRinare all sets of possible values Bf in AC2(b).

In summary,AC2(a) and (b) hold iff some nonempty CRK exists that does not contain This result is
formally expressed by the following theorem, which can be proved by timuoni [{0, ..., k}.

Theorem 5.2 LetM = (U, V, F) be a causal model. Let,Y [V x [DI(X),y CO(Y), andu CDI(U).
Suppose thaM is a causal tree w.r.tX andY , and letRK be defined as above. Theq,=x is a weak
cause ofY =y underu in M iff (a) X (u)=x andY (u)=y in M, and(B) somep [RK exists withp & []
andx [Ipl

Example 5.2 Consider again the causal tree with respeckKie=BPT andY =TD from Example 5.1.
Suppose we want to decide whetB&T =1 is a weak cause ofD =1 under a contexti; 1 [DI(U), where
uz1(Ugpt) =1 andu; 1(Usps) = 1. Here, we obtain the relatioi®? = {{0}}, R* = {{0}}, R? ={{1}},
R ={{1}}, andR* = {{0}}. Observe then thgt\) BP T (uz 1) andTD(uy ;) are botH, and(B) {0} [RF
and1 [I{0}. By Theorem 5.2, it thus follows th&P T =1 is a weak cause ofD =1 underu; ;. [1

5.2 Deciding Weak and Actual Causes

The following theorem shows that deciding whether an akm X is a weak cause of a primitive event
Y =y in domain-bounded\ is tractable, whemM is a bounded causal tree with respecXt@ndY . This
result follows from Theorem 5.2 and the recursive definitioRbfwhich assures th&k can be computed
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in polynomial time under the above boundedness assumptions. By The@gtine?2same tractability result
holds for actual causes, since the notion of actual cause coincides witltilon of weak cause whe¥€ is
a singleton.

Theorem 5.3 Given a domain-bounded causal modiél= (U, V, F), variablesX,Y [Vlsuch thatM is
a bounded causal tree with respectXoandY , and valuesx [D{X), y [D(Y ), andu [D{U), deciding
whetherX =x is a weak (resp., an actual) causeYof=y underu in M can be done in polynomial time.

The next theorem shows that the same tractability result holds when indtdddjwost the reduced
modelMy* is required to be a bounded causal tree. The result follows from €hedr5, Proposition 4.8,
and Theorem 5.3.

Theorem 5.4 Given a domain-bounded causal mod&l= (U, V, F), variablesX,Y [Vlsuch thaﬂ\/l;Q is
a bounded causal tree with respectXoandY , valuesx [D{X), y [D{Y ), andu [D{U), deciding whether
X =xis aweak (resp., an actual) causeYof=y underu in M can be done in polynomial time.

5.3 Deciding Explanations and Partial Explanations

The following theorem shows that deciding whetbér x is an explanation of =y relative toC in M
is tractable under the conditions of the previous subsection. This redlolv§ofrom Theorem 5.4 and
Proposition 2.2.

Theorem 5.5 Given a domain-bounded causal modédl= (U, V, F), variablesX,Y [VIsuch thatM;Q

is a bounded causal tree with respecttoandY , valuesx [DI(X) andy [DIY ), and a set of contexts
C [DIU), deciding whetheK = x is an explanation of =y relative toC in M can be done in polynomial
time.

Similarly, deciding whethelX =X is a partial or aro-partial explanation o =y relative to(C, P)
in M, as well as computing its explanatory power is tractable under the condifidresfrevious subsection.
This follows from Theorem 5.4 and Propositions 2.2 and 2.4.

Theorem 5.6 LetM = (U, V, F) be a domain-bounded causal model, YetY be such thaMy; is a
bounded causal tree with respectXoandY , and letx [CD(X) andy [DI(Y ). LetC [D{U) such that
Y (u) =y forall u CCland letP be a probability function o€. Then,

(a) deciding whethelX =x is a partial explanation off =y relative to(C,P) in M can be done in
polynomial time.

(b) deciding whetheiX =x is an a-partial explanation ofY =y relative to (C,P) in M, for some
givena =0 can be done in polynomial time.

(c) given thatX =x is a partial explanation off =y relative to(C,P) in M, the explanatory power
of X =x is computable in polynomial time.
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6 Decomposable Causal Graphs

In this section, we generalize the characterization of weak cause giss#rction 5 to more general events
and to more general causal graphs. We characterize relationships foirth “X =X is a weak cause of

¢ underu in M”, where (i) X =x and @ are as in the original definition of weak cause, and thus not
restricted to assignments to single variables anymore, and whe@,({iy1) is decomposable into a chain
of subgraphs (cf. Fig. 9, which is explained in more detail below), and tlui restricted to causal trees
anymore. We then use this result to obtain more general tractability resutiasifses and explanations, and
also new tractability results for responsibility and blame.

T2 o Tl - TO

iX <' ; \ %: AN
! \ \ ,./" v
) ,' ' . \/ .‘\ \ —([‘)",,

Sk s2” st S0

Figure 9: Decomposable Causal Graph

6.1 Characterizing Weak Causes

We first give a new characterization of weak cause. In the sequd¥] +&tU, V, F) be a causal model, let
X V] letx [DI(X) andu LDI(VU), and letp be an event.

Towards a characterization oK‘=Xx is a weak cause ap underu in M”, we define the notion of a
decomposition of a causal graph as followsdécompositiorof Gy (M) relative toX = x (or simply X)
andg is a tuple((T?,S9),..., (TX,SK)), k=0, of pairs(T', S') such that the conditiori81-D6 hold:

D1. (T?,..., TX)is an ordered partition of .
D2. TO sY,..., 7% Csh.
D3. EveryA [Vloccurring ing belongs toT ©, andS* X1

D4. For everyi [{0, ..., k—1}, no two variablesA CTP 1. CT1~! CTI\S' andB CTI*! 1. CTK
are connected by an arrow @y (M).

D5. For everyi [{1,...,k}, every child of a variable frons' in Gy (M) belongs to(T'\S") [Si71.
Every child of a variable fron$° belongs to(T°\ S°).

D6. For everyi [{0, ...,k — 1}, every parent of a variable &' in Gy (M) belongs tdT '*1. There are no
parents of any variabla [S¥.

Intuitively, Gy (M) is decomposable into a chain of edge-disjoint subgraphs. .., GK over some sets
of variablesT?, S0 [T#, S CT#, ..., Skt CTK, where(T?, ..., TK) is an ordered partition of , such
that the setd; are connected to each other exactly through someSefsT, i [{0,...,k—1}, where
(i) every arrow that is incident to som& S, i [{1,...,k—1}, is either outgoing fronA and belongs
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to G', or ingoing intoA and belongs taG'*!, and (ii) every variable inp (resp., X) belongs toT?
(resp., som&K [CTH); see Fig. 9 for an illustration.

As easily seen, causal trees as in Section 5 are causal models with deabiepcausal graphs. For
the directed patik =Pk _ P*=1 ... . PO0=Y fromX toY, and the set®', i [{1,...,k}, we may
defineD=((T?9,S9,...,(TK,SK) by Si={P'}, TO={P%}, andTi=W' [P}, fori ({1,...,k};
then,D is a decomposition dBy (M) relative toX =x andY =y.

Thewidth of a decompositiol = ((T?, S°),..., (TX, SX)) of Gy (M) relative toX andg is the max-
imum of all|T'| such thai [0, ..., k}. We say thaD is width-boundedff the width of D is at most for
some global constart

Example 6.1 Fig. 10 shows a decompositi@= ((T?, S%), (T, S1), (T2, S?)) of a causal grapBy (M)
relative to a set of variableX [Vland an evenp. The width of this decompositioD is given by6. [

Figure 10: Decompositiof(T?, S°), (T2, S1), (T?,S?)) of Gy (M) relative toX andg

We use such a decompositi¢fT ©, S?), ..., (TX, SX)) of Gy (M) to extend the relation' for causal
trees from Section 5.1 to decomposable causal graphs. The new reRtions/ contain triplegp, q, F),
wherep (resp. q) specifies a set of possible values of “floating variablesSlin AC2(a) (resp.AC2(b)).
We defineR° as follows:

R°={(p.a,F)|F [SY, p,q [DIF),
W CT9, F=s%\w,
[wl CDI(W) [pJg CDI(F):
p Cpliff —@pw(u),
q Cqiff Qg5 (W) forall Z CTIN(SK CW)}.
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For everyi [{1,...,k}, we then defin®! as follows:

R'={(p.q,F)|F S\, p,q [DIF),
W LT, F =Si\W,
oWl CDI(W) [E5g5FY CRIT [plg CDIF):
p Cpliff Fw(u) Cpk
q Cqiff F 5w (W) CqHforall Z CTI\(SK Cw)}.

Intuitively, rather than propagating a geif possible values of a single varialid [V1in AC2(a) from
Y =P%back toX =PX along a patiX =Pk _. PX=1 _, ... _ PO2Y asin Section 5.1, we now propa-
gate tripleqp, g, F) consisting of some “floating variable§ [S'l [V] a setp of possible values df in
AC2(a), and a sef of possible values df in AC2(b), from back toX [Vlalong the chain of subgraphs
GP,...,GK over the sets of variablég?, S° [T+, S [T#,..., Sk~! CTK. Here,RC contains all triples
(p,q,F) such thatt [SP, p,q CDI(F), p Cpliff —Qpw(u), andq Califf (p[qa;(u)]w(u), for all possible
Z and some appropriate. Moreover, the triples ifR' depend on the triples iR'™ . In summary, it then
follows thatAC2(a) and (b) hold iff somép, g, X) [RK exists such thagy & Candx Cql

Note that for a decomposition corresponding to a causal tree as didatssee, for eaclip, g, F) in
R, it holds thatw = [@ndF ={P°}; henceq = D(F)\p is the complement gb. Furthermore, for each
(p,q,F) in R, wherei > 0, we haveW =W' andF ={P'} andq=D(P")\p is the complement ap.
Thatis, the setR' defined for causal trees correspond to simplified versions of th&sé&bs a decomposed
graph, where the redundant compondntandq are removed from each triple.

This new characterization of weak cause, which is based on the abageptoof a decompaosition
of Gy (M) and the relation®', is expressed by the following theorem, which can be proved by induction

oni {0, ... ,k}.

Theorem 6.1 LetM = (U, V, F) be a causal model. LeX [V ]letx [DI(X) andu [CDI(U), and let be
an event. Let(T?,S9),...,(Tk, SK)) be a decomposition @y (M) relative toX and @, and letR* be
defined as above. TheX,=x is a weak cause af underu in M iff (a) X(u) =x and@(u) in M, and(B)
some(p, q, X) CRK exists such thgp £ Candx Cql

This result provides a basis for deciding and computing weak and aetwseés, and may in particular be
fruitfully applied to reduced causal models from which irrelevant vargbéese been pruned. Often, reduced
models have a simple decomposition: Evb@ (U,V YFY has the trivial decompositiof{V 5 X)), and
every M;‘i = (U,VYFY such that noA [Xlis on a path from a different variable X to a variable inp
also has the trivial decompositig@V 5 X)).

6.2 Deciding and Computing Weak and Actual Causes

Using the characterization of weak cause given in Section 6.1, we novidproew tractability results
for deciding and computing weak and actual causes. The following timesihews that deciding whether

X =xis a weak (resp., an actual) causepofinderu in a domain-boundei is tractable whettG, (M)

has a width-bounded decomposition provided in the input. As for its prgoffHeorem 6.1, deciding
whetherX = x is a weak cause af underu in M can be done by recursively computing fREs and then
deciding whethefa) and(3) of Theorem 6.1 hold. All this can be done in polynomial time under the above
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boundedness assumptions. By Theorem 2.3, actual causes areansafc= x such thaix is a singleton.
Thus, since deciding wheth#t is a singleton can be done in constant time, the above tractability result also
holds for actual causes.

Theorem 6.2 Given a domain-bounded causal mo&iél= (U,V,F), X [V] x [DI(X), u CDIU), an
eventp, and a width-bounded decompositibnof Gy (M) relative toX andg, deciding whetheXX =x is
a weak (resp., an actual) causegfinderu in M is possible in polynomial time.

The next theorem shows that deciding weak (resp., actual) causemardbounded causal models
is also tractable, whe®y (My;) has a width-bounded decomposition provided in the input. This result
essentially combines Theorems 4.7 and 6.2.

Theorem 6.3 Given a domain-bounded causal mob&l= (U, V, F), X"X1 V] x"CDI(X Y, u CD(V),
an eventp, and a width-bounded decompositibnof the graphGy (M) relative toXh R (M) and g,
deciding whetheiX "= x"is a weak (resp., an actual) cause@underu in M is possible in polynomial
time.

A similar result also holds for strongly reduced causal models. It is egpteby the following theorem,
which basically combines Theorems 4.10 and 6.2.

Theorem 6.4 Given a domain-bounded causal moddl = (U,V,F), X [V, x CDI(X), u CDIV),
an eveni, and a width-bounded decompositiBnof the graphGy (N2 -felative toX n RZ{M) and ¢,
deciding whetheX = x is a weak (resp., an actual) causegfinderu in M is possible in polynomial time.

We finally focus on computing weak and actual causes. The followindtraglsows that, given some
X [Y] computing all weak (resp., actual) cau$es= x5 whereX "CXJandx"TD{XY, of ¢ underu in
domain-bounded is tractable, when either (&y (M;Q) has a width-bounded decomposition provided in
the input, or (b) eveniy (N2Hwith X P[X1has a width-bounded decomposition provided in the input.
This result essentially follows from Theorems 6.3 and 6.4. Observe thdténréms 6.5 to 6.9, each of
(a) and (b) implies thaX| is bounded by a constant, and thus also the number of all suKséisXlis
bounded by a constant. Theorems 6.5 to 6.9 also hold, when the decompsasidarlative toX n R§ (M)
andX "h RZI(M) rather thanX andX " respectively.

Theorem 6.5 Given a domain-bounded causal modél= (U,V,F), X [V1u [DIU), an eventp, and
either (a) a width-bounded decompositibnof the graphGy (M;‘i) relative toX and ¢, or (b) for every
XPCX] a width-bounded decompositi@y —of Gy (I\h%—:}'relative toX “and @, computing the set of all
X M= xH whereX P[X1and xPCDI(X Y, such thatX "= x"is a weak (resp., an actual) cause@finderu
in M is possible in polynomial time.

6.3 Deciding and Computing Explanations and Partial Explanaions

We now turn to deciding and computing explanations and partial explanalibagollowing theorem shows
that deciding whetheX = x is an explanation o relative toC [D{U) in M can be done in polynomial
time, if we assume the same restrictions as in Theorem 6.5. This result follomsieorems 6.3 and 6.4.
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Theorem 6.6 Given a domain-bounded causal motiél= (U,V,F), X [V] x [DI(X), C [D{U), an
eventp, and either (a) a width-bounded decompositrof Gy (Mfé) relative toX and, or (b) for each

XPCX] a width-bounded decompositi@y cof Gy (M2 Hrelative toX Pand ¢, deciding whetheX = x
is an explanation op relative toC in M can be done in polynomial time.

A similar tractability result holds for deciding wheth®r=x is a partial or ar-partial explanation of
¢ relative to soméC, P) in M, and for computing the explanatory power of a partial explanation.

Theorem 6.7 Given a domain-bounded causal modiél= (U, V,F), X [V, x [DI(X), C LD{U), an
eventp, whereg(u) for all u [CCJ a probability functionP onC, and either (a) a width-bounded decompo-
sition D of Gy (Mfé) relative toX and @, or (b) for everyX“[X] a width-bounded decompositidy o

of Gy (M elative toX Mand g,

(1) deciding whetheK = x is a partial explanation ofp relative to(C,P) in M can be done in polyno-
mial time.

(2) deciding whetheK = x is ana-partial explanation ofp relative to(C, P) in M, for some givemm =0,
can be done in polynomial time.

(3) given thatX =x is a partial explanation ofp relative to(C,P) in M, computing the explanatory
power ofX =x can be done in polynomial time.

Such tractability results also hold for computing explanations and partialreqdas. In particular,
the next theorem shows that computing all explanations involving variafgesd given set of endogenous
variables is tractable under the same assumptions as in Theorem 6.5.

Theorem 6.8 Given a domain-bounded causal mod&l=(U,V,F), X V] C [D{U), an eventp, and
either (a) a width-bounded decompositibnof Gy (Mﬁﬂ) relative to X and @, or (b) for everyXJIX]
a width-bounded decompositi@y oof Gy (Ng-relative toX “and @, computing the set of alK "= x"
whereX ™ X1 andx"DI(X Y, such thatX "= x"is an explanation o relative toC in M can be done in
polynomial time.

Similarly, also computing all partial ang-partial explanations involving variables from a given set of
endogenous variables is tractable under the same restrictions as inmi&6bre

Theorem 6.9 Given a domain-bounded causal moddl=(U,V,F), X [\, C [D{U), an eventy,

where@(u) for all u [LCJa probability functiorP onC, and either (a) a width-bounded decompositidrof

Gy (M) relative toX andg, or (b) for everyX " [X] a width-bounded decompositi@y —of Gy (I\@ﬂh——:}l
relative toX “andg,

(1) computing the set of aX "= x5 whereX "[Xlandx"[DI(X Y, such thatX "= x"is a partial expla-
nation ofg relative to(C, P) in M can be done in polynomial time.

(2) computing the set of a) ™= x"where X "[Xland x"[DI(XY, such thatX ™= x"is an a-partial
explanation ofp relative to(C, P) in M, for some givem = 0, can be done in polynomial time.
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6.4 Computing Degrees of Responsibility and Blame

We now show that the tractability results for deciding and computing caudesxatanations of Sections 6.2
and 6.3 can also be extended to computing degrees of responsibility and blarttd@s end, we slightly
generalize the relatiorR', i [0, ..., k}, of Section 6.1.

We use the following notation. For sets of variab¥sind valuex, x?[DI(X), thedifference between
x andxY denotedli [(X, xY, is the number of all variable& Xl such thatk(A) £ x{A).

We defineRP as follows:

R°={(p,q,F,)|F SY, p,q [DIF), | [0, ..., [T},
W T4, F =S°\Ww,
Wl CDIW) [Rlq CDI(F):
| = diCQ, W (u)), p Cpliff =@pw(u),
q CQUff Qg5 (W) forall Z CTIN(SK D)},

For everyi [{1,...,k}, we then defin®! as follows:

Ri={(p,q.F,)[F IS} p,q CDTF), 1 40,..., iogITip,

W [T, F=Si\W,

Wl CDIW) (5 SF 1Y CRIT g CDI(F):

| = di LW, W (u)) + 15 p CRiff F3,(u) Cpt

q Cqliff F 50 (W) CqHfor all Z CTAN(SK CW)} .

Intuitively, rather than triple¢p, g, F), the new relation®' contain tuplegp, g, F, 1), wherep (resp.q) is
a set of possible values &f [S'lin AC2(a) (resp., (b)) as in Section 6.1, ahid the sum of all differences
betweerw CD(W) andW (u) in TJ for all j [0, ..., i}. Thus,AC2 holds with soméN [V N\ X and
w [D(W) such thatdi C0dr, W (u)) =1 iff some (p, g, X, 1) CRK exists such thap £ Candx Cql This
result is expressed by the following theorem.

Theorem 6.10 LetM = (U, V, F) be a causal model. LeX [V] letx [DI(X) andu [DI(U), and letg
be an event. Let(T?,S9),...,(TX,SX)) be a decomposition @y (M) relative toX and @, and letRK
be defined as above. ThekC2 holds with somé&V [V N X andw [DI(W) such thatdi C0w, W (u)) =1
iff some(p, q, X, 1) CRK exists such thay £ Candx Cql

The next theorem shows that the degree of responsibiliti ¢f x for ¢ in a situation(M, u) with
domain-bounded/ can be computed in polynomial time given ti@&j (M) has a width-bounded decom-
position provided in the input. It follows from Theorem 6.10 and the fadtréwzursively computing thR'’s
and deciding whether there exists so(peq, X, ) [RK with p & Candx [glcan be done in polynomial
time under the above boundedness assumptions.

Theorem 6.11 Given a domain-bounded causal modiél= (U,V,F), X [V]x [DI(X), u [DI(U), an
event®, and a width-bounded decompositibnof Gy (M) relative to X and @, computing the degree of
responsibility ofX = x for @ in (M, u) is possible in polynomial time.
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Similarly, computing the degree of blame relative to an epistemic §igte) is tractable, when every
causal model ifK satisfies the same boundedness assumptions as in Theorem 6.11. Thiessexpy the
following theorem.

Theorem 6.12 Given an epistemic sta(@, P ), where for ever{M, u) K] M is domain-bounded, a set
of endogenous variableX, a valuex LDI(X), an eventp, and for every(M, u) =((U,V,F),u) [Kla
width-bounded decomposition Gf, (M) relative toX and @, computing the degree of blame of settig
to x for @ relative to(K, P) is possible in polynomial time.

6.5 Computing Decompositions

The tractability results of Sections 6.2 to 6.4 are all based on the assumpti@othatdecomposition of
Gy (M) is provided in the input. It thus remains to decide whether such decompostisisat all, and
if so, then to compute one, especially one of minimal width. The problem of igcichether there exists
some decomposition of width below a given intefer0 is formally expressed as follows.

LAYERWIDTH WITH CONSTRAINTS. GivenGy (M) forM =(U,V, F), X [\]Jan eventp, and an integer
| >0, decide whether there exists a decomposi(@?, S°), ..., (TX, SX)) of Gy (M) relative toX
ando of width at most.

As shown by Hopkins [22], RYERWIDTH WITH CONSTRAINTSis NP-complete. Hopkins [22] also
presents an algorithm for computing a layer decomposition of lowest widtbrenddayer decomposition
satisfies every condition amorl to D6 except forD3. It is an any-time depth-first branch-and-bound
algorithm, which searches through a binary search tree that reprédseset of all possible layer decompo-
sitions. This algorithm can also be used to compute the set of all decompositiGygM ) relative toX
andg of lowest width.

The intractability of computing a decomposition of lowest width, which is a cansece of the NP-
completeness of AvERWIDTH WITH CONSTRAINTS is not such a negative result as it might appear at
first glance. It means that decompositions are an expressive cofmepthich sophisticated algorithms
like Hopkin’s are needed to obtain good performance. However, toet éfir decomposition pays off by
subsequent polynomial-time solvability of a number of reasoning tasks thatithe ramifying conditions
are met, such that overall, the effort is polynomial time modulo calls to an N&eord his complexity
is lower than the complexity of weak and actual causes, as well as the catypiegxplanations in the
general case, which are located at the second and the third level oblgveomial Hierarchy, respectively
[6, 7] (see also Section 3.4). On the other hand, the lower complexity meatnsuiteble decompositions
will not always exist. However, the worst-case complexity results in [61S€] quite artificial constructions,
and the causal models involved will hardly occur in practice. In fact, métlyeoexamples in the literature
seem to have decomposable causal graphs; it remains to be seen wisthelds for a growing stock of
applications.

7 Layered Causal Graphs

In general, as described in Section 6.5, causal gr&gh@v) with width-bounded decompositions cannot
be efficiently recognized, and such decompositions also cannot bemfffccomputed. But, from Section 5,
we already know width-bounded causal trees as a large class of gaagghs, which have width-bounded
decompositions that can be computed in linear time. In this section, we disces®m@iarger class of
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causal graphs, callddyered causal graphsvhich also have natural nontrivial decompositions that can be
computed in linear time. Intuitively, in layered causal graghs(M ), the set of endogenous variabks
can be partitioned inttayersS?, ..., SX such that every arrow iGy (M) goes from a variable in some
layerS' to a variable irs'~! (see Fig. 11).

’Sk’—» —> \SO
. /Sk 1 . l

Figure 11: Path fronX to ¢ in a Layered Causal Graph

We now first define layered causal graphs. We then prove that tkey srecial case of decomposable
causal graphs, and that recognizing them and computing their layetsecdane in linear time. In the
sequel, leM = (U, V, F) be a causal model, |&¢ [V]letx [DI(X) andu [DI(U), and letp be an event.

More formally, alayeringof Gy (M) relative toX andg is an ordered partitio(S°, ..., SK) of V that
satisfies the following conditiorisl andL2:

L1. For every arrowA — B in Gy (M), there exists some[{1, ..., k} such thatA [S1andB [Si—2.
L2. EveryA [Vloccurring ing belongs taS°, andSk X1

We say thaiGy (M) is layeredrelative toX andg iff it has a layering(S?, ..., SK) relative toX andg.
Thewidth of such a layeringS?, ..., S¥) is the maximum of al|S'| such thati ({0, ..., k}. A layered
causal graplGy (M) relative toX andg is width-boundedor an integed =0 iff there exists a layering
(S%,...,SK) of Gy (M) relative toX andg of a width of at most.

Example 7.1 Fig. 12 provides a layerin = (S°, S, S?) of the causal grapty (Ms)-h Fig. 6 relative

to X=X n F@kM) and, whereM = (U, V, F) is a causal model anglis an event such that the causal
graphGy (M) and the setX andV (@) are as in Fig. 2. The width of this layeringis given by3. [

The following result shows that layered causal graBhgM ) relative toX and¢ have a natural non-
trivial decomposition relative tX ande.

Proposition 7.1 LetM = (U, V, F) be a causal model, &K [V] and letg be an event. LetS?, ..., SK)
be a layering oGy (M) relative toX and@. Then,((S%,S9), ..., (SK, SX)) is a decomposition d&y (M)
relative toX and@.

We next give a condition under which a layered causal gi@pliM) has a unique layering. Two
variablesA, B [V1 are connectedn Gy (M) iff they are connected via a path in the undirected graph
V,{{A,B}|A - BinGy(M)}). A causal grapltcy (M) is connectedelative toX andg iff (i) X & [

(ii) there exists a variable iX that is connected to a variablegnand (iii) every variable iv \ (X [V 1))

is connected to a variable M [VK@). Notice that if X =x is a weak cause af underu [DI(U), then (i)
and (ii) hold. Furthermore, in (iii), each variabfe LI\ (X [\K@)) which is not connected to a variable
in X [VKo) is irrelevant to X = x is a weak cause af underu”.
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Figure 12: LayeringS®, S?, S?) of Gy (i) felative toX "= X n RZ(M) andg

The next result shows that when layered causal gréph(#M) relative toX andg areconnectedelative
to X andg, then the layering is unique. For this result, observe that every eveotains some variables
A V1 which are all placed in the lay&y. By conditions (i) and (ii), alsoX contains some variables,
which are all placed in some laySK. By condition (iii), any other variable belongs to at most one |&/er
and thus to exactly one lay&t, sinceGy (M) is layered.

Proposition 7.2 Let M = (U, V, F) be a causal model, 1eX [\] and letg be an event. I1fGy (M) is
layered and connected relative ¥ and @, thenGy (M) has a unique layering relative t§ and .

We now provide an algorithm for deciding if a connected causal g@&pfiM) relative toX and ¢
is layered and, if so, for computing its unique layering: AlgorithmvERING (see Fig. 13) computes the
unique layering_ = (S, ..., S¥) of a connected causal graty (M) relative toX andg, if it exists. The
layeringLL is represented by the mappidg V. - {0, ..., k}, defined byA(A) =j for all A [S1 and all
j [0, ..., k}. The following proposition states the correctness a¥ ERING.

Proposition 7.3 LetM=(U, V, F) be a causal model, IeX [\] and letg be an event, wher&y (M) is
connected relative tX and@. Then,LAYERING returns the unique layering @y (M) relative toX and
o, if it exists, and Nil, otherwise.

The next result shows that recognizing layered and width-boundesébgraph&y (M) and computing
their unique layerings can be done in linear time. Note that deciding wh&th@¥) is connected w.r.tX
andg is also possible in linear time.

Proposition 7.4 Given a causal modé1=(U, V, F), X [\/]and an evenp, whereGy (M) is connected
w.r.t. X andg, deciding whetheGy (M) is layered w.r.t X andg as well as width-bounded for some integer
1 =0, and computing the unique layering &f, (M) w.r.t. X and ¢ can be done ifO([Gy (M) [+ [al)1
time.

By Proposition 7.1, all results of Sections 6.1-6.4 on causes, explanagspsnsibility, and blame in
decomposable causal graphs also apply to layered causal grapsisemsed.case. In particular, the relations
R' of Section 6.1 can be simplified to the following ones for layered causahgraphe relatiorR° is
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Algorithm LAYERING

Input: causal modeM = (U, V, F), X [\] and an evenp,
whereGy (M) = (V, E) is connected relative tX ande.
Output: unique layering- = (S°, ..., SK) of Gy (M) relative toX andg,
if it exists; Nil, otherwise.
Notation: L is represented by the mappiagV - {0,...,k}, whichis
defined byA(A) =j for all A [S1 and allj {0, ..., k}.

for each A LXYNV (@) do A(A) := L[ {ile.,undefinegt
foreach A 1n V (¢) do A(A) :=0;
if X nV (@) & Cihen for eachA [XIdo A(A) :=0;
while E & [do begin
select somé@ - B in E such thal\(A) & CadA(B) & 1
if B X1 CA{A) =0 then return Nil;
if A(A)E [CIIA(B) = [Then A(B) := A(A)—1
else ifA(A) = L IA(B) & [ihkn beginA(A) := A(B)+1;
9. if A [Xlthen for eachAPLXN{A} do A(AT := A(A)
10. end
11.  else/* A(A), A(b) E CFif A(A) E A(B) + 1 then return Nil;
12. E:=E\{A- B}
13. end
14. if X A V| A(A) =k}, wherek = max {A(A) | A [\T} then return A
15. else returnNil.

NGO A~WNE

Figure 13: Algorithm IAYERING

given by:
R°={(p,a,F)|F [SY, p,q [DIF),
[wl CDISO\F) [plg CDI(F):
p Cpliff ~@pw(u),
q Cqiff Qg5 (W) forall Z CEASKY,
For each [{1,...,k}, the relatiorR! is given by:
R'={(p,q,F)|F S p,q [DIF),
owl [DIS\F) [5lq5F Y [RIT! g CDIF):
p CRliff Fw(u) Cp¥
q Cqiff F 50w (W) [GHor all Z CENSK}.

The following theorem is immediate by Theorem 6.1 and Proposition 7.1.

Theorem 7.5 Let M =(U,V, F) be a causal model. LeX [V] let x [DI(X) and u [DI(U), and let
¢ be an event. Le(S?,..., SX) be a layering ofGy (M) relative to X and @, and letRK be defined
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as above. ThenX =x is a weak cause of underu in M iff (a) X(u)=x and @(u) in M, and
(B) some(p, g, X) CRK exists such thgp £ Candx Cql

The next theorem shows that deciding whetifer X is a weak respectively actual causegotinder
u in domain-boundedM is tractable, whery (M) is layered and width-bounded. This is immediate by
Theorem 6.2 and Proposition 7.1.

Theorem 7.6 Given a domain-bounded causal motiél= (U,V,F), X [V] x [DI(X), u [CDI(U), and
an eventp, whereGy (M) is layered (relative toX and@) and width-bounded for a constalt 0, deciding
whetherX =x is a weak (resp., an actual) cause@tinderu in M is possible in polynomial time.

Similarly, by Proposition 7.1, all the tractability results of Theorems 6.3-6.9 &®bEms 6.11 and
6.12 also hold for width-bounded layered causal graphs.

8 Refinements and Model Application

In this section, we show that with some slight technical adaptations, all thedabohniques and results
carry over to a recent refinement of the notion of weak cause and tetamséon of causal models due to
Halpern and Pearl [17]. This shows that the results are robust atcitreir Furthermore, we describe an
application of our results for dealing with structure-based causes ghanaxions in first-order reasoning
about actions.

8.1 Refined Weak Causes

We first consider the refined notion of weak cause that has beertlyeicéroduced by Halpern and Pearl in
[17]. LetM =(U,V, F) be a causal model. L&t [Vlandx [DI(X), and letp be an event. ThenX =x
is a(refined) weak causef ¢ underu [CDIU) in M iff AC1 and the following conditiolAC2“hold:

AC2Y Somew [V X and some [DI(X) andw [DI(W) exist such that:

(@) ~@xw(u), and
(b) @xwiz(u) for all WELW, Z VN (X W), w™=w|W Y andZ = Z (u).

Nearly all the results of this paper carry over to this refined notion of waake. The following theorem
shows that this applies directly to Theorems 4.1 and 4.2.

Theorem 8.1 Theorems 4.1 and 4.2 hold also for the refined notion of weak cause.

For the results of Sections 4.2 and 4.3 to carry over to the refined notiorai sause, we slightly
adapt the definitions there as follows. The setadévant(resp.,strongly relevantendogenous variables
of M =(U,V,F) w.rt. X =x andg, denoted??(:X(M) (resp.,@:X(M)), is redefined as the set of all
A [V1such that eitheR1 (resp.,S1), or R2 (resp.,S2), or the following conditiorR3 (resp.,S3) holds:

R3. A satisfies neithelR1 nor R2, andA is an ancestor i6(M) of a variableB [V1that satisfieR2.

S3. A satisfies neitheB1nor S2, andA is an ancestor ii6(M) of a variableB [VNX that satisfie$S2
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Notice that nodes behind parents of nodes that are on directed paths fuariable inX to a variable
in @ cannot be simply pruned, since by the refined condin@2subtle interactions between the vari-
ables inW [ are possible. Theeduced(resp., strongly reducejl causal modelof M = (U,V, F),
whereF = {Fa|A [V}, w.r.t. X =x and@, denotedVi$_  (resp.,Ni2_)), is redefined as the causal
model M ™= (U,V TF Y, whereV "=R% _ (M) (resp.,V"=RZL (M)) andF"={F}] | A [T} with
FA=Fa for all A [NH(resp.,F;'=F i {defined as in Section 4.3) for al [MI"h X andFy=Fa for
all A CVIN\ X).

It is then not difficult to verify that all the results of Sections 4.2 and 4.8epkfor Theorem 4.12, also
hold for the refined notion of weak cause, using the above reducestienmdly reduced causal models. In
particular, the following theorem shows that Theorems 4.7 and 4.10 carymthe refined notion of weak
cause.

Theorem 8.2 LetM = (U, V, F) be a causal model. Lex" X1\ 1(resp.,X"= X [\, x"[DI(XY,
x [DI(X), andu [DI(U), and letg be an event. LeX P= X R (M) (resp.,X = X RZ{M)) and
xT=xPX™ Then,X ™= x"lis a (refined) weak cause gfunderu in M iff (i) (XA\XT(u) =xF(XAXD
in M, and (ii) X ™= xTis a (refined) weak cause gfunderu in Mﬁﬂ (resp.,l\hﬁﬂj.—'

For the results of Sections 6.1 to 6.3 to carry over to the refined notion d&f eaese, we slightly adapt
the relationsR!, i [{0,...,k}, in Section 6.1 by replacingg, i uyw(W)” and “F E[]qm;(u)]w(u) CqP by
“QEuwY) forall w OO andw™=w|W ¥ and “F E[]qm;(u)]wiu) CaHor all W "Wl andw™= w|W &,
respectively.

Using these nevR'’s, all the results of Sections 6.1 to 6.3 (and thus all the results of Sectiond 5 a
7) hold also for the refined notion of weak cause. In particular, the fatigwheorem is an extension of
Theorem 6.1 to the refined notion of weak cause. Note that the resultctdr56.4 can be similarly
extended.

Theorem 8.3 LetM = (U, V, F) be a causal model. LeX [V] let x [DI(X) andu [DI(U), and letg
be an event. Let(T?,S9),...,(TX,SX)) be a decomposition @y (M) relative toX and ¢, and letRK
be defined as above. Thed,= x is a (refined) weak cause @funderu in M iff (a) X (u) =x and@(u)
in M, and(B) some(p, g, X) CRK exists such thgd £ Candx Cql

8.2 Refined Weak Causes in Extended Causal Models

We next consider the recent generalization of causal models to exteadsdl models [17]. Aextended
causal modeM = (U, V, F, E) consists of a standard causal mo¢@é]V, F) as in Section 2.1 and a set
E [D{V) of allowable setting$or V. For anyY [\]a valuey [DIY ) is anallowable settingor Y iff
y=vV|Y for somev [CEl Informally, y can be extended to an allowable setting Yar In the sequel, we
assumekE is represented in such a way that deciding whether a giveI(Y ), Y [\/] is an allowable
setting forY is possible in polynomial time.

The notion of(refined) weak causin extended causal modeld = (U, V, F,E) is then defined by
slightly modifying the conditionsAC2'(a) and AC2b) in the definition of (refined) weak causality to
restrict to allowable settings.

To extend the results in Section 4.1 to the refined notion of weak cause irdegteausal models, we
introduce a natural closure property as follows. Weay (U, V, F, E) is closed(resp. closed relative to
X C\Jiff y CQIN\Y )y(u) is an allowable setting for for all allowable settingy for Y, allY [V (resp.,
all Y [\ with X [Y], and allu CDI(U). Informally, if y is an allowable setting foY , then extendiny
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by the values of all other endogenous variabled/ip under anyu [DI(U) is an allowable setting fov .
Notice thatM is closed relative to alK [\V]if M is closed. The following result says that Theorems 4.1
and 4.2 carry over to the refined notion of weak cause in closed exteadsdl models.

Theorem 8.4 Theorems 4.1 and 4.2 hold also for the refined notion of weak cause imlegteausal models
M = (U, V, F, E) that are closed relative t&X"

For the results of Sections 4.2 and 4.3, we generalize the notions of dicedaied a strong reduction
to extended causal models as follows. Thduced(resp.,strongly reduceflextended causal modef
M=(U,V,F,E) wrt. X=x and g, denotedM;‘é:X (resp.,l\h%('), is defined as the extended causal
modelM ™= (U,V 5 FYEY, where(U,VYFY is the reduced (resp., strongly reduced) causal model of
(U,V, F)w.rt. X =x andg, andE"= {v|V 5| v CEL}. Notice here that, sinde"s the restriction oE toV 1
any procedure for deciding allowability relative Ebis immediately a procedure for deciding allowability
relative toE " The following result says that reductions and strong reductions keapdbure property.

Theorem 8.5 LetM = (U, V, F, E) be an extended causal model. DetCVlandx [CDI(X), let X=X n
I@M), and letg be an event. Then: (a) M is closed, then alsMy, is closed. (b) IM is closed relative
to X1 then alsoViz-id closed relative tox ™

Using these notations, all the results of Sections 4.2 and 4.3, exceptdorérh 4.12, hold also for
the refined notion of weak cause in closed extended causal modelsrticulza, the following theorem
generalizes Theorems 4.7 and 4.10.

Theorem 8.6 LetM = (U, V, F, E) be an extended causal model. Det' X1 [\ 1(resp., X=X [\7],
letx"CDI(X"Y, x CDI(X), andu [DI(U), and letg be an event. LeX ™= X" RY (M) (resp., X =X
RZ{M)) andx™=xTX ™ Suppose tha¥! is closed relative t&X ™ Then X =x"is a (refined) weak cause
of @ underu in M iff (i) (XXXDB(u) =xFXAXT in M, and (ii) X ™= xTis a (refined) weak cause of
underu in My (resp.,Nisz)-1

For the results of Sections 6.1 to 6.3, we generalize the notion of a decompas$i@g (M) in Section
6.1 and the relationR', i [{0,...,k}, in Section 8.1 to extended causal models as followsleéompo-
sition of Gy (M) relative toX = x (or simply X) andg is a tuple((T?, S°), ..., (TK, SK)), k=0, of pairs
(T',S") such thaD1-D6 in Section 6.1 and the following conditidd7 hold:

D7. Everyy' with i [0, ...,k} is an allowable setting of ' [T
iff yO 1. [yt is an allowable setting of © 1. LYK [\1

We then finally adapt the relatiofs, i ({0, . . ., k}, in Section 8.1 by replacing=@py (u)” and “F Dpw(u) 1
p™ with “ =@py (u) and pw|(X W) is allowable” and F 5, (u) Cptand pw|(X [OWW) is allowable”,
respectively.

Using the above notations, all the results of Sections 6.1 to 6.3 (and thus &disilies of Sections 5
and 7) hold also for the refined notion of weak cause in closed exteradesgicmodels. In particular, the
following theorem is a generalization of Theorem 6.1 to the refined notioreakwause in closed extended
causal models. Note that the results of Section 6.4 can be similarly generalized

Theorem 8.7 LetM = (U, V, F, E) be an extended causal model. Detl'V]letx [DI(X) andu [CDI(U),
and letg be an event. Lei(T?, S9),..., (T, SX)) be a decomposition @y (M) relative toX andg, and
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let R¥ be defined as above. Suppose tiehis closed relative toX. Then,X = x is a (refined) weak cause
of @ underu in M iff (a) X(u) =x and@(u) in M, and (B) some(p, g, X) CRK exists such thap £ []

andx gl

8.3 Causes and Explanations in First-Order Reasoning about &ions

The work [9] presents a combination of the structural-model approachfivgtirorder reasoning about ac-

tions in Poole’s independent choice logic (ICL) [32, 33]. It shows llwsviCL can be extended by structure-
based causes and explanations, and thus how structure-basegts@acebe made available in first-order
reasoning about actions. From another perspective, it also shawreborder modeling capabilities and

explicit actions can be added to the structural-model approach.

From a technical point of view, this combination is based on a mapping obfid&r theories in the ICL
to binary causal models via some grounding step. The generated causd$imave a subset of the Herbrand
base as a set of endogenous variables, and thus they generally dnaite large number of variables. But
they also have a natural layering through the time line, and thus they oftentie\structure of layered
causal graphs as described in Section 7.

Roughly, ICL-theories are defined as follows. choice spaceC is a set of pairwise disjoint and
nonempty subsets of the Herbrand base, calledlteenativesof C. The elements of the alternatives©f
are called th@tomic choicesf C. A total choiceof C is a set of atomic choicéB such thaiB n A| =1 for
all alternativesA of C. Anindependent choice logic theofgr ICL-theory) T = (C, L) consists of a choice
spaceC and an acyclic logic prograrh such that no atomic choice i@ coincides with the head of any
clause in the grounding &f. Semantically, every total choice Gf along with the acyclic logic prograrn
produces a first-order model [9]. Hende= (C, L) encodes the set of all such models. Every total choice
and thus every first-order model is often also associated with a probalailitg.v

It is not difficult to see that there is a natural relationship between birteugtare-based causal mod-
elsM = (U, V, F) and ICL-theoried = (C, L): (i) The exogenous variables th along with their domains
correspond to the alternatives 6f along with their atomic choices, (ii) the endogenous variableg in
along with their binary domains correspond to the ground atons tifat do not act as atomic choices,
along with their binary truth values, (iii) the functions n correspond to collections of clauses with the
same head in the grounding bf and (iv) a probability function on the contextsIU) corresponds to
a probability function on the atomic choices©f This natural relationship nicely supports the definition
of structure-based causes and explanations in the ICL. The followem e illustrates ICL-theories and
structure-based causes in ICL-theories.

Example 8.1 (mobile robot)Consider a mobile robot, which can navigate in an environment and pick
up objects. We assume the constantgrobot), 01 ando, (two objects),p; andp, (two positions), and
0,1,...,h(time points within ehorizonh = 0). The domain is described by the fluengsrying (O, T) and
at(X, Pos, T), whereO [{d1,0,}, T [{0,1,...,h}, X [{H, 01,02}, andPos [{Ps, p2}, which encode
that the robotr; is carrying the objecO at timeT (where we assume that at any tirfiethe robot can
hold at most one object), and that the robot or ob)éds at the positiorPos at timeT, respectively. The
robot is endowed with the actiomsoveTo(Pos), pickUp(O), andputDown(Q), wherePos [{p1, p2}
andO [{d1, 02}, which represent the actions “move to the positfi “pick up the objectO,” and “put
down the objecD,” respectively. The actiopickUp(O) is stochastic: It is not reliable, and thus can fail.
Furthermore, we have the predicatiegA, T ), which represents the execution of an actoat timeT, and
fa(A, T) (resp.,su(A, T)), which represents the failure (resp., success) of an aétierecuted at timé& .
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An ICL-theory (C, L) is then given as follows. The choice spaCeencodes that picking up an object
0;j [{0q,0,} attimet [{0, 1, ..., h} may fail (fa(pickUp(0;), t)) or succeedsl (pickUp(0;), t)):

C = {{fa(pickUp(0j), t), su(pickUp(oi),t)} | i C{A,2}, t [0,1,...,h}}.
The acyclic logic prograni. consists of the clauses below, which encode the following knowledge:

= The robot is carrying the obje@ at timeT +1, if either (i) the robot and the obje& were both at
Pos at timeT, and the robot was not carrying any object and successfully piclprigeiobjecO at
time T, or (ii) the robot was carrying the obje©tand not putting it down at timé .

(1) carrying(O, T+1) [(=darrying(o;, T) [=tarrying(o,, T) [al(ry, Pos,
T) [al(O, Pos, T) Cdo(pickUp(O), T) Csii(pickUp(0), T))
[(charrying (O, T) [=to(putDown(0), T)).

e The robot is aPos at timeT +1, if either (i) it moved toPos at timeT, or (ii) it was atPos and did
not move away at time .

(2) at(ry,Pos, T+1) [Lda@moveTo(Pos), T) [1
(at(r, Pos, T) C=tlo(moveTo(PosY, T) [Pbs £ PosY.

e The objectO is atPos at timeT +1, if either (i) the object was @os and not carried by the robot at
time T, or (ii) the robot was carrying the obje€tand moved td?os at timeT, or (iii) the object was
atPos and carried by the robot, who did not move away at time

(3) at(O,Pos, T+1) [(=darrying(O,T) [al(O,Pos, T)) [1
(carrying(O, T) [dd(moveTo(Pos),T)) [(darrying(O,T) 1
at(O, Pos, T) [=to(moveTo(PosY, T) [Pbs £ Pos"H.

e The objeci; is at the positiomp, at time0.
(4) at(o1,p2,0) CI-T1

e The robot is at the positiopy at time0.
(5) at(rq,p2,0) 11

Consider the horizoin =3 and suppose that picking up an object succeeds at everyttirg@, 1, 2, 3},
which is encoded by the total choice

B ={su(pickUp(0j),t) | i [({1,2},t [{0,1,2,3}}.

Suppose that the robot executes a pick ups0ét time0, a move top; at timel, and a pick up ob; at
time 2, which is represented by the additional facts

E ={do(pickUp(01), 0), do(moveTo(p1), 1), do(pickUp(02),2)}.
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The structural-model approach now allows to give a semantics to causmhstgs in the ICL such as e.g.
“the objecto; being at positiom, at time0 is an actual cause of the robot not carrying the objeett time

3 under the abov® in T LET. Intuitively, the robot and the objeat; are both at positiop, at time0.
Hence, picking um; succeeds at time, the robot moves witlo; to positionp; at timel, there its picking
up o, fails at time2, and this is why the robot is not carrying at time3. However, ifo; was not in position
p2 at time0, ando, was always at positiopy, then the robot would hold no object at tideand its picking
up o, at time2 would succeed, and thus the robot would then be carmyirag time3.

Notice that the grounding step produces a causal model that has, etléa gimple example, more
than 90 variables (for a horizdm= 0, we have24 - (h + 1) variables), which largely increases if we have
more than only two positions and two objects different from the robot. Furtbie, the causal graph of this
model is naturally layered through the time line, such that the results of Sectian e fruitfully applied
toit. 1

9 Conclusion

Defining causality between events is an issue which beyond the philosbliteicdure has also been con-
sidered in Al for a long time. Because of its key role for hypothesis andaegtion forming, it is an
important problem for which a number of different approaches haea peoposed. In the approach by
Halpern and Pearl [15, 16], causality is modeled using structural egsatilistinguishing between weak
and actual causes of events which are modeled by Boolean combinatiatiosri¢ value statements. Based
on weak causes, a notion of causal explanation and probabilistic vathent®f have been defined in [18],
while a refinement of actual causality in terms of responsibility and blame resrkeently given in [3].
As has been argued and demonstrated, the structural-model appyoldalpkrn and Pearl deals well with
difficulties of other approaches, including recent ones in the literateee[{$5, 18]).

In order to bring the theoretical approach by Halpern and Pearl ttiggaan understanding of the com-
putational properties and (efficient) algorithms are required. In thistibhredhe computational complexity
of major decision and computation problems for the approach has beerdsitufize 6, 7], and algorithms
for computing causes proposed in [21]. Since arbitrary Boolean fursctice used to model structural equa-
tions, determining causes and explanations is unsurprisingly intractableénade Hence, the important
issue of tractable cases arose, as well as how unnecessary complewitypatations can be avoided.

Investigating these issues, we have first explored, extending workopkikk [21], how to focus the
computation of (potential) weak causes and causal models, by efficraovat of irrelevant variables. We
have then presented a new characterization of weak cause for a ctasirof causal models in which the
causal graph over the endogenous variables is benignly decompoBableatural and important subclasses
of it are causal trees and layered causal graphs, which can biedengliy recognized, namely in linear time.
By combining the removal of irrelevant variables with this new characterizafizveak cause, we have then
obtained techniques for deciding and computing causes and explanatibessinuctural-model approach,
which show that these problems are tractable under suitable conditionsur km@wvledge, these are the
first explicit tractability results for causes and explanations in the strdahweel approach. Moreover,
by slightly extending the new characterization of weak cause, we haveettaimilar techniques for
computing the degrees of responsibility and blame, and thus also new tractedslitlys for structure-
based responsibility and blame. Finally, we have shown that all the abdweidees and results carry
over to recent refinements of the notion of weak cause and causal ndoeels Halpern and Pearl [17], and
we have also described an application of our results and techniquesdianglwith structure-based causes
and explanations in first-order reasoning about actions in Poole’s ICL.
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We have thus identified tractable special cases for decision and optimizeatademps of relatively high
complexity, which is to some extend remarkable. These tractability results are @mputational property
of causes, explanations, responsibility, and blame in the structural-muoutelech.

An interesting topic of further studies is to explore whether there are otharien classes of causal
graphs different from causal trees and layered causal graphsidhthe tractable cases can be recognized
efficiently (that is, in which width-bounded decompositions can be recedrand computed efficiently).
Another direction is analyzing how the techniques and results of this papebe further developed for
reasoning about actions [9] and commonsense causal reasonind-[@4lly, implementation and further
optimization remains for future work.

A Appendix: Proofs for Section 4

Proof of Theorem 4.1. Let Xy [Xlbe such thatilis(M), there is no directed path froXg to any variable
in @. Let X™=X\{Xo} and x™=x|X™ Then, as shown in [7]X = x is a weak cause af underu iff
(i) Xo(u) = x(Xo) and (i) X ™= xTis a weak cause af underu. By iteratively applying this result to
everyXo [XI\X") we thus obtain thaX = x is a weak cause af underu iff (i) (X\XJ(u) = x|(X\X5
and (i) X "= x"is a weak cause @f underu. 1

Proof of Theorem 4.2. Let Xy Xl be such that it (M), each directed path froiX, to a variable inp
contains someX; [CXI™= X\{Xc}, and letx™=x|X™ As in the proof of Theorem 4.1, it is sufficient to
show thatX = x is a weak cause af underu iff (i) Xo(u) =x(Xo) and (ii) X ™= xTis a weak cause af
underu.

( DAssume thaX = x is a weak cause @f underu. Thatis,AC1 X (u) =x andg(u), andAC2 some
W [V N\ X, x LDI(X), andw [CDI(W) exist such that (ap@xw(u) and (b)exwz(u) forall Z CV N (X [
W) andZ = Z(U). In particular, (i)Xo(u) =x(Xo), and alscAC1 X Hu) = xTandg(u). Furthermore, as
every directed path iG(M) from X to a variable inp contains soméX; CXI™ it follows that AC2(a)
—@gm,(U) and (b) xmz(u) hold for all Z W\ (XPCWY and 2= Z(u), whereW "=W X},
XI= x| X T wiH=wxo CDW Y, andxo = x(Xo). Hence, (ii)X ™= x™is a weak cause af underu.

( D Absume that (i)Xo(u) = x(Xo) and (ii) X "= x"Tis a weak cause o underu. That is, AC1
X Tu) = xTand@(u) hold, andAC2 there exist som&/ [V AX™ xTDI(XT, w CDI(W) such that (a)
—Qg, (U), and (b)Pxmz(u) for all Z CVN(X™TW) andZ = Z(u). By (i), it holds thatAC1 X (u) = x
and@(u). Furthermore, since every directed pathGM) from X, to a variable ing contains some
Xi X it follows thatAC2(a) ~@xm,(U) and (b)@xm,wz(U) for all Z VN (X WY andZ =Z(u),
whereW "= W \ {Xo}, wr=w|W PCDI(W Y, andxo = x(Xp). It thus follows thatX = x is a weak cause
of @ underu. 1

Proof of Proposition 4.3. (a) We first compute the s&, of all variables ing and their ancestors in
Gy (M), and then the s@t(D:A(p n X. Using standard methods and data structures, the first step can be
done in timeO([@I# |E|) whereGy (M) = (V, E), and the second step in tin@&(|V [). In summaryX"
is computable in tim® ([Gy (M) [ L[al),land hence in tim® (M [ L[ql).l

(b) We first compute the directed gra@’obtained fromGy (M) = (V, E) by removing every arrow
Xk - X with X; [XI. We then compute the séth, of all ancestors irG"of variables ing. We finally
computeXE‘:AD(p n X. Using standard methods and data structures, the first step can be dime in
O(|V | + |E]), the second step in tim@(|V | + |E| + [@D),land the third step in tim@(|V |). In summary,
X s computable in tim®©(|V | + |E| + [@I);lhence in timeQ (M [# QD 1
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Proof of Proposition 4.4. Consider anyB [XIn R$ (M). That is,B [Xl andB [Rf (M). If B is
included intoRi(M) by R1, then there exists a directed pathGifM) from B to a variable inp. If B is
included intoR‘; (M) by R2, then eitheB occurs ing or B is a parent of a variable that satisfiR$. Thus,
there also exists a directed pathGiiM ) from B to a variable inp.

Conversely, suppose thBt [ Xl and that there exists a directed patlG(M ) from B to a variable irp.
If B occurs ing, thenB ER&(M) by eitherR1 or R2. Otherwise, there exists a chill of B in G(M)
such thatA is on a directed path iG(M) from B [CXI\{A} to a variable inp. Hence A D?ﬁ(M) by R1.
It thus follows thatB [RE, (M) by eitherR1 orR2. [

Proof of Theorem 4.5. Let My, = (U,VEFY. Let X"=X nV Handx™=x|X" We have to show that
X =x is a weak cause af underu in M iff (i) (X\XY(u) = x|(X\XY in M, and (ii) X "= x"is a weak
cause ofp underu in M. LetV,H(resp.,V;) denote the set of al\ [\ Fthat satisfyR1 (resp.,R2).

Roughly, the main idea behind the proof is to move all the variabl&s-fX"into W in AC2. Then,
setting the variables iXXJandW in AC2 makes the truth of underu independent from the values of
the variables inv \V Y Thus, the variables iv \V “can be simply ignored itM and added taV¥,
respectively.

Fact A.V\J(u) = VS,D (u) andgp (u) = Pme (v).

( D-Aksume thé\tx =X is a weak cause of underu in M. That is, AC1 X(u)=x and @(u)
in M, andAC2 someW L[VX, X [DICX), w [DI(W) exist such that (ay@zw(u) and (b) @xwz(u)
in M for all Z VN (X [ON) andZ=Z(u). This already shows that (({}X\XY(u) =x|(X\XY in
M. We next show that also (i) holds. From Fact A, it follows the@1 X u) =x"and ¢(u) in M.
Since for any valu&k"of X it holds that(V,\XYgw = (VZB{XQW in M, it follows in particular that
(V2AX G () = (VAAX Y (U) = (VAX Gy (U) in M, wherex™= x| X 7 It then follows that (a)@s,(U)
and (b)@xwz(u) in M for all Z CYN(X"CW Y andZ = Z (u), whereW "= (W n V§ CQY,AXY, and
wr= W) in M. Hence AC2(a) ~@xw,(u) in My and (b)@xwiz(u) in M for all Z TV (X
andZ =Z(u). In summary, (ii)X "= x"is a weak cause af underu in M$.

( DA3sume that (i(X\XH(u) = x](X\X5 in M and (i) X "= xHs a weak cause qf underu in My} .
Thus,AC1 X u) = x"andg(u) in Mg, andAC2 someWw [V RXEx"CDI(X), w CD(W) exist such that
(@) ~@xiw, (U) and (b)@xwz(u) in M for all Z [V (XP[W) andZ = Z(u). By Fact A, we haveAC1
X (u)=x and@(u) in M. Since inM,, the variables in/;AX"do not depend on any variable XV it
holds that(V,AX Yy (U) = (VAX Y (U) = (VAX By (U) in MY . It then follows that (a)@xr,(u) and
(b) Pxwiz(u) in M for all Z CVI\(XPCW Y andz = Z(u), wherew "= W [{¥,AX", andw"is
such thaw'fw =w andw(V,\(XPC)) = ((VN(XPOM))w (u) in M. Since no variable fromy \V
can influence any variable ip if all variables inX andWDhave a value assigned M, it follows that
AC2(a) =@zwr(U) in M and (b)@xwz(u) in M for all Z DVY(X W andZ = Z (u), wherex|X "= x"and
X|(X\XY = (X\XH(u). In summaryX =x is a weak cause @f underuin M. 1

Proof of Proposition 4.6. Let My,=(U,VEFY, M§=U,VEZFDY, and(M$)% o= (U, vEFD. we
first show thaty ™=V ™and then thaF ™= F ™ which proves thaM} -coincides with(M})¥ - We note
the following easy fact.

Fact B.R1 andRﬁ (M) are monotonic irX, i.e., if A satisfieR1 for X, then also for each supersetXxf
andX [XFimpliesR$ (M) CRY (M).
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LetV,M(resp.,v;1 denote the set of all variables included ikt {resp. v ™) by R1. We now first show
thatV,™= V,™ Consider anyA C\§" Then,A is on a directed path i6(My;) from a variable inX A {A}
to a variable ing. SinceG(M;ﬁ) is a subgraph o65(M), it follows thatA is also on a directed path in
G(M) from a variable inX ™\ {A} to a variable inp, and thusA [J"' Conversely, suppose that (V"
Then,A is on a directed path iG(M) from a variable inX ™\ {A} to a variable inp. SinceX"~[X] this
path also exists iG (M), and thusA [VJ™ This shows tha¥,"= vV, Observe then that (¢) [ Fand
V (9) L1 Consider finally any paredt [V1of a variableB [V}%in G(M). By Fact B,A [V}-and since
VI= VI A'is also parent oB [Vf™in G(My,). Conversely, ifA [\1is parent ofB CVf™in G(My}),
thenA [1is also a parent d8 [VJ"in G(M). In summary, this shows that™=V ™

We finally show thaF ™= F ™ As shown abovey,"=V,™andV =V ™ By Fact B, for eactA [\J™
we haveF f=Fa andF'=F=Fa. For eachA [LVIAV,Y we haveF ’'=F .-andF = (F) M= F
HenceFIT=F M

Proof of Theorem 4.7. Let X be the set of all variables iX that are not connected by a directed
path in G(M) to a variable ing. By Proposition 4.4 XM= XX By Theorem 4.5X"=x"is a
weak cause of underu in M iff (i) (XAXT(u) =xFXAXD in M, and (ii) X "= xTis a weak cause
of @ underu in M;'zg Moreover, again by Theorem 4.5 (invoked f&rthere equal toX™ which means
X=X RY (M) = X, X ™= x"Tis a weak cause af underu in My, iff X™=xTis a weak cause
of @ underu in (M$)% i=(M$)% 5 By Proposition 4.6My .= (M )% ; which proves the resultt]

Proof of Proposition 4.8. We first show that the directed gra@y (Mﬁﬂ) is computable in linear time.

Its set of nodey/ "= Ri(M) is the set of all variableg\ ['V1that satisfyR1 or R2. The set of all vari-
ablesA [Vithat satisfyR1 is given byDx n Ay, whereDx denotes the set of all proper descendents of
variables inX, andA, denotes the set of all variables gnand of all ancestors of variables g Thus,
the part ofV SsatisfyingR1 can be computed in tim@([G(M ) [# [@I),lsinceDx is computable in time
O([G(M)D3F=0O(U| + |V| + [E]) whereG(M) = (U M E), andA, andDx n A, are computable
in time O(LG(M) [+ [@I)lusing standard methods and data structures. The set of all varialdldd
that satisfyR2 is given by(Vy [PA(Dx nAg)) \(Dx nAy). As already notedDx n A, can be com-
puted in timeO([G(M) (& [@I).] FurthermoreV, andPA(Dx n Ay) givenDx n A, can be computed
in time O(LpD)Jand O(L[G(M) D1 respectively. Since all set operations are feasible in linear time using
standard methods and data structures, it thus follows that the psirt'sdtisfyingR2 can be computed
in time O([G(M) # @)1 In summary,V Pis computable in time ([G(M) [+ [@L),] hence in time
O([M [+ [@I).1This already shows th&y (M;"() can be computed in time linear in the sizeNdfandg,
since it is the restriction o&(M) toV ¥

We next show thably; = (U, V JFY can be computed in polynomial time. As argued ab/eand its
partition into variables that satisfy1 and those that satisfg2 is computable in tim®© ([G(M) [# [@I)]
We next show that a representation of every funcﬁﬁwhereA satisfiesR2, is computable in time
O([M D EveryFs(Up) is given as follows. The set of argumetis is the set of all ancesto® [Ulof
Ain G(M). The functionFAq‘tseIf can be represented by the restrictdda, of M =(U,V,F) toV and all
ancestor® [Ulof A in G(M). Then,Fc€ua) for ua CD(UA) is given byA(ua) in Ma. Observe that by
Proposition 2.1, everEHUA) is computable in polynomial time. Clearlya andMa can be computed in
linear time. Thus, the set of all functioﬁsA‘:,'whereA satisfiesR2, can be computed i®(|V |[M D time.

In summaryM¢, = (U, V 5F5 can be computed i@(|V | M [# [@L)Ytime. ]

Proof of Proposition 4.9. Consider anyB [XIn RZ{M). That is,B [ Xl andB [RE{M). Then,B
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is not included intcR%{M) by S1, as otherwiseB IIXI. Thus,B is included intoRZ(M) by S2 Hence,
eitherB occurs in@, or B is a parent of a variable that satisfied Thus, there exists a directed path in
G(M) from B to a variable inp that contains no<; CXN{B}.

Conversely, suppose thBt [ Xl and that there exists a directed patiGi(iM) from B to a variable inp
that contains ne<; CXI\{B}. If B occurs ing, thenB E@kM) by S2(note thatB does not satisf{s1).
Otherwise, there exists a chifdof B in G(M) such thatA is on a directed patR in G(M) from a variable
in X\{A} (=X) to a variable inp, whereP does not contain any variable from\{B}. It follows that

A [REM) by S1, and thusB [RE{M) by S2 ]

Proof of Theorem 4.10. The proof is similar to the one of Theorem 4.5, using d-idstead ofviy}
andS1(resp.,S2 instead ofR1 (resp.,R2). [

Proof of Proposition 4.11. The proof is similar to the proof of Proposition 4.8. The main difference is
that we now defindx as the set of all proper descendentsirof variables inX, andA, as the set of

all variables ing and of all ancestors i of variables ing, where the directed grapB™is obtained from

Gy (M) by removing every arroiX, — X; with X; [XI. The result then follows from the observation that
the newDx andA, can also be both computed in ting(( (M [+ [@I),] sinceG"is computable in time
O([Gy (M) D JandDx andA,, are both computable in tim@([G{=# [@I) hndO([GH)*F=O(M D1 [

Proof of Theorem 4.12. If X is a singleton, theiR1 (resp.,R2) in the definition ofR&(M) coincides
with S1(resp.,S2) in the definition ofR2{M ), sinceX \{B} = [_This shows thaR% (M) = RZ{M) and
M$ =Nz

B Appendix: Proofs for Section 5

Proof of Proposition 5.1. Using standard methods and data structures, deciding whether there exists
exactly one directed path @&y (M) = (V, E) from every variablé LI\ {Y }toY canbe done i@ (|V |+

|E]) time. Moreover, deciding whether evety [ VN{X} has a bounded number of parents can also be done
in O(JV | + |E|) time. In summary, deciding whethkf is a causal tree with respectXandyY is feasible

in O(JV | + |E|)=0([M [time. By Proposition 4.8, the directed gra@y (My) can be computed in
O(IM Dy time fromM andX, Y . Thus, deciding iMQQ is a (bounded) causal tree can also be done in time
o(M DI

Proof of Theorem 5.2. Clearly, (o) coincides withAC1. Assume thafa) holds. We now show thd) is
equivalent toAC2:

AC2. Some set of variablég/ [V X and some values [DI(X) andw [DI(W ) exist such that:

(@) Yxw(u) By,
(0) Yoz (W =Y for all Z VN (X V).

Clearly, we can assume that for all i [0, ...,k — 1}, since otherwisé/gw (U) = Yxw(u). This
shows thaWv [OWI' [—1- [WK. Observe then that we can enlarge ewerfzD(W ) to somew[DI(W 1,
whereW "=W1 1. CWX, by definingwfw =w andw{(WXwW) = (W XW)(u). Hence, we can as-
sume thatZ C{®°,...,PX 1} and thus also, by the path structure of the causal treeZtha{P 11 with

i [{1,...,k — 1}. Hence, it is sufficient to prove th§B) is equivalent to the following conditioAC2"’
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AC2% Some valuex [DI(X) andw [D(W?! 1. [WK) exist such that:

(@) Ysw(u) By,
(b) Ygi(u) =y forall j [{1,...,Kk}.

We now show tha¢[) for everyi [{1, ..., k}, it holds thatp [RI iff there exists som& [D(W?! - [
W) such that:

(i) p CATiff Ypow(u) By, forallp CDIPY),
(i) Yaig(u)=yforallj C{1,...,i}.

This then shows th&P) is equivalent ttAC2"! ( CYAtsume some [RK exists such thgp £ Candx [pl
Then, somav [D(W ! =} OWK) andp Cplkexist such tha¥pw(u) By andYgig(u) =y forallj [{1,...,
k}. That is, AC2 holds. ( [)_Cbnversely, suppose thaC2(a) and (b) hold for som& [DI(X) and
w [DI(W?! 1 DWK). Letp={p CO(PX) | Ypw(u) E y}. Then,p [RK, p& Landx [Ipl Thatis,(B)
holds.

We prove( Dby induction oni [{1,..., k}:

Basis: SinceR? = {D(Y )\{y}}, it holds thatp [RF iff somew [CDI(W1!) exists such that:
() p CRNIff Ypw(u) CDICY )Ny} iff Ypw(u) 2y, for all p CDKPY),
(i) PQ,(u) CEF}, i.e., Yo (L) =y.

Induction: Observe thap [R1 iff somew [D(W ') andp™TRi~! exist such that:
(% p CAdiff Pl,t(u) Cptfor allp COI(PY),
iy PL-t(u) CDIP—H)\p-
By the induction hypothesig™~[RI~! iff somew"” CO(W?! 1. [W'~1) exists such that:
(T pPCptiff Yog(u) By, for all p"CDIP 1),
iy Ygig(u)=yforallj C{,...,i—1}
Thus,p [RI iff somew [D(W') andw"[DI(W*! - W) exist such that:
(i) p CAiff Pl (u) CRtHiff Youw(u) By, for allp CD(P), by (i and (9,

(i) PLE(u)=p"andY,g(u) =y, by (i and (i, as well as
Yaiww(U) =Yy forall j [{1,...,i—1} by (i M.

That is,p [RI iff somew [D(W?! 1. [WW') exists such that:
(i) p CRTiff Ypw(u) By, forallp CDIPY),

(i) Yag(u)=yforalj [{],..., i} (note thatYpg (U) = Yping) 1
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Proof of Theorem 5.3. By Theorem 5.2X = x is a weak cause of =y underu in M iff (a) X(u) =x
andY (u)=y in M, and(B) somep [CRK exists such thap £ [CAndx [l It is thus sufficient to show
that deciding whethea) and () hold can be done in polynomial time. By Proposition 2.1, deciding

whether(a) holds can be done in polynomial time. Next, we observe Bfat .., PX andW1, ..., WKk
can be computed in tim©([M [).1 By Proposition 2.1, everg' with i ({4, ...,k} can be computed in
polynomial time. We then iteratively compute ev&ywith i [{0, ..., k}. Clearly,R° can be computed in

constant time, sincé¥ is domain-bounded. Observe then that the cardinality of &N ') is bounded by
a constant, sincé is domain-bounded ar@y (M) is bounded. Furthermore, the size of e&h! and the
cardinality of eactD(P ') are both bounded by a constant, siicés domain-bounded. By Proposition 2.1,
the vaIueﬁDgi_Wl(u) andPg\,—vl(u) can be computed in polynomial time. Hence, ev@hcan be computed by

a constant number of polynomial computations, and thus in polynomial time.eHekacan be computed
in polynomial time. GiverRK, deciding whethe(B) holds can be done in constant time. In summary,
computingRK and deciding whethg3) holds, and thus deciding wheth@r) and(B) hold, can be done in
polynomial time.

By Theorem 2.3X =x is an actual cause &f =y underu in M iff X is a singleton ancK =x is a
weak cause of =y underu in M. Thus, deciding whethexX = x is an actual cause &f =y underu in
M can also be done in polynomial timé&.__1

Proof of Theorem 5.4. By Theorem 4.5X =x is a weak cause of =y underu in M iff X =xis
a weak cause of =y underu in My.. By Proposition 4.8My; is computable in polynomial time. By
Theorem 5.3, givenh/l;g, deciding whetheX = x is a weak cause of =y underu in M;Q can be done in
polynomial time. In summary, deciding whethsr=x is a weak cause of =y underu in My, and thus
in M is possible in polynomial time[_1

Proof of Theorem 5.5. Recall thatX =x is an explanation of =y relative toC iff EX1 Y (u) =y for
everyu [CJEX2 X =xis aweak cause of =y under every [Chkuch thaiX (u) = x, EX3 X is minimal,
andEX4 X (u) = x andX (u) & x for someu, u”LC1 By Proposition 2.1, checking whethEX1 andEX4
hold can be done in polynomial time. ClearX3 always holds, sinc& is a singleton. By Theorem 5.4,
deciding whethelX = x is a weak cause of =y under somei [ Clin M such thatX (u) =x can be done
in polynomial time. Thus, by Proposition 2.1, deciding whetBX¥2 holds can be done in polynomial time.
In summary, deciding wheth&X1-EX4 hold can be done in polynomial timé.—1

Proof of Theorem 5.6. We first compute the s&"éf all u [Tlsuch that either (iX (u) & x in M, or (ii)
X(u)=xandX =x is a weak cause of =y underu in M. By Proposition 2.1 and Theorem 5.4, this can
be done in polynomial time. [K =X is a partial explanation of =y relative to(C,P) in M, thencij’(

is defined, and} ", =C by Proposition 2.4. Giveg)_Y, the explanatory powel (Cy % | X =Xx) is
computable in polynomial time by Proposition 2.1, if we assume as usudl isatomputable in polynomial
time. In summary, this shows (c).

To check partial (respg-partial) explanations in (a) (resp., (b)), we compQteds above. We then
check WhetheC;{(Zi is defined. That is, by Proposition 2.4, we check that x is an explanation of
Y =y relative toC™n M, which is possible in polynomial time by Theorem 5.5. Théﬁzxzc%y
Proposition 2.4. We finally compulé(@((z( | X =Xx) as above and check that it is positive (resp., at least
a), which can clearly be done in polynomial time. In summary, this provesdap(r(b)).[1
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C Appendix: Proofs for Section 6

Proof of Theorem 6.1. Obviously,(a) coincides withAC1. We now prove thaff) is equivalent toAC2:
AC2. SomeW [V N\X and som& [DI(X) andw [DI(W) exist such that:

(a') ﬁ(pYW(u)!

(b) mXWZ(u)(u) forallZ N (X [AM).

By D6, the variables irS have no parents iy (M). Hence, every variable i8K only depends on
the variables inJ, and thus we can move ady [S¥\ (W [XI) into W by settingw(A) = A(u). We
can thus assume thxt =SK\W holds. Since (iW [VJandX =SK\W impliesW LY\ X, and (ii)
X =SK\W impliesSX W = X [, it is thus sufficient to show thgB) is equivalent toAC2 =

AC2"7SomeW [V]x [DI(X), andw [CDIW) exist such thaxX = Sk\W and

(@) =@xw(u),
(b) Ppz (W) for all Z VN (Sk D).

We now prove thaf[)For all i [{0,...,k}, it holds that(p, g, F) [RI iff someW [T9 3. [TJ and
w [DI(W) exist such thaF =S'\W and

(i) foreveryp,q LDI(F):

(i.1) p CRIiff —@pw(u),
(.2) LRIt Qg (W) for all Z C0° 3 CT) \ (SX CW).

In particular, this then implies thgp, g, F) [RK iff someW [T9 1. [TK=V andw [DIW) exist
such thaF =SK\W and

(i) foreveryp,q CDI(F):

(i.1) p Cpliff =@pw(u),
(1.2) q Cqliff (p[qg?(u)]w(u)
forall Z C(I° 3. CTK)\ (S OW) =V \ (Sk ).

This then shows thaaC2 =% equivalent to{) some(p, g, X) CRK exists such thap & Candx [l
( DX Shippose first thatB) holds. Hence, som@& [Vland somav (W) exist such thalX = SK\W
and (a)~@pw(u) for somep CpE [ &nd (b)(p[q[j(u)]w(u) for g =x Cqland allZ LN (Sk CW). That is,
AC2™Holds.( ) Tbnversely, suppose now that2 “Holds. Let(p, g, X) be defined by (i), usingv [V
andw [CDW) from AC2dsW [\ andw [DI(W), respectively. Ther(p, q, X) [RK, p & [andx Cal
That is,(B) holds.

We give a proof of Dby induction oni {0, ..., k}:

Basis:Recall that(p, g, F) R iff someW [T andw (W) exist such thaF =S°\ W and
(i) foreveryp,q CDI(F):
(i.1) p Cpliff =@pw(u),



INFSYS RR 1843-02-03 43

(i-2) q CTiff @5y (W) for all Z CTI\ (S Cw).

Induction: Recall that(p, g, F) [Rl iff someW [CTH, w CD(W), and(p5q5'FY R exist such that
F=S"\W and

(i for everyp,q CDI(F):
(.1 p Cpliff Fw(u) Cpf
(-2 q Cquiff F 5, (W) Catorall Z CTIN(SK Cw).
The induction hypothesis says that;'q5'F Y (R iff someW " [CT? [ [Ti~! andw”[DI(W ) exist
such thafF "= S=1 \ W "and
(i for everyptqPCDIFD:
(.15 p~Cariff ~@pme(u),
(127 qPrgHiff Qg zeuymW) for all 2O 3. CT—)\ (sk CW).

It thus follows that(p, g, F) [RI iff someW [T4 3. [T, W CTH, w” CO(W ), andw CDI(W)
exist such thaF =S'\W and

(™ for F = Si=1\W " and every, q [D(F):

(.1 p CRiff —@pm(u), wherep™=F 5y, (u), by (i.1% and (i1,

(i.2™ q IjliffA (p[qq_jqu)]wg(u), whereq = F T, 5y, (1), for all ZOm® 3 CTiY) \ (S Ol )
and allZ CTI\ (Sk W), by (.25 and (i25.

By D4-D6 in the definition of a decomposition, setting some ofﬂ*ievaAriabIes asV - or Z-variables in
(i.1"§ and (i2™) does not influence the values of the variable3'ih (W [Z). Thus,F 5w (u) = F Guwr(u),
and so@pg(u) = ﬂ(ppwwt(éﬂ' FgrthermoreA[q@(u).]W(u) = AEumwz wW) forall A LB ZYand
thuscp[ququ)]wdu), whereq—=F g @(“)]W(u);lz equivalent tap_[qa;(u)]wi%)wdu) = %j(u)zqu)]wwg(u).
Hence, it follows tha(p, g, F) (R iff someW ~ T [} (T4, W [T, wUCDI(W Y, andw CDI(W)
exist such thaF =S'\'W and

() foreveryp,q CDI(F):
(i.1) p Cpliff =@puwe(u),
(i.2) q Cqliff (p[qa;(u)]wwiu) forall Z C(I° 3. CH)\(Sk W Iﬂ%

That is, it holds tha(p, q, F) [RI iff someW [T9 1 CT! andw CDI(W) exist such thaF = S'\W
and

(i) for everyp,q [CDI(F):

(i.1) p Cpliff =@pw(u),
(i-2) q CQff Qpyzuyw(W) for all Z 0 3. CTH) \(Sk OW). 1
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Proof of Theorem 6.2. By Theorem 2.3X =X is an actual cause af underu in M iff (i) X =X is
a weak cause op underu in M and (ii) X is a singleton. Since deciding wheth¥ris a singleton can
clearly be done in constant time, it is sufficient to prove the statement of theethefor the notion of weak
cause. LeD=((T?,S9),...,(TK, sK)). By Theorem 6.1X =x is a weak cause af underu in M iff
(a) X(u)=x and@(u) in M, and(B) some(p, q, X) [RK exists such thap & Candx Lq) whereRK
is computed using the decompositi@nof Gy (M) relative toX and@. By Proposition 2.2, deciding
whether(a) holds can be done in polynomial time. Sin¢eis domain-bounded and is width-bounded,
it follows thatR® can be computed in polynomial time, and that eR&hi [{1, .. ., k}, can be computed in
polynomial time fromR'~1. Hence R¥ can be computed in polynomial time. Sin¢eis domain-bounded
andD is width-bounded, it then follows that, giveR¥, checking(B) can be done in constant time. In
summary, deciding wheth€p) holds can also be done in polynomial time._1

Proof of Theorem 6.3. By Theorem 2.3, it is sufficient to prove the statement of the theorem fardatien

of weak cause. LeX™=X"RY (M) andx™=x$X™ By Theorem 4.7X"= x"is a weak cause af under
uin M iff (i) (XAXB(u) = xFXAXT in M, and (i) X ™= xTis a weak cause af underu in M. By
Proposition 4.8R% (M) can be computed in linear time, and thg&\X ™= X\RY (M) can be computed
in linear time. By Proposition 2.1, gived \X ™ checking (i) can be done in polynomial time. In summary,
deciding whether (i) holds can be done in polynomial time. By PropositionM%,can be computed in
polynomial time. By Theorem 6.2, givdwfz, checking (ii) can be done in polynomial time. In summary,
deciding whether (ii) holds can be done in polynomial tinie1

Proof of Theorem 6.4. By Theorem 2.3, it is sufficient to prove the statement of the theorem fardatien

of weak cause. LeK'=XnRE(M) andx=x|X" By Theorem 4.10X =x is a weak cause af under
uin M iff (i) (X\XH(u) = x|(X\XT in M, and (i) X "= x"is a weak cause af underu in Ni—By
Proposition 4.11@(M) can be computed in linear time, and thg&X = X\FQ%(M) can be computed
in linear time. By Proposition 2.1, gived\ X" checking (i) can be done in polynomial time. In summary,
deciding whether (i) holds can be done in polynomial time. By Proposition A@eﬁn be computed in
polynomial time. By Theorem 6.2, givhecking (i) can be done in polynomial time. In summary,
deciding whether (ii) holds can be done in polynomial tinie1

Proof of Theorem 6.5. By Theorem 2.3, it is sufficient to prove the statement of the theorem fakwe
causes. Sincb (resp.Dx) for (a) (resp., (b)) is width-bounded, it follows tHa¢| is bounded by a constant.
Moreover, ifX "= xHs a weak cause af underu in M, thenX {u) = x4n M. Thus, it is sufficient to show
that for everyX"[Xlandx"[DI(X), wherex"= Xu) in M, deciding whetheX "= x"is a weak cause
of @ underu in M can be done in polynomial time. Observe then for (a) thas also a decomposition of
Gy (M;ﬁ) relative toX™n Ri(M) and@. By Theorem 6.3 (resp., 6.4) for (a) (resp., (b)), it then follows
that deciding whetheX "= x"is a weak cause af underu in M can be done in polynomial time.

In case (a), by exploiting the monotonicityﬁ (M) w.r.t. X, we can proceed as follows, avoiding mul-
tiple computations of the s&X. First, check thap(u) holds and computR¥ for D andX ™= X n R} (M).
Then, for each subst” Xi"such that some triplp, q, X exists inRX such thap & [andx“Yq]where
xt=XHu) in M, we have thatX "= x"is a weak cause ap underu in M. Extending each sucK “by
an arbitrary subseZ of variables fromX\X™ we obtain thatXZ =x'z, wherez =Z(u) in M, is also a
weak cause of underu. In this way, all weak causeX ™= x"for ¢ underu in M whereX”[Xlcan be
computed.
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For computing all actual causes in case (a), by Theorem 2.3, one canrlsirtilack thatp(u) holds,
computeRK for D and X ™= X n R% (M), and then outpuX "= x"for each tuple(p, g, X5 in R* such
that X U[Xlis a singleton anc™= Xu) in M. No extension oiX “by variablesZ from X\X™needs to
be consideredl 1

Proof of Theorem 6.6. Recall thatX =X is an explanation af relative toC iff EX1 ¢@(u) for everyu [C]
EX2 X =x is a weak cause ap under everyu [Clsuch thatX (u) =x, EX3 X is minimal, that is, for
everyXY[X] someu [Clexists such that (1X u) = x|X"and (2)X "= x|Xis not a weak cause qf
underu, andEX4 X (u) = x andX (u & x for someu, u™C] By Proposition 2.2, checking whethEX1
andEX4 hold can be done in polynomial time. By Theorem 6.3 (resp., 6.4) for (ap(réb)), deciding
whetherX =X is a weak cause af under someai [Clsuch thatX (u) = x can be done in polynomial time.
Thus, by Proposition 2.1, deciding whetlieX2 holds can be done in polynomial time. We finally show that
checkingEX3 is possible in polynomial time. For (a), notice thHatis also a decomposition @y, (M>‘p()
relative toX™n RY (M) andg, for eachX~ X1 SinceD (resp.,Dx) for (a) (resp., (b)) is width-bounded,
it follows that|X| is bounded by a constant. By Proposition 2.1 and Theorem 6.3 (respfo6(4) (resp.,
(b)), deciding whether (1XXu) =x|X"and (2)X™=x|X"is not a weak cause af under someu [TI
can be done in polynomial time, for eveX/~'[X1 Hence, deciding whethé&X3 holds can be done in
polynomial time. In summary, deciding whetHeX1-EX4 hold can be done in polynomial timeé._1

Proof of Theorem 6.7. We first compute the s€4f all u [Clsuch that either (iX (u) £ x in M, or (i)
X(u)=x andX =x is a weak cause af underu in M. By Proposition 2.1 and Theorem 6.3 (resp., 6.4)
for (a) (resp., (b)), this can be done in polynomial timeXIf= X is a partial explanation ap relative to
(C,P) in M, thenC¥, _, is defined, an@$ _, = C by Proposition 2.4. Givefy,_, , the explanatory power
P(C§=X | X =x) is computable in polynomial time by Proposition 2.1Pifis computable in polynomial
time, as usual. In summary, this shows (3).

To check partial (respg-partial) explanations in (1) (resp., (2)), we compGteds above. We then
check thaﬁ§=x is defined. That is, by Proposition 2.4, we check tat x is an explanation of relative
to CHn M, which is possible in polynomial time by Theorem 6.6. Thef,_, =C by Proposition 2.4.
We finally computeP (C;ﬂzx | X =x) as above and check that it is positive (resp., at leasivhich can be
done in polynomial time. In summary, this proves (1) (resp., (£)).1

Proof of Theorem 6.8. Observe that the set of & "= x"such thatX "[XJandx"[DI(X " is bounded by

a constant, sincé is domain-bounded, arid (resp.,Dx) for (a) (resp., (b)) is width-bounded, and tHixg

is bounded by a constant. Hence, it is sufficient to show that for eétizXlandx"[DI(XY, deciding
whetherX ™= x5is an explanation of relative toC in M is possible in polynomial time. This can be done
in a similar way as the proof of Theorem 6.6_1

Proof of Theorem 6.9. As argued in the proof of Theorem 6.8, the set obéali= x"such thatx " [Xland
xPDI(X Y is bounded by a constant. Hence, it is sufficient to show that for exétyXlandx"[DI(X Y,
deciding whetheX "= xHs a partial (resp., an-partial) explanation of relative to(C, P) in M is possible
in polynomial time. This can be done in the same way as the proof of Theore(@)gresp., (2)), using
only Theorem 6.8 instead of Theorem 6161

Proof of Theorem 6.10. We generalize the proof of Theorem 6.1. We show that s@mg, X, 1) [RK
exists withp & [dndx Cgliff AC2I holds:
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AC2l. SomeW [V N\ X and some& [DI(X) andw [DI(W) exist such that:

(a) _‘(piw(u),
(b) Py (W) for all Z LV N (X W),

(c) di [, W (u)) =1

As in the proof of Theorem 6.1, by moving asy [S¥\ (W [XI) into W by settingw(A) = A(u) (which
does not influencdi LW, W (u))), it is sufficient to show that som@, q, X, I) CRK exists withp £ Cand
x Caqliff AC2Itholds:

AC2I%! SomeW [V]x [DI(X), andw [DI(W) exist such thaX = SK\W and

(a) _'(piw(u),
(b) Prz (W) for all Z LN (SK OW),

(c) di [, W (u)) =1.

This can be done in a similar way as showing i is equivalent toAC25in the proof of Theorem 6.1,
where we use the following resylfIXinstead of( [, lwhich can be proved by induction ari{Q, ..., k}
(in a similar way ag D))t () For alli [{0, ..., k}, it holds that(p, q, F, 1) [R iff someW [T9 3 [T
andw [DI(W) exist such thaF =S'\W, di L(&, W (u)) =1, and

() foreveryp,q CDI(F):

(i.1) p Lpliff —@pw(u),
(i.2) @ LRI Qg (W) for all Z C0° 3. CTH)\ (S* CW). [

Proof of Theorem 6.11. We first decide if(DIX =X is an actual cause af underu in M, which can
be done in polynomial time by Theorem 6.2. ([ does not hold, thedr((M, u), X=x, ¢) =0. Other-
wise, dr((M, u), X=x, ¢) = 1/(1™1), wherel s the minimall for which someWw [YX, X [DI(X),
andw [DI(W) exist such tha’AC2(a) and (b) hold andli C(, W (u)) =1. By Theorem 6.10} s the
minimal | for which some(p, q, X, I) CRK exists such thap £ Candx [l SinceV is domain-bounded
and D is width-boundedR® can be computed in polynomial time, and ed®h i [{1,...,k}, can be
computed in polynomial time fronR'~. Thus, RK can be computed in polynomial time. Sin¢eis
domain-bounded an@ is width-boundedl~¢an be computed in polynomial time fraR¥. In summary) ™
and thugdr((M, u), X=x, ¢) = 1/(1™1) can be computed in polynomial timé&_—1

Proof of Theorem 6.12. By Theorem 6.11, evergir((M, u), X=X, @), (M, u) K] can be computed in

polynomial time. Assuming th& can be computed in polynomial time, aldb(K, P, X < X, @) can be
computed in polynomial time[]

D Appendix: Proofs for Section 7

Proof of Proposition 7.1. Let (S°,...,SK) be an arbitrary layering aBy (M) w.r.t. X and@. We now
show that((T? S9),..., (Tk SX)), whereT®=s9, ..., Tk =5k, is a decomposition 0By (M) w.r.t. X
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and @, that is, thatD1-D6 hold. Trivially, D1 andD2 hold. Moreover,L2 implies D3, andL1 implies
D4-D6. [

Proof of Proposition 7.2. Assume that.=(S°, ..., SK) is an arbitrary layering o6y (M) relative toX
andg. By L2, everyA [VX¢) nV belongs toS°, and at least one such variable exists. [Byand since
Gy (M) is connected relative t& andg, every variableA [Xl belongs taSK, and at least on such variable
exists, where is given via a pathP from a variableB [VI(@) to a variable inX (in the undirected graph
for Gy (M)) as the number of arrows By (M) that go against the direction & minus the number of
arrows inGy (M) that go in the same direction Bs Indeed, if we move fronB to A (against the direction
of P), any step backwards towaf must be compensated later with a step forward. LRyand since
Gy (M) is connected relative tX andg, for everyi [{0, ..., k}, the setS! is the set of allA [\V1that
are reachable from soni® [XI [\ @) on a pathP (in the undirected graph fdgy (M)) such that is the
number of arrows iy (M) that go against the direction 8f minus the number of arrows @y (M) that
go in the same direction & plusj with B [S1. That is, the layerind. is unique. C_1

Proof of Proposition 7.3. In Step (1), we initializeA(A) to undefined for allA [CM\V (¢). In Step
(2), every variable occurring iq is put intoS®, in order to satisfy one part &f2. In Steps (3)—(13), since
Gv (M) is connected, all the other variables are put into s6fsuch that 1 is satisfied. Step (3) takes care
of the special case in which variables franibelong toX, where then only a trivial layered decomposition
is possible. Steps (6) and (11) catch cases in which no layering mappdaesiasd exists, and theMil is
returned. Notice that the for-loop in Step (9) is executed at most oncallyiiwe check in Steps (14) and
(15) thatX [SH, wherek is the maximal indeyj of someSJ, and thus whether the other partldf is also
satisfied. If so, then we return the computed layeiAngtherwise, we returilil. [

Proof of Proposition 7.4. By Proposition 7.2, if a layering dby (M) relative toX andg exists, then it is
unique. By Proposition 7.3, AlgorithmAYERING returns the unique layering of Gy (M) relative toX
andg, if it exists, andNil, otherwise. Observe then that Steps (1)-(3) afERING takeO(|V | + |V (9)])
time, Steps (4)-(13) tak®(|E| + |X]) time, and Step (14) is feasible @(]V |) time (using an auxiliary
variable for the maximum ok, even in constant time). HenceAXERING can be implemented to run in
O(V |+ |V (9)]+|E] time, i.e., inO([Gy (M) |V (9)]) time. Given thatGy (M) is layered, deciding
whetherL is width-bounded by some integkex 0 can be done in time i©Q(|V[). [

E Appendix: Proofs for Section 8

Proof of Theorem 8.1. We generalize the proof of Theorem 4.1 (resp., 4.2) to the refined notion o
weak cause. LeXy (Xl be such thatd) there is no directed path i@(M) from Xy to a variable in
@ (resp., B) each directed path iG(M) from Xg to a variable ing contains soméX; CXN\{Xp}). Let
XM= X\ X0} andx™=x|X™ It is now sufficient to show thaK =x is a (refined) weak cause ¢f
underu iff (i) Xo(u) =x(Xo) and (ii) X ™= x"s a (refined) weak cause ofunderu.

( D SlipposeX = x is a (refined) weak cause @funderu. That is, AC1 X (u) = x and@(u), andAC2™
someW [N\ X, x CDI(X), andw [CDI(W) exist such that (ah@sxw (U) and (b)@xwz(u) for all W B[,
Z VN (X W), w=w|W T andz = Z(u). In particular, (i)Xo(u) = x(Xo), and alscAC1 X §u) = x™
andg(u). By (a) (resp., B)), it then follows thatrC2a) =@y, (u) and (b)pxmwz(u) hold for allW = [,
Z VN (XTw), w=w|w Y andz = Z (u), wherexT=x|X™ This shows that (ii)X ™= xTis a (re-
fined) weak cause @f underu.
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( DSlppose (iXo(u) =x(Xo) and (i) X ™=x"is a (refined) weak cause gfunderu. That is,
AC1 X™u) =x"and g(u), and AC2-somew LVAXT XD (X, andw CDIW) exist such that
(@) =gy, (u), and (b)exmyz(u) for all WELWI, Z VN (X0, w=w|WE andZ = Z(u). By (i),
we thus obtainAC1 X (u)=x and@(u). By (a) (resp., B)), it follows that AC2'(a) —Qx,w(U) and
(b) @xrxowrz(u) for all WY Z CVA(X DAY, wT=wHw T andZ = Z (u), whereW "= W\{X,},
wEw|WE %o = (Xo)gmy, (U), andxg =X(Xp). This shows thalX =x is a (refined) weak cause ¢f
underu. [1

Proof of Theorem 8.2. LetM™=M$ (resp.,M "= Ni)-IWe prove the statement of the theorem for the
caseX =X andM "= My} The proof forX "= X andM "= Niz-¢hn be done in a similar way, usinl—!
instead oM. The proof forX "[CXIandM "= M, is similar to the proof of Theorem 4.7.

Let X=X andM =M, = (U, VIF 5. We extend the proof of Theorem 4.5 to the refined notion of
weak cause. LeX ™= XM V Pandx™= x$X™ We have to show thaX "= xUis a (refined) weak cause of
@ underu in M iff (i) (XRAXT) = xFXAXT in M, and (i) X ™= xTis a (refined) weak cause @f
underu in My,
Fact A.V\J(u) = Vlaq, (u) andgp (U) = Ppg (w).

( D;S]xppos@(ﬁ(:xzis a (refined) weak cause @funderu in M. That is,AC1 X Xu) = x"andg(u) in
M, andAC2-5omew [LVAXEX-IDI(XY, w CDI(W) exist such that (a)@xry, (u) in M and (b)pxwz (U)
in M for all WECWI, Z VN (XPCW), w=w|W andZ=2Z(u) in M. This shows that (i)YX\
XBu) = xPXAXD in M. We next show that also (i) holds. By Fact AC1 X ™u) =x™and@(u)
in M‘p Notlce then that (a)ﬂcpxcfgv(u) in M and (0) Pxyrze(u) in M, wherex™=x{XTW =W nVv -

=wW, W =WhVIwE=wW =ww, Z%=Z n Vv and2"= 2|27 Since each amongggmy (u),
(pxccwqc(u), andZu) has the same valuesm andMJ, this shows thadC2Ha) ~@x,(u) in M and (b)
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Pxrpz(U) in My, for all ZPOVA (XTOW), WO, wr=w|W , andZ"=Zu) in M. In summary,
(i) X ™=x"Ts a (refined) weak cause @funderu in My, .

( D SLppose (XAX D) =xFXAXT in M and (i) X ™= xDis a (refined) weak cause ¢f
underu in My;,. Thus,AC1 X™u) =x™and(u) in My, andAC2Esomew LV RXT xPrDi(X Y,
w [DI(W) exist such that (aq@zmy, (u) in My and (b)gxmwz(u) in M$ for all WP rw, Z TV (X1
W), wr=w|WE andZ=Z(u) in MY. By Fact A,AC1 X u) =x"and@(u) in M. Since each among
Qg (U), Oxmz(Uu), and Z(U) has the same values M and M;ﬂ, this shows that (ay@gm, (u) in
M and (b) xmz(u) in M for all WEPCW, Z OV (X P, wi=wlwE andz—f(u) in M. It
then follows thatAC2(a) =@, (u) in M and (b) @xwz(u) in M for all W=, Z DO\(XPrw),
w=w|wW Y andZ = Z (u) in M, wherex X M= xTandx (X XX T = (X XX By, (u) in M. In summary,
this shows thaXX "= x"is a (refined) weak cause gfunderuin M. 1

Proof of Theorem 8.3. The proof is nearly identical to the proof of Theorem 6.1, exceptAlst is now
replaced byAC2{for the refined notion of weak cause), the relati®isre replaced by the relatiof for
the refined notion of weak cause, afids replaced by the following stateme(itt for all i [0, ..., k},

it holds that(p, q, F) [R! iff some W [T9 [=3- [T1 andw CDI(W) exist such thaF =S'\W and
(i) for everyp,q CDI(F): (i.1) p Cpliff =@pw(u), and (i.2)q Coiff (p[qm;(u)]wdu) for all Z m° 3. 1
TH\(SK W), W W, andw™= wjw . [

Proof of Theorem 8.4. The proof is nearly identical to the proof of Theorem 8.1, exceptAlgs now
replaced byAC2™{for the refined notion of weak cause in extended causal models). Inlifigart, we
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use tha™v is allowable ifxw is allowable, while in the ‘T_-part, we use thax ™ w"is allowable ifxv
is allowable, which follows from the assumption tiMtis closed relative txX™ 1

Proof of Theorem 8.5. (a) LetV"=R% (M) andM"=My,. AssumeM is closed. Lety [V} lety
be an allowable setting for in MY and letu CDI(U). Then,y is an allowable setting for in M, and
(VY )y(u) has the same value Ml andM & SinceM s closedy (M \Y )y(u) is an allowable setting
for Y in M, and thuyy LM \Y )y (u) is an allowable setting for in M Hence M 'is closed.

(b) LetV "= RE{M) and M "= Ni—BupposeM is closed relative toX" LetY [V Pwith X°[Y]
let y be an allowable setting for in MY and letu CDIU). Then,y is an allowable setting fov in
M, and(V )Y )y(u) has the same value Wl andM" SinceM is closed relative toX" it follows that
y LQM\Y )y(u) is an allowable setting for in M, and thusy C(M A\ )y(u) is an allowable setting for
in MY This shows thaM is closed relative t&X" 1

Proof of Theorem 8.6. The proof is nearly identical to the proof of Theorem 8.2, except A@2 s
now replaced byAC2™{for the refined notion of weak cause in extended causal models). Inlfgart,
we use thak@ is allowable inMy} if X'W is allowable inM, while in the “ [C=part, we use thak'w is

allowable inM if X is allowable inMy;, which follows fromM being closed relative ™

Proof of Theorem 8.7. The proof is nearly identical to the proof of Theorem 8.3, except A@2is
now replaced byAC2™for the refined notion of weak cause in extended causal models), ltt®nsR!
for the refined notion of weak cause are replaced by the relaRbrisr the refined notion of weak cause
in extended causal models, a@d)lis replaced by the following statemeqi: for all i [{0,...,k}, it
holds thai(p, q, F) [RI iff someW [T9 1. [T] andw CDI(W) exist such thaE =S\ W and (i) for
everyp,q CDI(F): (i.1) p Cpliff =@pw(u) andpw|(X [WA) is allowable, and (i.2) Cqliff (p[q[j(u)]wdu)
for all Z C(T° 3. CTI)\(SX CW), W [, andw"”= W|W . Observe that in the step fro&C2™
to (AC2'¥5Hve then use the assumption tidtis closed relative to<. Moreover, in the induction step,
we use the propert® 7 of decompositions in extended causal modéls-]
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