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Abstract.  Current Answer Set Programming frameworks and systems are built on non-
monotonic logic programming without function symbols. As well-known, permitting func-
tion symbols leads to high undecidability in general. However, function symbolsare highly
desirable for various applications that involve common-sense reasoning over in té domains,
e.g., transition-based planning systems. This raises the challenge to nd meaningfldut still
decidable fragments of this setting. To this end, we present the clas&DNC of logic pro-
grams which allows for function symbols, disjunction, non-monotonic negatio under the
answer set semantics, and constraints, while still retaining the decidability & the standard
reasoning tasks. Thanks to these featuresFDNC programs are a powerful formalism for
rule-based modeling of applications with potentially in nite processes and objects,which
allows also for common-sense reasoning. This is evidenced, for instance, by taskgéason-
ing about actions and planning: brave and open queries capture the well-known problems of
plan existence and secure (conformant) plan existence problem, respectively, in trait®n-
based actions domains. As for reasoning fronFDNC programs, we show that consistency
checking and brave as well as cautious reasoning tasks aExpTime -complete in general,
but have lower complexity under syntactic restrictions that give rise to a family of program
classes. Furthermore, we also determine the complexity of open queries (i.e., Witanswer
variables), for which deciding non-empty answers is shown to b&xpSpace -complete under
cautious entailment. Furthermore, we present for all reasoning tasks algothms that are
worst-case optimal. The majority of these algorithms resort to a nite representation of the
stable models of aFDNC program that employs maximal founded sets of knots, which are
labeled trees of depth 1 from which each stable model can be reconstructed. Due to this
property, reasoning over FDNC programs can in many cases be reduced to reasoning from
knots. Once the knot-representation for a program is derived (which can be done o ihe),
several reasoning tasks are not more expensive than in the function-free case, anoh®e are
even feasible in polynomial time. This knowledge compilation technique paves thevay to
potentially more e cient online reasoning methods for FDNC and other formalisms.
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1 Introduction

Answer Set Programming (ASP) is a declarative problem solving paradigm that emerged from
Logic Programming and Non-Monotonic Reasoning![6, 37, 39, 44and is particularly well-suited
for modeling and solving problems that involve common-senseeasoning. It is based on non-
monotonic logic programs under the Answer Set Semantics (ab known as stable model semantics)
[23], which assigns a given program one, no, or multiple ansay sets; this facilitates to encode
many problems into logic programs such that their solutionscorrespond to the answer sets of the
programs and can be easily extracted from them. This paradim has been successfully applied to a
range of applications including data integration, con guration, reasoning about actions and change,
etc. We refer the reader|[53] for a more detailed discussionna an overview of applications, whose
number has rapidly increased in the last years.

While Answer Set Semantics, which underlies ASP, was de nedn the setting of a general rst-
order language, current ASP frameworks and implementatios, like DLV [21], Smodels [45], clasp
[22] and other e cient solvers (see [3]) are based in essenaen function-free languages and resort
to Datalog with negation and its extensions.

However, it is widely acknowledged that this leads to drawbaks related to expressiveness, and
also to inconvenience in knowledge representation, cf. [8]Since one is forced to work with nite
domains, potentially in nite processes cannot be represeted naturally in ASP. Additional tools
to simulate unbounded domains must be used. A notable examplis the DLVK [16] front-end of
the DLV system which implements the action languageK [17]. Constants are used to instantiate a
su ciently large domain (estimated by the user) for solving the problem; this may incur high space
requirements, and does not scale to large instances.

Function symbols, in turn, are a very convenient means for geerating in nite domains and
objects, and allow for a more natural representation of problems in such domains. However, they
have been banned in ASP for a good reason: allowing them leadis undecidability even for (rather
simple) Horn programs [2] and negation under the answer set semantics, leads to high wiecid-
ability, cf. [41, 38, /40]. This raises the challenge to singl out meaningful fragments of ASP with
function symbols which allow to model in nite domains while still retaining the decidability of
the standard reasoning tasks. Several works have addresséuis issue, including [11, 10, 8, 7, 51].
Most recently, Bonatti and his co-workers recently introduced nitary and nitely recursive logic
programs [8, 7]. They imposed syntactic conditions on the groundingf logic programs, which are
in nite in the presence of function symbols. Therefore, theveri cation of the conditions is di cult
(in fact, unsoluble), which limits the applicability of the results. Syrjanen [51] used a generalization
of strati cation which can be e ectively checked, while Chomicki and Imielnski [11,/ 10] programs
without negation in which restrictions applied to the rules individually. We refer to Section 8 for
more details and discussion of related work.

In this paper, we pursue an approach to obtain decidable logi programs with function symbols
by merely constraining, similar as in [11,/10], the rule synax in a way that can be e ectively
checked. To this end, we take inspiration from results in aubmated deduction and other areas
of knowledge representation, where many procedures, likeableaux algorithms with blocking, or
hyper-resolution, have been developed for deciding satisility in various fragments of rst-order
logic. When function symbols (or existential quanti catio n) may occur, these procedures are often
sophisticated because they have to deal with possibly in nie models. However, because of the

1See[34] for an interesting historic account of this result (quoted in [12]).
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peculiarities of Answer Set Semantics, transferring theseesults to logic programs with function
symbols is not straightforward. Reasoning with logic progams needs to be more re ned since only
Herbrand models of a program are of interest and, moreover, @y particular such models (ful lling
the condition of stability), which happen to be special minimal Herbrand models.

The main contributions of this paper are brie y summarized as follows.

We introduce the classFDNC of logic programs, which allow for function symbols, disjurction,
constraints, and non-monotonic negation under the answer gesemantics [23]. In order to provide
decidable reasoningFDNC programs are syntactically restricted in order to ensure that they have
the forest-shaped modelbproperty. To this end, in the rst stage programs are consideed in which
the predicates are unary and binary, and function symbols ae unary; this gives us the class of
ordinary FDNC programs, described in Section 3. To accommodate predicageof higher arity, an
extension of FDNC to higher-arity predicates is conceived in Section 7. The sytactic restrictions
are similar to those in [11], and limit the use of functions synbols, but are more restrictive. This,
however, facilitates the development of special techniquefor handling FDNC-programs, which are
needed in order to cope with negation, disjunction, and congaints, which had not been considered
in [11].

Furthermore, we consider the natural restrictions of FDNC program that arise if the constructs of
negation (N), disjunction (D) and constraints (C) are disallowed, giving rise to a whole family of
logic programs ranging fromF to FDNC; the plainest language in this family, F, is a subclass of
Horn programs that is (apart from minor deviations) a fragment of Datalog,s in [11].

We study standard reasoning tasks forFDNC, including deciding the consistency of a given
program, i.e., existence of an answer set, brave entailmeraf a given ground atomA from a given
program P, as well as cautious entailment of a given ground atomA from a given program P.
Furthermore, we also consider answering existential queeis of the form9x:p(x), where % is a tuple
of variables, and open queriesx:p (%), (where the variables x must be bound to a ground term
prior to entailment checking) under both brave and cautious entailment.

For these problems, we develop algorithms and characteriztheir computational complexity over the
whole family programs from of F to FDNC, in terms of completeness results for suitable complexity
classes. As we show, foFDNC all reasoning tasks areExpTime -complete, with the exception of
deciding answer existence for open queries under cautiouatailment, which is ExpSpace -complete.
Disallowing either disjunction and constraints (which givesFN) or non-monotonic negation (which
gives FDC) does not lead to lower complexity, while all problems drop b PSpace -completeness
if both negation and disjunction are disallowed (which gives FC, that are Horn logic programs
with constraints). Depending on the reasoning task and the onstructs available, the complexity
ranges in the other cases from polynomial time overco-NP , £, PSpace and ExpTime up to
ExpSpace . In particular, for F programs (which are Horn programs), entailment of ground atans
is polynomial; note that even in the absence of function symbls, this problem is NP -hard for Horn
programs with binary predicates. A compact summary of the canplexity results is given in Table[1
of Section[4, which also provides a detailed discussion.

The ExpTime -hardness proofs for consistency checking of programs in thieagments FN, FDC,
and FDNC, are by a reduction from satis ability testing in the ExpTime -complete Description
Logic ALC. As a side result, we obtain a polynomial time mapping of a wdtknown Description
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Logic (cf. [5]) to logic programs under answer set semanticsThe mapping takes advantage of a
normal form of ALC knowledge bases which makes the mapping task quite easy, arns balanced
in the sense that it maps to class of logic program whose comgkity is not higher then the one of
ALC (see Section 8 for a discussion of other mappings). These s are interesting in their own

right and may be exploited in other contexts.

FDNC programs can have in nitely many and in nitely large stable models, which therefore can
not be explicitly represented for reasoning purposes. We mvide a method to nitely represent all
the stable models of a givenFDNC program. This is achieved by a composition technique that
allows to reconstruct stable models as forests, i.e., setd trees, from knots, which are instances of
generic labeled trees of depth 1. The nite representation &chnique allows us to de ne an elegant
decision procedure for brave reasoning ifFDNC. It may also be exploited for oine knowledge
compilation [9,13] to speed up online reasoning, by precomputing and sting a knot representation
of a logic programP. Given such a representation, multiple query answering fron P can be done
comparatively e ciently (some problems are solvable in polynomial time), and furthermore also
model building (which is of concern in ASP): starting from the knots as building blocks, any stable
model of P can be gradually constructed (leading to an in nite processin general), at no higher cost
than in the function-free case. In general, a knot representidon of a logic program is exponential
in the size of the program; this is the usual tradeo between ime and space for such compilation,
and is encountered in other compilation forms as well (e.g.compilation of a propositional formula
into all its prime implicates [13]).

Thanks to their features, FDNC programs are a powerful formalism for rule-based modeling
of applications with potentially in nite processes or objects, which also accommodates common-
sense reasoning through non-monotonic negation. From a congxity perspective, FDNC and its
subclasses providee ective syntax for expressing problems inPSpace, ExpTime and ExpSpace
using logic programs with function symbols.

This can, for instance, be fruitfully exploited for reasoning about actions and planning. The
usability of answer set programming in this area is well-knom and has been explored in many
works, including [14,/36, 6, 17, 52, 48, 49, 42]; the excellelook of Baral [6] devotes a whole
chapter to this subject and is recommended for a background.FDNC programs allow to encode
action domain descriptions in transition-based action formalisms which support incomplete states
and nondeterministic action e ects, like C[25], K [17], or fragments of the situation calculus (see
e.g. [35] for background) in a way such that arbitrarily long action sequences can be naturally
handled.

As an appetizer for the use ofFDNC programs in this area, we sketch here informally elements
of a simple encoding of a plain propositional variant of the guation calculus into FDNC programs.
To this end, we use unary predicatesk (x) for uents F that describe the state of the domain in
a certain situation, a unary predicate s(x) to denote situations x, and the constant init for the
initial situation. For the latter, a fact s(init) is set up, and the initial state of the domain is
then described by facts of the formF (init )

Transitions happen through the execution of actionsas, ..., an, which are represented by
function symbols f,,, ..., fa,; intuitively, f4 (Xx) is the situation resulting if action & is taken in
situation x. Using a binary predicatetr , we can express that a transition happened byr (X; f 5 (X));
aruleai;(x)_ _ apn(x) s(x) singles out some action in situationx for moving on. If the action a;
can be taken, which is assessed by some predicgtess, (x), then the transition is made, described



4 INFSYS RR 1843-08-01

by the rule tr (x; f 4 (X)) a; (X); poss, (X); the new situation after taking an action is described
with s(y)  tr(x;y).

These rules and facts provide a generic backbone for desciily an evolving action domain.
Particular action e ects during transitions can be stated by rules of FDNC; e.g., the ruleF (f 4(x))
tr (x; f 4(X)) states that after executing the action , F holds in the follow up situation. Importantly,
the availability of non-monotonic negation allows to converiently state uent inertia, i.e., the uent
value when taking an action remains the saméy default For uent F, this can be expressed using
the following two rules

F(y) F(x);tr (x;y); not F(y);
F(y) F(x);tr (x;y);not F (y);

whereF (x) is a predicate for the complement ofF (x) that can be simulated by adding the constraint

F (x); F (x). Possible states of the domain in a situation (in case of inamplete information) can
be captured by rulesF(x) _ F(x) s(x). Overall, the stable models of the program will then
correspond to trajectories of the action domain, i.e., segences of actions together with the uent
values at each stage of action execution. If we replace the sjunctive rule a;(x)_  _ an(x)  s(x)
with the rules a;(x)  s(X);:::;an(X)  s(x), then the stable models correspond to the unwindings
of the initial state according to the possible transitions.

Using these elementsFDNC may be used to represent a number of actions domains from the
literature, e.g., the Yale Shooting [26], Bomb in the Toilet, and others cf. [17], and to solve reasoning
and planning problems on them. In Section 7 we more concretglelaborate on an encoding of action
domains in a fragment of the languageK into FDNC, and show on an example how query answering
can be used to elegantly solve, among others, conformant phaing problems in K. The latter
problems areExpSpace -complete in general, and show thatFDNC-programs o er the complexity
which is tailored to these problems.

The remainder of this paper is organized as follows. Sectiof2 briey introduces the basic
concepts and notation of disjunctive logic programs used irthis paper. Section/3 then introduces
FDNC programs, and establishes basic semantic properties of the It also introduces the nite
representation of stable models in terms of knots. Section|4ives an overview and a discussion of
the complexity results in this paper, which are establishedin the subsequent Sections 5 and 6. In
the course of this, also reasoning techniques and algorithenare developed. Section 7 discusses a
possible application of FDNC-programs for planning, and considers and extension of ordery to
higher-arity FDNC programs. The nal Section[8 discusses related work and comades with issues
for future work.

2 Preliminaries

We assume xed countably in nite sets of constant symbols function symbols predicate symbols
and variables Moreover, each function and relation symbol has an assodiad positive integer, its

arity . A term is either a constant symbol, a variable or an expression of ta form f (t) wheref is a
function symbol, tis an n-tuple of terms and n is the arity of f. An atom is an expression of the
form R(t) where R is a predicate symbol,t'is an n-tuple of terms and n is the arity of R. An atom

is ground if it contains no variables. An atom is also called apositive literal. An expression of the
form not A, where A is an atom, is anegative literal. A literal is a either a positive or a negative
literal.
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A disjunctive logic program (brie y, a program) is a set of (disjunctive) rules of the form

A1 i An Li;:iiiilms Q)
wheren+ m > 0, Aq;:::;Ay are atoms andLq;:::;L, are literals. The atoms Aq1;:::;A, are
the head atoms of the rule while L1;:::;Ly are the body literals of the rule For a rule r, let

headr), body" (r) and body (r) respectively denote the sets of head atoms, positive bodyitéerals,
and negative body literals of r, respectively. A fact is a rule (1) with empty body (m = 0), also
written Ag:, while a constraint is a rule with no atoms in the head ( = 0).

If body (r) = ;, then the rule r is positive. For a positive rule r, let body(r) := body" (r). A
program is positive, if it contains only positive rules.

The semantics of a programP is given in terms of Herbrand interpretations. Let HUP be the
Herbrand universe of P, i.e., the set of all terms that can be built from constants ard function
symbols occurring in P. Similarly, HBP is the Herbrand baseof P, i.e., the set of all atoms that
can be built from predicate symbols ofP and terms in HUP. A Herbrand interpretation for P is
an arbitrary subset of HBP.

A term, atom, rule etc. is ground, if it contains no variables. A rule r%is a ground instance of a
rule r 2 P, if r%is a ground rule obtained fromr by replacing each variable inr by a term in HUP;
by GroundP) we denote the set of all ground instances of the rules irP.

A (Herbrand) interpretation | satis es a positive ground rule r, if body(r) | implies | \
headr) 6 ;. An interpretation | is a model of a positive ground programP, if | satis es each rule
r 2 P; moreover,| is a minimal model of P, if no J | is a model of P. The set of minimal

models of P is denoted by MM (P).
Given an interpretation | for a program P, the Gelfond-Lifschitz reduct [23] of P, denoted P!,
is obtained from GroundP) by

(i) removing all rules r such that body (r)\ | 6 ;, and
(i) removing all negative literals from the remaining rules.

Then | is a stable model(or answer se) of P, if | 2 MM (P'). The set of all stable models of a
program P is denoted by SM (P). A program P is consistent, if SM(P) 6 ;.

A ground (atomic) query is a ground atomA, and an existential (atomic) query is an expression
9%:Q(x%), where % is a n-tuple of variables and Q is an n-ary predicate symbol. An open queryis a
similar expression %:Q ().

As usual, a programP bravely entails a ground query A (resp., an existential query 9x:Q(x),
denoted P Ep A (resp., P Fp 9%Q(%)), if A (resp. 9%:Q(%)) is true in some stable modell of P,
i.e., | contains A (resp., some atomQ(t)). Furthermore, P bravely entails an open query x:Q (%),
denotedP E,, *x:Q (%), if P bravely entails some ground queryQ(t); any suchtis called ananswer
for the query.

The notion of cautious entailment, ¢, is dually de ned, where \some stable model" replaces
\every stable.” Note that P Fp xQ (%) i P Fp 9%Q(%), while P F. %:Q (%) implies P F¢
9%:Q(*) but not vice versa; this is because x requires that t is the same in all stable models,
while 9% permits varying terms in di erent stable models. Cautious entailment of open queries
is a useful tool e.g. in planning, to determineconformant (alias secure) plans i.e., sequences of
actions whose execution lead to the goal, regardless of pdisly incomplete knowledge about the
initial state and/or nondeterministic action e ects (see Section[7).
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Example 1. Consider the programP consisting of the following rules:

D(a)
B(f (x)) D(x);not A(x) C(x) A((x)
A(x) D(x);not B (f (x)) C(x) B(f(x))

P has two stable modelsl; = fD(a); B(f (a));C(a)gand 1, = fD(a); A(a); C(a)g. This is because
I 1 is @ minimal model of
P''*=1fD(a) ;B(f"*'(a)) D(f'(@)A(Ff"™(a) D" (a)C(f'(@) Af'(@)ji 0g,
and I, is a minimal model of
Pl2=fD(a) ;B(f'"*2(a)); A(f'(a)) D(f'(@)C('(@) A(f'(@):C(f'(x) B(f'(x)g.
No other interpretation is a stable model of P. Note that P F 9x:C(x) and P . 9% C(x),
while P 8j; %: C (x), i.e., has no answer. On the other handP F. :D (x) has the answerx = a.

3 FDNC Programs

We now introduce the classFDNC of logic programs with function symbols. The syntactic re-
strictions that are imposed ensure the decidability of the brmalism, but allow in nitely many and
possibly in nite stable models. We then analyze the model-treoretic properties of FDNC programs
and introduce a method to nitely represent the (possibly in nite) collection of stable models of a
program.

For convenience, we us# (t) to generically denote one of the literalsP (t) and not P (t).

De nition 3.1  (FDNC program). An FDNC program is a nite disjunctive logic program whose
rules are of the following forms:

(R1) Ai(X) _ i Ap(x) Bg (X);:::5By (X)

(R2) Ri(xy) _ i _Ra(xy) Po (Xy);::5 P (XY)

(R3)  Ru(Xf1(x)) i1 _ Ra(X;fn(x)) Po (X;go(x)); 115 Py (X91(X))

(R4) Axy) i An(y) Bo (Zo);::1iBy (Z1);Ro (X ¥); 111 R (XY)

(R5) A(f (X)) _ i An(f (X)) Bo (Wo);::5;B) (Wh); R (T (X)) i1 Ry (% F (X))
(R6)  Ra(x;fa(x)) _ it Rn(X k(X)) Bo (X);:::5By (%)

(R7) Ci(e) i Ch(&) D, (b1);:::; D, (B),

wheren;l;k 0, eachZ; 2 fx;yg, W; 2 f x;f (X)g, and eachg, § is a tuple of constants of arity
2. Each ruler is safg i.e., each of its variables occurs inbody" (r). For rules of type (R5) we
require at least on binary literal to be positive. Moreover, at least one rule in the program is of
type (R7) and is a fact.
The fragments obtained from FDNC by disallowing disjunction, constraints or negative literals
are denoted by omitting respectivelyD, C, and N in the name. The collection of all these fragments
is called the F family.

The structure of the rules in FDNC syntax, the availability of nhon-monotonic negation and
function symbols allows us to represent possibly in nite processes in a rather natural way. We
provide here an example from the biology domain.



INFSYS RR 1843-08-01 7

(01) Change(x; grow(x)) Young(x); Warm (x)

(02) Change(x; cell1(x)) Mature (x); Warm (x)

(03) Change(x; cell2(x)) Mature (x); Warm (x)

(04) Change(x; die(x)) Cold(x)

(05) Young(cell1(x)) Change(x; cell1(x))

(06) Young(cell2(x)) Change(x; cell2(x))

(07) Mature (grow(x)) Young(x); Change(x; grow(x))

(08) Warm (grow(x)) _ Cold(grow(x)) Change(x; grow(x))

(09) Warm (y) Warm (x); Change(x;y);not Cold(y)

(20) Cold(y) Cold(x); Change(x;y);not Warm (y)

(11) Cold(x); Warm (x)

(12) Young (b) 7 g(ca(g(b))
(13) Warm (b) [

/ \
4 A

Figure 1. Example: Evolution of a Cell

Example 2. As a running example, we use thdeDNC program P ¢* in Figure [1, which represents
the evolution of a cell; its growth and splitting into two cel Is. (1)-(4) describe changes of a cell. If
it is warm, a young cell will grow and a mature cell will split into two cells; any cell dies if it is
cold. The rules (5)-(7) determine whether a cell is young or méure. The rules (8)-(11) state the
knowledge about the temperature. During the growth (which takes longer time), it might alter,
while in the other changes (which take short time), it stays the same; the latter is expressed by
inertia rules (9) and (10). Finally, (12) and (13) are the initialization facts. (For brevity, we also
shorten predicate symbols toW (arm), C(old), Y (oung), M (ature), and Ch(ange) and function
symbols to c(ell)1, c(ell)2, g(row), d(ie).)

It is easy to see thatP is consistent. In fact, it has in nitely many stable models, corresponding
to the possible evolutions of the initial situation. It migh t have nite and in nite stable models, as
cell splitting might go on forever. The part of the stable model that is depicted in Figure[1 represents
a development where the temperature does not change duringhe growth of b and its child. An-
other stable model isf Young(b), Warm (b), Changgb;grow(b)), Cold(grow(b)), Mature (grow(b)),
Changdggrow(b), die(grow(b))) g which corresponds to the situation that the temperature changes
and the bacterium dies.

The brave query 9x: Cold(x) evaluates to true; this is not the case for the brave queryChangg(b;
die(b)). The query whether there is some evolution in which bacteira never die is expressed by
adding the constraint ~ Changgx; die(x)) and asking whether the resulting program is consistent
(which is indeed the case).

Example [2 shows that in presence of function symbols, airDNC program may have in nite
stable models. We note thatFDNC programs do not have the nite-model property, i.e., a program
might have only in nite stable models. This is withessed by the simple F program P = fA(¢)

P ROGT (X)) AMX); A(ly)  R(x;y)g, whose single stable model contains in nitely many atoms.

Due to the lack of nite-model property, the search for stable models of anFDNC program
cannot be con ned to a nite search-space, i.e., consistencgannot be decided by considering a nite
subset of the grounding of the program. We present in the seqel a method to nitely represent
the possibly in nite stable models. To this end, we rst prov ide a semantic characterization of the
stable models of anFDNC program.
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3.1 Characterization of Stable Models

Like many decidable logics, including Description Logics,FDNC programs enjoy aforest-shaped
model property. A stable model of anFDNC program can be viewed as a graph and a set of trees
rooted at each of nodes in the graph.

Proposition 1.  An interpretation | is forest-shaped if the following hold:

(@) All the atoms in | are either unary or binary. Additionally, each binary atom in | of of the
form R(c;d), R(t;f (t)) or R(f (t);t), wherec, d are constants,t is a term.

(b) If A 21 is an atom with a term of the form f (t) occurring as an argument, then for some
binary predicate symbolR, R(t;f (t)) 2 I.

If H is an arbitrary interpretation for an FDNC program P and J 2 MM (P"), then J is forest-
shaped. Therefore, everyd 2 SM (P) is forest-shaped.

Proof. The property follows directly from the structure of the rule s and the minimality require-
ments. SupposeH is an arbitrary interpretation for P. Assume some) 2 MM (P") such that it
contains an atom violating (a) or (b). We can simply collect all the atoms violating (a) or (b) and
remove them from J. It is easy to see that such removal does not violate any ruleni P, and,
hence, we have that] is not minimal. Contradiction. The second claim follows from the de nition
of stable models. O

The methods that we present in this paper are aimed at providing the decidability results
together with the worst-case optimal algorithms for FDNC. We note, however, that the decidability
of the reasoning tasks discussed in this paper can be infeidrom the results in [19]. The technique
in [19] shows how the stable model semantics for the disjunite logic programs with functions
symbols can be expressed by formulae in second-order logichere the minimality of models is
enforced by second-order quanti ers. Due to the forest-shapeg model property, one can express
the semantics of FDNC programs in monadic second-order logic over treeSkS which is known
to be decidable (see [43] for a related encoding). Unforturtaly, optimal algorithms or exact
complexity characterizations are not apparent from such ewodings, which are usually processed
using automata-based algorithms.

The semantic characterization and the reasoning methods k&r on follow an intuition that stable
models for anFDNC program P can be constructed by the iterative computation of stable malels
of local programs During the construction, local programs are obtained \on the y" by taking
certain nite subsets of GroundP) and adding facts (states) obtained in the previous iteration.

In the rest of Section3, we assume thatP is an arbitrary FDNC program. For convenience,
given a termt and a set of atomsl|, we write t21, if there exists an atom in | having t as an
argument.

De nition 3.2  (State). Let t be a term. A state of t is an arbitrary set U! containing only unary
atoms ground with t (i.e., with t as the argument); the superscriptt will be dropped if t is not of
particular interest. For a set of atoms | and a term t21, we denote byst(l;t) the state of t in I,
i.e., the setfA(t) jA(t) 2 1g.

For a one-variable ruler in FDNC syntax, let ry denote the rule obtained by substituting every
occurrence of the variable inr with a term t. Without loss of generality, we assume that in rules
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W (cr(g(h)), Ch(g(b); c2(9(b))),
Y (c2(9(B)), W (c2(9())

Ch(g(b); 9(a(b)), Y (cr(9(b)),
W (ci(9(b)), Y (c2(a(b)), W (c2(g(h)),

K1 K2 Ks
M (g(b)), W(g(b), M (g(b)), Y (g(b), W(g(b) Y (b), W(b),
Ch(g(b); c1(g(b)), Y (ca(g(b)), | Ch(g(b);ca(g(b)), Ch(g(b);c2(g(b)), | Ch(b; gb)),

M (g(b)), Y (g(b)),
W (g(b)

M (g(9(B)). C(g(a(b),

MW 2 g0 MW e o Y:Web
Ch Ch Ch ch Ch
Ch
YW YW Y; W M;C \Y;W M;Y:W

c(9(h) c(9(h) ag®) o) c(a(B) 9D

Figure 2: Example knots
r of type (R2) or (R4), the tuple of variables in binary atoms is always hx;yi, and denote byr s
the rule obtained by substituting every occurrence ofx and y with a term s and t, respectively.

De nition 3.3  (Local Program). Let U! be a state. The local program P(U') is the smallest
program containing the following rules:

{ A®)
{ ru, for eachr 2 P of type (R3), (R5), or (R6),

, for each A(t) 2 Ut,

{ rus vy, for eachr 2 P of type (R2) or (R4) and function symbol f of P, and
{ ru ), for eachr 2 P of type (R1) and function symbol f of P.

Supposel is a forest-shaped interpretation for P, t21, and U is the state oft in I, i.e., U =
st(l;t). Intuitively, the stable models of P(U) de ne the set of possible immediate successor
structures for t in |. In other words, if | is a stable model ofP, then | must contain a stable
model of P(U). Stable models of local programs have a simple structural pperty, captured by
the notion of knots.

De nition 3.4  (Knots). A knot with a root term t is a set of atomsK such that
(i) each atom in K has form A(t), R(t;f (t)), or A(f (t)) where A, R, and f are arbitrary, and
(i) for each term f (t)2K , there exists R(t;f (t)) 2 K (connectedness).

We sayK isover (the signature of)a programP, if each predicate and function symbol occurring
in K also occurs inP (t need not be fromHUP). Let suc¢K ) denote the set of all termsf (t)2K .

A knot with a root term t can be viewed as a labeled tree of depth at most 1, whemsucdK )
are the leaves. The nodes are labeled with unary predicate sybols, while the edges are labeled
with binary predicate symbols. Note that ; is a knot whose root term can be arbitrary. Figure[2
shows an example of knots over the signature of the prograr®®* in Example 2.
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It is easy to see that due to the structure of local programs, heir stable models satisfy the
conditions in the de nition of knots, and therefore are knots. On the other hand, knots are also
the structures that appear in the trees of the forest-shaped iterpretations. To \extract" a knot
occurring in a forest-shaped interpretation, the following will be helpful.

For a term t, let HB; denote the set of all atoms that can be built from unary and binary
predicate symbols usingt and terms of the form f (t). For any forest-shaped interpretation | for P
and t21, the setK := | \HB ; is a knot.

The following notion of stable knotis central. They are self-contained building blocks for stale
models of FDNC programs.

De nition 3.5  (Stable Knot). Let K be a knot with a root term t and U = st(K;t). Then K is
stable w.r.t. the program P i K 2 SM(P(UY)).

Intuitively, stable knots encode an assumption and a solutbn. Suppose a knotK with a
root term t and U! = st(K;t) is stable w.r.t. P. Moreover, supposet occurs in a forest-shaped
interpretation | for P, as a \leaf node", i.e., there are no atoms of the formR(t;f (t)) in I. If the
states oft in |1 and K coincide, i.e.,st(l;t) = U!, then intuitively K becomes an eligible set of
atoms that can be introduced in| to give t the necessary successors.

Example 3. (Continued) Consider the knots K 1, K, and K 3 from Figure 2. It is easy to see that
there exists a stable model o & whereK ; occurs, i.e., a stable model such that | \HB g = K.
In fact, such a stable model is depicted in Figure 1. On the otler hand, K, and K3 do not occur
in any stable model of P, since the rules ofP®* do not force a domain element to satisfy bothM
and Y.

The knot K1 is a stable knot. As easily checkedK ; is a stable model of the local program
PeX(fM (g(b); W (g(b)g). Even though K, does not occur in stable model ofP€, it is a stable
model of P& (f M (g(b); Y (g(b)); W (g(b)g), and therefore is stable. Intuitively, K, is an eligible
building block for a stable model of P€* only if g(b) satis es exactly W and both M and Y. The
knot K 3 is not a stable knot, since the stable models oP®*(f Y (b); W (b)g) are K3 nfY (g(b)g and

KsnfY(g(h); W(g(b)g[f C(g(b)g.

After introducing the necessary notions for the tree-part of forest-shaped interpretations, we
turn to the graph part.

De nition 3.6 (P®). By P® we denote the programGroundP9, where P is obtained from P by
removing all the rules containing function symbol£

The following theorem characterizes the stable models oP. For an interpretation 1, let 1 ¢ be
the set of all atomsA(€) 2 | such that €is a tuple of constants.

Theorem 1. Let | be an interpretation for P. The following two are equivalent.
(A) | is a stable model ofP.
(B) 1 is a forest-shaped interpretation such that

(i) 1€ is a stable model ofP©, and

2Note that P© is nite since its Herbrand universe contains only the constants of P.
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(i) for each term t21, | \HB { is a knot that is stable w.r.t. P.

Proof. (A) ) (B). Assume | is a stable model ofP. We show that (i) follows. Let J := |¢ and
Q := PC. Supposel is a not a stable model of the programQ, i.e., J not a minimal model of Q”.
There are two possibilities:

- J is not a model ofQ?. Then there exists a ruler in Q? such thatbody(r) J andheadr)\J = ;.
This rule, by the de nition, is grounded to constants only. Since, J is a restriction of | to the
atoms that only have constants as arguments,J and | agree on the reduct for the rules ground
with constants only. Hence,r 2 P'. For the same reasonpody(r) | andheadr)\ | = ;, which
implies that | is not a model of the reductP', i.e., | is not a stable model ofP.

- J is a model of Q’, but is not minimal, i.e., there exists H J such that H is a model of
Q’. First, notice that by the de nition of P€ and due to the fact that J is I ¢, it holds that ( )
r2Q’i r2P!"andr is ground to constants only. De ne an interpretation M := H [ (I nJ).
Obviously, M is such that M |. We verify that M is a model ofP'. Indeed, M represents an
interpretation obtained from | by removing some constant-ground atoms. Due to the syntax of
FDNC programs,M could potentially violate only a rule r in P! that is ground to constants only.
However, by (), r 2 Q’ and we assumed thatH is a model ofQ’. We arrive at a contradiction.

In the similar fashion we show that (i) follows. Supposet2l and K := | \HB . That K is a knot
over the signature of P follows from the fact that | is a forest-shaped (see Propaosition|1). Suppose
K is not stable w.r.t. P, i.e., K is not a stable model ofP (U), where U = st(K;t). There are two
possibilities:

- K is not a model of P(U)X. Then there exists a ruler 2 P(U)X such that body(r) K and
headr)\ K = ;. It cannot be a fact since, by de nition, each factA(t) isinP(U)i A(t) 2 K.
Then r 2 P, where P; denotes the program obtained fromP (U) by removing the facts. By the
construction of local programs, Py  GroundP). SinceK = | \HB ¢, K and | agree on the
reduct for the rules in P; and the interpretation of their atoms. This implies r 2 P', body(r) |
and headr)\ | = ;. Therefore, | is not a stable model ofP.

- K is a model ofP(U)K, but is not minimal, i.e., there exists H K such that H is a model of
P(U)K. De ne a new interpretation M := H [ (I nK). Obviously, M |. In the following we
show that M is a model of P', and, hence,|l is not a stable model ofP. SupposeM is not a
model of P'. Then there is a violated ruler 2 P' such that body(r) M and headr)\ M = ;.
Sincel is a model of P! and M is not, then r is of one of the following forms:

(@ Ax(t) _:::_An(t)  Bo(t);:::;Bm(t),

(b) Ru(t;fo(t)) _::i_Ra(tfa(t))  Po(tgo(t))::::;Pm(tgm (1)),

(€ A(f (1) _:::i_Aa(f (1))  Bo(f (1));:::;Bm(f (1)),

(d) Ag(fF(t)) _:::_An(f (1)) Bo(Zo);:::;Bm(Zm);Ro(t;f (t));:::; Re(t; f (1)), or
() Ri(t;fo(t)) _:::_Rn(t;fn(t))  Bo(t);:::;Bm(t),

where eachz; 2 ft;f (t)g,n 0, and m;k > 0. Supposer is of the form (a). Then K nH
contains an atom A(t), for some unary predicate symbolA. It follows that H is not a model of
P(U)X. This is due to the fact that P(U)X contains A(t) by the de nition of local programs.
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Therefore r is of type (b), (c), (d), or (e). Due to K = | \HB ; and the de nition of P(U),
it follows that r 2 P(U)X. Due to body(r) M, M = H[ (I nK), and the atoms that may
occur in the body of r, we havebody(r) H. Furthermore, due to headr)\ M = ;, we have
headr)\ H = ;. Contradiction to the assumption that H is a model of P (U)X .

(B) ) (A). Suppose (B) holds, but | is not a stable model ofP, i.e., | is not a minimal model of
P'. Again, there are two possibilities:

- | is not a model of P'. Then there exists a ruler in P' such that body(r) | andheadr)\ | = ;.
It cannot be the case thatr is ground to constants only. This is due to the fact that | © is a stable
model of P® and that r is included in the reduct of P® w.r.t. |¢. Satisfaction of the rest of the

rules follows directly from the fact that, for each term t21, K := | \HB . is a knot that is stable
w.r.t. P.
- | is a model of P!, but is not minimal, i.e., there exists H | such that H is a minimal model of

P'. Due to forest-shaped model propertyH is forest-shaped. IfH® 1€, then I ¢ is not a stable
model of P®. Then it has to be the case thatH® = | ¢ and there exists some termt satisfying
the following 2 conditions.

(a) It holds that:

() A(t) 21 and A(t) 62H, for some unary predicate symbolA, and t is not a constant, or
(I R(t;s) 2 1 and R(t;s) 62H, for some binary predicate symbolR and a term s,

(b) Each subterm v of t violates (a).

Intuitively, t is some (smallest w.r.t. depth) term wherel and H disagree on the interpretation
of atoms. Supposet satis es (I) (and possibly (1)), and is of the form f (s). By assumption,
K := | \HB s is stable w.r.t. P. Due to the selection oft, K°:= H \HB s is a knot such
that K K and st(K®s) = st(K;s) =: U. Itis easy to verify that since H is a model ofP',
then K %is a model of P(U)X, and, hence,K is not stable w.r.t. P. Contradiction. Supposet
does not satisfy (I) but satis es (II). Again, by assumption, K := | \HB  is stable w.r.t. P.
Due to the selection oft and failure of (1), K%:= H \HB ; is a knot such that K® K and
st(K%t) = st(K;t) =: U. Again, if H is a model ofP', then K %is a model ofP (U)X, and, hence,
K is not stable w.r.t. P. Contradiction.

O

3.2 Finite Representation of Stable Models

By the semantic characterization of the stable models of arFDNC program from above, we may
view them as being composed of stable knots. More precisele show that Theorem1 allows us to
obtain a nite representation of the stable models, which isbased on the observation that although
in nitely many knots might occur in some stable model of a program, only nitely many of them
are non-isomorphic modulo the root term.

De nition 3.7 (K4 ). Let K be a knot with a root term t. By K4, we denote the knot obtained
from K by replacing each occurrence of in K with a term u.
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Indeed, if the program P has an in nite stable model |, then the set of knotsL := f(I \HB {) |
t21gis in nite. However, for a xed term t, the setL%:= fKy4 j K 2 Lgis nite as there are
only nitely many knots with the root term t over the signature of P. Intuitively, if we view t as a
variable, then eachK 2 L can be viewed as an instance of some knot ih®

To talk about sets of knots with a common root term, we assume aspecial constantx not
occurring in any FDNC program. We call a setL of knots x-grounded if all its knots have the root
term x. The following notion collects the knots occurring in a stade model and abstracts them
using X.

De nition 3.8  (Scanning). Let | be a forest-shaped interpretation forP. We de ne the set of
x-grounded knots asK (1) := f(I \HB ), jt2lg.

In the following, we show that x-grounded sets of knots can be used to represent the stable
models of anFDNC program. First, we observe that the stability of a knot is preserved under
substitutions.

Proposition 2. If K is a knot that is stable w.r.t. P, and u is an arbitrary term, then Ky, is
stable w.r.t. P.

Proof. Indeed, if we consider a stable model of a propositional pragm, then the global renaming
of propositional atoms in the model and in the program preseves the property. O

We introduce a notion of founded sets ofx-grounded knots. The intention is to capture the
properties of the setK(l') when | is a stable model ofP. To this end, we need a notion ofstate
equivalenceas a counterpart for substitutions in knots. Formally, statesU' and VS are equivalent
(in symbols, Ut VS), if Ut = fA(t) j A(s) 2 VSg, i.e., in both states terms satisfy the same unary
predicates.

De nition 3.9  (Founded Knot Set). Let S6 ; be a set of states. A setL of x-grounded knots
that are stable w.r.t. the program P is founded w.r.t. P and S, if the following hold:

1. For eachU 2 S, there existsK 2 L such that U  st(K; x).
2. For eachK 2 L, the following hold:

a. for eachs 2 sucdK), there exists K °2 L s.t. st(K;s) st(K %x), and
b. there exists a sequencéK o;:::;Kni of knots in L such that:
- Kp=K,
Ko is such that st(K; x) U for someU 2 S, and
foreach 0 i<n, there existss 2 sucdK;) s.t. st(Ki;s) st(Kj+1;X).

For an interpretation 1, let S(I) denote the set of states of constants occurring inl, i.e.,
S(1) = fst(l;c)jc2l is a constang. The following is easy to verify.

Proposition 3. Let | 2 SM(P). Then K(I) is a set of knots that is founded w.r.t.P and S(I ).

In what follows, we provide a construction of stable models at of knots in a founded set.
Moreover, we show that for a given consistent program there xésts a founded set of knots that
captures all the stable models.
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Generating Stable Models out of Knots

We state formally the construction of forest-shaped interpretations out of knots in a founded set.
To this end, we rst state the construction of trees which are represented in the standard way by
pre x-closed sets of words. For a sequence of elements= [e1;:::;€ey], let (p) denote the last

De nition 3.10 (Tree Construction). Let L be a set of knots that is founded w.r.t. P and a set
of states S, and let U! be a state such thatU! V, for someV 2 S. A set T of sequences, where
each element in a sequence is a tuple of a knot and a term, is ¢edl a tree induced byL starting at
Ut, if the following hold:

(@) [K;ti]2 T, whereK 2 L is s.t. st(K; x) U

(b) If there exists p2 T with (p) = MK;ti andf (x) 2 sucdK ), then there exists [pjhK & f (t)i]2 T,
whereK %is a knot in L s.t. st(K;f (x))  st(K®x).

(c) T is minimal, i.e., eachT? T violates (a) or (b).
We state the transformation of trees into Herbrand interpretations.

De nition 3.11 (Ts). Let T be a tree induced by a founded set of knotd. starting at some state.
We de ne the set of atoms T ;= fKx jp2 T with (p) = HK;tig.

We generalize the construction of trees to forest-shaped imsrpretations.

De nition 3.12  (Forest Construction). Let G be a set of atoms ground with constants of program
P only, and L be a set of knots founded w.r.t.P and a set of statesS S(G). Then F(G;L) is
the largest set of forest-shaped interpretations

1= G (To),[ o[ (T),

starting at st(G;¢).

F (G;L) represents all the interpretations that can be build from G by attaching, for each of
the constants, a tree induced byL.

Theorem 2. If G2 SM(P®), L is a set of knots that is founded w.r.t.P and someS S(G),
then F(G;L) 6 ; and eachl 2 F (G;L) is a stable model ofP.

Proof. Indeed, F(G;L) 6 ; due to foundedness olL.. Assume somed 2 F (G;L). EachK 2 L is
stable w.r.t. P. Then due to Proposition (2, for each termt21, | \HB  is a knot that is stable
w.r.t. P. Keeping in mind that G 2 SM (P ©), Theorem[1 implies that | is a stable model ofP. O

We showed that stable model existence can be proved by checlg that some founded set of
knots exists. As we see next, the properties of founded setd &nots imply that we can obtain a
set capturing all the stable models of a program.
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Capturing Stable Models

The following property of founded sets of knots is obvious.

Proposition 4. Let L; and L, be sets of knots founded w.r.tP and sets of statesS; and S
respectively. ThenL,[ L, is founded w.r.t. P and S; [ S».

At this point, we introduce a founded set of knots, which will capture all the stable models.
First, let S(P) denote the set of states that occur in the stable models oP©, i.e., S(P) := fst(G;¢) j
G2 SM(P®) ~ c2Gg.

De nition 3.13 (Kp). We denote by Kp the smallest set of knots which contains every set of
knots L that is founded w.r.t. P and someS S(P).

Due to Proposition |4/ and De nition 3.13] the following is imm ediate.

Proposition 5.  For the program P, the following hold:

(@) If Kp 6 ;, then Kp is founded w.r.t. P and someS S(P).

(b) If L is a set of knots that is founded w.r.t.P and someS S(P), then Kp is founded w.r.t.
P and someS°® S.

(c) Each L Kp is not founded w.r.t. P and anyS S(P).

It is easy to verify that a stable model I can be reconstructed out of knots inK(l). Naturally,
the same holds for any superset oK(l) satisfying De nition 3.9.

Proposition 6. If | is a stable model ofP, then| 2 F (1% L) for each set of knotsL ~ K(I) s.t.
L is founded w.r.t. P and some set of stateS S(I°).

The following will be helpful.

De nition 3.14  (Compatible Kp). We say Kp is compatible with a set of states S, if for each
state U 2 S, there existsK 2 Kp s.t. U st(K; x).

The crucial property of Kp is that it captures the tree-structures of all the stable modds of P.
Together with the stable models of P€, it represents the stable models of.

Theorem 3. Let | be an interpretation for P. Then, | 2 SM(P)i | 2 F(G;Kp), for some
G 2 SM(P©) s.t. Kp is compatible with S(G).

Proof. If | 2 SM(P), then, by Proposition 3} K(I) is founded w.r.t. P and S(I ). By de nition,
K(l) Kp. By Proposition 5| Kp is founded w.r.t. P and someS  S(I°). By Proposition 6,
I 2F (1% Kp). The other direction is proved by Theorem 2. O

We have obtained a nite representation of the stable modelsof a FDNC program P. Indeed,
each of its stable models can be generated out of some stableodel of P¢ and a set of knotsKp.
We can view P € together with Kp as a compilation of the logic programP that can be exploited
for reasoning and stable model building. We will discuss trs further in Sections/5 and 6, where
computational cost is addressed.
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[ Problem [F | FD [ FC | FDC, FN, FNC, FDNC |
Consistency Trivial Trivial PSpace (6.2) | ExpTime (5.2,/6.1)
PFEbA(®D P (6.3) P (63 PSpace (6.2) | ExpTime (5.3)

P Fp 9%A(%) || PSpace (6.3) | PSpace (6.3) PSpace (6.2) | ExpTime (5.3)
PFEcAM P (6.3) co-NP (6.3) PSpace ExpTime
P Fc 9%A(%) || PSpace ExpTime PSpace ExpTime
P Fc %A (%) || PSpace ExpSpace (5.4) | PSpace ExpSpace (5.4)

Table 1: Complexity of FDNC and Fragments (Completeness Results)

4 Complexity Results

This section gives a brief overview of our results on the conlpxity of the main reasoning tasks
in FDNC and its fragments, which are compactly summarized in Table 1 An in-depth analysis
and the reasoning techniques for the derivation are given irthe following two sections. Here, we
give some intuition behind the results and discuss how somefahem can be derived from a core of
results.

As shown in the previous sectionFDNC programs have forest-shaped stable models. Naturally,
reasoning inFDNC involves construction of forest-shaped interpretations (h the following, forests).
Consistency testing involves building a forest-shaped stdle model, while brave/cautious reasoning
requires checking whether some property holds in some/alltable models that can be built. How-
ever, an FDNC program may have in nitely large stable models, and therefage the construction
has to employ some direct or indirect blocking technique to top the construction after su cient
information is acquired.

The forest-shape model property implies that blocking of themodel construction is feasible
and, hence, the decidability of FDNC for major reasoning tasks can be established. Indeed, a
continuous construction of a forest will lead to re-occurreres of patterns, e.g., states of terms, non-
isomorphic labeled arcs, or non-isomorphic trees of depth Jetc. To give the algorithms for FDNC,
we could resort to the methods of Description Logics (DLs), vhich usually have a forest-shape
model property, and are usually decided by Tableaux methodswith blocking. Unfortunately, such
methods are not very suitable for our case. First, they cannbeasily handle minimality testing,
and are generally not worst-case optimal. Second, Tableaux sthods are designed for consistency
testing, while some important tasks from non-monotonic reasning, e.g., brave reasoning, cannot
be reduced to consistency testing.

Therefore, our algorithms for FDNC rely on the nite representation of stable models in terms
of maximal founded sets of knots. In Section 5.1, we show howotderive the setKp of knots
for a given FDNC program P in single exponential time in the size of P. This is possible as
the number of distinct x-grounded knots is bounded by a single exponential. GiverKp, several
standard reasoning tasks can be solved in time polynomial inthe size of Kp; hence, overall they
are in ExpTime . This includes consistency testing (Section 5.2), brave dailment of ground and
existential queries (Section 5.3), as well as cautious entimnent of ground and existential queries
(which is easily reduced to consistency testing). These upgr bounds are tight for FDNC. It
is easy to see that a decision procedure needs to explore fete whose depths are bounded by
a single exponential in the size of the input program. Howeve due to the disjunction or non-
monotonic negation in an FDNC program, the number of such candidate forests may be too high
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for a procedure to traverse them in polynomial space.TE: Intition for EXPTIME-hardness is
not fully convincing. The ExpTime -hardness of consistency testing is proved in Section 5.2 byna
encoding of anExpTime -hard Description Logic ALC, which is extended toFN in Section 6.1. The
hardness of consistency testing directly provides lower bands for brave and cautious entailment of
ground and existential queries.

For the fragment FC of FDNC, the picture is di erent. Such programs have the unique modé
property, i.e., if a stable model exists, it is unique. For the standard reasoning tasks, this implies
that a procedure needs to navigate a unique forest searchinfpr a node with a certain property,
e.g., the one that causes an inconsistency, or satis es a que Furthermore, the procedure needs
to navigate only the depths bounded by a single exponential.Our algorithms navigate the forest
by non-deterministically guessing the paths through function symbols and building necessary parts
of a stable model. They run in polynomial space and can, by Satch's result [46], turned into
deterministic polynomial space algorithms. The PSpace -hardness of consistency testing is shown
by an encoding ofPSpace Turing machines, which is extended to other standard reasoimg tasks
(see Section 6.2 for more details).

If we disallow non-monotonic negation and constraints, the omplexity drops even more. Con-
sistency testing in both F and FD is trivial, while the complexity of ground entailment drops to
lower levels of the polynomial hierarchy, and correspondsd the complexity of propositional logic
programming. This is because the consistency needs not be sured, and the necessary condi-
tions can be veri ed locally within polynomial distance from the graph part of the input program.
Section 6.3 discusses the results fdf and FD.

The last row in Table 1 lists the complexity of open queries. [eciding cautious entailment
of open queries iNFDNC is ExpSpace -complete and thus harder than cautious entailment of
existential queries. Intuitively, this is because to searb for a term that satis es a property in each
stable model of a program, we must look at branches beyond sije exponential length. However,
the length can be bounded by a double exponential, and we carhtis manage to answer the query
in single exponential space; Section 5.4 provides the detai

The main entries in Table 1 are presented with the referenced the section that discusses the
problem in detail. The remaining entries can be justi ed as follows:

(i) F and FD are Horn programs, and therefore are always consistent.

(i) PSpace -hardness (resp.ExpTime -hardness) ofP . 9%:A(x%) in F and FC (resp. in FD and
FDC) follows since consistency checking with constraints i-C (resp. FDC) can be reduced to
cautious inference. On the other hand, completeness alsolfows because cautious inference
can be reduced to inconsistency testing in the standard way.

(iii) Similarly, PSpace (resp. ExpTime ) membership of P . A(t), where P is an FC program
(resp. FDC, FN, FNC or FDNC), is due to the fact that the task can be reduced to checking
consistency ofP [ f A(Dg. On the other hand, hardness follows from the fact thatP is
inconsistent i P . AQt) where A%is a symbol not occurring in P and t is arbitrary.

(iv) PSpace-completeness oP . %A (%) in F and FC follows because these fragments have the
unique stable model property, and hence cautions entailmenof open and existential queries
coincide; the latter is PSpace -complete.

To ease presentation, we use a lemma that allows us to conceate on unary queries.
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Lemma 1. Let C be a complexity class in Table 1, and leL be from the F family. Then:

() If deciding the consistency of a given program inL is C-hard, then deciding brave entailment
of queries (ground or existential, unary or binary) is C-hard in L as well.

(i) Brave entailment of unary existential (resp., ground) queries is C-complete for L i brave
entailment of binary existential (resp., ground) queries § C-complete for L.

(iif) Cautious entailment of unary open queries is C-complete for L i cautious entailment of
binary open queries isC-complete for L.

5 Complexity of FDNC

This section discusses the complexity of reasoning ifRDNC and provides worst-case optimal algo-
rithms together with the matching hardness results. The mehods for consistency testing, deciding
brave entailment of ground and existential queries and caubus entailment of open queries rely on
the nite representation of stable models in terms of the setKp of knots which, together with the
set SM (P ©), captures all the stable models ofP (see Theorem 3).

5.1 Deriving Maximal Founded Set of Knots

To derive Kp, we proceed in two phases. In the rst phase, we generate thees of knots All(P) that
surely contains Kp. In the second phase, we remove some knots from it to ensure dh it satis es
De nition 3.13.

To ease the presentation, for a knot set_, let stategL) := fst(K;s)jK 2L, s2sucdK)g, i.e.,
stateqL) is the set of all states of the successor terms of knots ih.

De nition 5.1  (All(P)). For an FDNC program P, let All(P) be the smallest set ofx-grounded
knots satisfying the following conditions:

a) If U2 S(P) and K 2 SM(P(U)), then Ky 2 All(P).
b) If U 2 stategAll(P)) and K 2 SM (P (U)), then K 2 All(P).

Intuitively, All(P) contains by construction each set of knots that is founded wr.t. P and some
set of statesS S(P). The problem is that All(P) might contain a knot K such that some
s 2 sucdK) has no potential successor knot (see (2.a) in De nition 3.9. Such knots should be
removed from All(P).The second phase deals with this problem.

De nition 5.2  (reachL;S)). For any set of x-grounded knotsL and set of statesS, reach(L;S)
is the smallest set of knots such that:

a)ifuU2S,K2LandU st(K; x), then K 2 reaciL;S), and
b) if U 2 stateqreachL;S)), K 2 L andU st(K; x), then K 2 reachL;S).

Intuitively, reachL;S) are the knots in L reachable from the states inS. Indeed, ifreaciL;S) =
L, then L ful lls condition (2.b) of De nition 3.9 to be founded w.r.t . S.

Theorem 4. If P is an FDNC program, then Kp = reaciAll(P); S(P)).
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Proof. Let L := reacHAll(P); S(P)). We verify that L satis es the conditions in De nition 3.13,
i.e., L is the single -minimal set which contains each knot setL 9 that is founded w.r.t. P and
someS S(P).

Indeed, L° All(P) by construction. Moreover, due to the de nition of reach we havelL® L.
SupposelL is not minimal, i.e., there exists someN L that contains every knot set L that is
founded w.r.t. P and someS S(P). Then L must be nonempty. It follows that L is founded w.r.t.
P and someS S(P). First, the de nition of All(P) ensures that all the knots in L are stable.
Second,reachensures that every knot inL has proper successors to satisfy (2.a) in De nition 3.9,
and has a proper sequence of predecessors to satisfy (2.baching a state inS(P). By assumption
on N and the foundedness ofL, we haveL  N. This, however, contradicts N L. Thus L
satis es De nition 3.13, i.e., Kp = L. O

It is easy to see that to computeKp we need time at most single exponential in the size of an
FDNC program P. The claim is immediate from the following observations:

{ The number of x-grounded knots overP is bounded by a single exponential in the size oP.
More precisely, the number is bounded bymax = 2"*k(*m) ‘when P hask function, n unary,
and m binary predicate symbols.

{ Computing All(P) requires adding at mostmax x-grounded knots. Each such knot has polyno-
mial size and its stability is veri able using an 5 = NPNP oracle. Thus, All(P) is computable
in time single exponential in the size ofP.

{ The size of S(P) is bounded by a single exponential in the size oP.

{ Computing reacHL;S) is polynomial in the combined size ofL and S. Hence, reaci{All(P);
S(P)) can be computed in time that is polynomial in the size of All(P) and S(P).

5.2 Deciding Consistency

Once the setKp for an FDNC program P is derived, it can be readily used for consistency testing.
We will see that the resulting algorithm is worst-case optimd.

Theorem 5. For every FDNC program P, the following are equivalent:
(i) P is consistent.
(i) For some G2 SM(P®), the setKp is compatible w.r.t. S(G).

Proof. If | is a stable model ofP, then by Theorem 3 there exists someG 2 SM (P ©) such that
Kp is compatible w.r.t. S(G). The other direction is proved by Theorem 2. O

By this theorem, to decide consistency ofP we can search for a stable modet of the program
PS such that for each constant of P, Kp can start the tree construction (i.e., Kp is compatible
with S(G)). We obtain the following result.

Theorem 6. Deciding whether a givenFDNC program is consistent is in ExpTime .
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Proof. Deciding whether Kp is compatible w.r.t. S(G), for some G 2 SM (P ©), is feasible in time
polynomial in n + m, where m is the size ofKp and n is the size ofSM (P®). Overall, this can
be done in time single exponential in the size ofP, since both m and n are single exponential
in the size of P. Since SM (P ©) is computable in single exponential time, the result follov from
Theorem 5. O

As we have pointed earlier already, we can sep together with P® as a compilation of the
FDNC program P. Out of this compilation, we can gradually build a stable model of P by continuing
the tree construction for some stable modelG of P© using knots from Kp (and every stable model
of P results by proper choices). Here the hard part is computing astable model G 2 SM (P ©),
which depending on the complexity of function-free logic prgrams is 5 -hard already for FD, NP -
hard already for FN, and polynomial for F and FC. Checking the compatibility of Kp with S(G) is
polynomial, and each tree expansion step using a knot fronkKp is feasible with low computational
(clearly polynomial) cost. Note that this model-building te chnique is complementary to computing
a stable model of an ordinary (function-free) logic program,and may be realized on top of traditional
stable model engines (like DLV or Smodels).

In the following, we show that the algorithm emerging from Theorem 5 is worst-case optimal.
The proof is by a polynomial-time translation of consistencytesting in the Description Logic ALC,
which is ExpTime -hard, to consistency testing in FDC. The translation is interesting in its own
right, as it provides a translation of the core of expressiveDescription Logics into logic programming.

De nition 5.3 (ALC Syntax). Let C f> ;?g, R, and | denote the sets ofconcept names role
names and individual names, respectively. Conceptsare de ne inductively: (a) every concept name
in C is a concept, and (b) if C, D are concepts andR is arole, thenCuD, Ct D, : C, 8R:C, and
9R:C are also concepts. IfA is an atomic concept, thenA and : A are literal concepts.

A general concept inclusion axiom(GCl) is an expressionC v D where C, D are concepts. An
assertion is an expressionC(a) or R(a;b), where a;b 2 I, R is a role name, andC is a concept
name. An ALC knowledge basés a nite set of GCIs and assertions.

Each ALC knowledge baseK has a model-theoretic semantics, which is given via a mappingf
K into a set of sentences in rst-order logic, shown in Figure 3 gee e.g. [33] for details). The major
reasoning task inALC is deciding the consistency of a givenK, i.e., of the rst-order theory ( K).
We now provide a polynomial time translation of normalized ALC knowledge baseX into FDC
programs PX such that K is consistent i PK is consistent. Normalized knowledge bases obey
certain structural constraints which makes presenting thetranslation easier.

De nition 5.4  (ALC Normal Form). An ALC knowledge baseK is in normal form, if its GCI
axioms are of one of the following forms:

(T1) Apu:::uApv Bot :::t B,
(T2) Agu::iuApv?,

(T3) >v Bot :::t B,

(T4) Agv9R:By, or

(T5) AoV 8 R:By,
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Mapping knowledge baseK
(K= xf(C)g
Mapping axioms
(CvD)=(8x)( (C;x)! (D;x))
( C(a) =pc(a)
( R(ajb) = pr(a;b
Mapping concepts and roles

(A; X)) =pa(X)
(:C;X)=: (C;X)
(=;X)=>
(?;X)=7?

(Ct D;X)= (C;X)_ (D;X)
(Cub;X)= (C;X)" (D;X)
(BR:C; X)) =(8y)(pr(X;y) ! (Ciy))
(OR:C; X) =(9y)(Pr(X;y) " (C}y))

Note: X is a meta-variable that is replaced by an actual variable.

Figure 3: Semantics of the DLALC by mapping to rst-order logic

wheren;m > 0, and eachA; and B; is atomic, but is neither > nor ? 3 Additionally, if K is in
normal form and does not contain axioms of type (T3), thenK is safe

Importantly, we can normalize any ALC knowledge baseK e ciently.

Proposition 7.  Given any ALC knowledge basé&, we can obtain in linear time a safe knowledge
baseK?in normal form such that K is consistent i K%is consistent.

The proof, which is based on well-knownde nitional form transformations , is given in the
appendix.

Applying to a knowledge base K in normal form leads us close to the syntax oFDC programs.
However, the rules of type (T3), in which > is the only concept in the antecedent of an axiom,
causes a problem. Indeed, K contains some axiom>v A, then ( K) contains the formula
8x:A(x), which leads to A(x) in the rule representation. Non-ground rules containing empy
bodies, which are unsafe, are not allowed ifrFDNC programs, and therefore we require safety of
ALC knowledge bases.

We are now ready to de ne the translation. For any safe knowlelge baseK in normal form, let
PK denote the FDNC program that results after applying the translation rules in Table 2.

Proposition 8. Let K be a safe knowledge base in normal form. TheK is consistenti PX is
consistent.

Proof. It is easy to verify that PX is a rule-representation of the rst-order theory that is obtained
from ( K) by applying skolemization and a satis ability preserving transformation for the axioms
of type (T4). By Herbrand's Theorem [28], PX is consistenti ( K) consistent. O

3A similar normal form for the weaker Description Logic EL*" has been described in [4].
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Axioms of K Rules of PX
(T)) Apu::iiuApv Bot ::i:it By | Bo(X)_:::_Bm(X)  Ao(X);:::;An(X)
(T2) Agu::iuApv? Ao(X); 15 An(X)
(T4) AVIR:.C RAx;f (x)) A(X)
R(xy) RYxy)
Cly) RYxy)
(T5) Av8R:.C Cly) AX);R(XY)
A(a) A(@
R(a; b) R(a;b
wheren 0, f is fresh function symbol, R%is a fresh binary predicate symbol.

Table 2: Translating ALC into FDNC

Note that PK is in fact positive and constructible in linear time from K. Hence, Propositions 7
and 7 and the well-known ExpTime -hardness ofALC [47] imply that deciding consistency of FDC
and FDNC programs iseExpTime -hard. Combined with Theorem 6, we establish the completenes
result.

Theorem 7. For FDC and FDNC programs, checking consistency i€xpTime -complete.

5.3 Brave Entailment of Queries

As we did for consistency checking, we exploit the selKp for a program P to provide algorithms for
brave reasoning. We rst discuss entailment of existentialunary atomic queries, and then move to
ground queries. The general intuition behind the method is b perform some \back-propagation”
of unary predicate symbols in the set of knots.

De nition 5.5 (E_). Let L be a set of knots founded w.r.t. aFDNC program P and a set of states
S. Let C be the set of unary predicate symbols occurring inP. By E we denote the smallest
relation over L C closed under the following rules:

(@) if K 2 L and someA(x) 2 K, then KK;Ai2E_, and
(b) if K92 L is a possible successor ¢¢ 2 L, and K Ai2 E., then lK;Ai2 E .

Intuitively, hK;Ai2E_ means that, starting from K, a sequence of possible successor knots
will eventually reach a knot containing A(x). Since Kp together with SM (P ©) capture the stable
models of P, we have the following:

Theorem 8. Let P be anFDNC program. The following two are equivalent.
(A) P FpIxXA(X).
(B) There exists someG 2 SM (P®) such that the following hold:

() Kp is compatible w.r.t. S(G), and
(if) for some constant c and K 2 Kp, st(G;c) st(K; x) and iK;Ai2 Ek, holds.
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Theorem 8 provides us with an algorithm, since brave entailnent of existential queries can be
decided by verifying the condition (B) of the theorem. As eadly seen, the condition is veri able
in time single exponential in the size of theP. Indeed, computing Ex, requires time quadratic in
the size ofKp, or single exponential in the size ofP. OnceKp, E¢,, and SM (P©) are computed,
the conditions in (B) are veriable in time polynomial in the combined size ofKp, E¢,, and
SM (P ©). Hence, (B) can be veri ed in time single exponential in the size ofP, that is, for a given
FDNC program, the problem of deciding whether it bravely entailsa unary existential query is in
ExpTime . On the other hand, due to Theorem 7 and Lemma 1, we know that bave entailment
of unary existential queries isExpTime -hard already for FDC. Keeping that in mind, we conclude
the following.

Theorem 9. For FDC and FDNC programs, brave entailment of an existential unary query is
ExpTime -complete. The same holds for binary existential queries é& Lemma 1).

The method for deciding brave entailment of ground queries s based on an adaptation of the
algorithm for the existential queries.

De nition 5.6 (GE). Let g= A(t) be a ground atom andL be a set of knots founded w.r.t. an
FDNC program P and a set of statesS. Let T be the set of subterms of the termt. Then C{‘ is
the smallest relation overL T such that:

(@) if K 2 L and A(x) 2 K, then IKK;ti2 G/, and

(b) if there exist (i) K 2 L with f(x) 2 sucgK) and (i) K°2 L s.t. st(K;f (x)) st(K%x) and
hKCf(v)i2 G, then IK;vi2 G/

Suppose we have a querg = A(f (g(f (c)))) and a knot K in L such that KK; ci 2 Gf_*. Intuitively,
this means there exists a tree construction starting with a 0ot term c that will eventually contain
the atom A(f (g(f (c)))). Due to the properties of Kp, we have the following.

Theorem 10. Let P be anFDNC program and q a ground unary query. Suppose is the single
constant occurring in g. The following two are equivalent:

(A) PFoa.
(B) There exists someG 2 SM (P ©) such that

(i) Kp is compatible w.r.t. S(G), and
(ii) there exists someK 2 Kp such thatst(G;c) st(K; x) and HK;ci2 GEP.

By similar arguments as for existential queries, we can seéhat checking condition (B) is feasible
in time single exponential in the size of P and gq. Note that computing GEP is feasible in time
polynomial in the size of Kp and g, or single exponential in the size ofP and g. Once Kp,
Ggp, and SM (P ©) are computed, the conditions in (B) can be veri ed in time polynomial in the
combined size ofKp, Gﬂp, and SM (P ©), each of which is single exponential in the size oP and
g. It follows that for a given FDNC program, the problem of deciding whether it bravely entails
a unary ground query is in ExpTime . Combined with Theorem 7 and Lemma 1, we establish the
completeness result.

Theorem 11. For FDC and FDNC programs, brave entailment of a unary ground query i€xpTime -
complete. The same holds for binary ground queries (see Lenanl).
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5.4 Cautious Entailment of Open Queries

In the previous sections, we presented methods for brave eatiment of existentially quanti ed or
ground queries. As shown in Section 4, cautious reasoning oabe easily reduced to consistency
testing. All these tasks areExpTime -complete for FDNC. This section deals with cautious entail-
ment of open queries, which turns out to be harder (under widéy adopted beliefs in complexity
theory).

Like for other reasoning methods discussed, we base our metti on the setKp of an FDNC
program P. As we have seen, each stable model & can be constructed by taking a compatible
graph and building a tree for each constant. Indeed, ifP F. A(t) holds, each tree construction
starting at the constant of t from knots in Kp must eventually reacht satisfying A. To talk about
such forcing, we introduce the following notion.

De nition 5.7.  (Converging Sequence) LetA be a unary predicate symbol ofP. A nonempty

sequence °;'f-—11;:::;%—:], were eachl; Kp is nonempty, c is a constant, andf,;:::;f, are

function symboils, is called aconverging sequence foA (w.r.t. Kp) if the following hold:

(1) foreachK 2 L; 1, wherel j n,fj(x)2 sucdK);

(2) for eachK 2 Lj 1, where 1 | n, and eachK®2 Kp, st(K;fj(x))  st(K%x) implies
KO2 Lj;

(3) if K 2 Ly, then A(x) 2 K.

Furthermore, to talk about knots that can start model constr uction, we use the following notion.
For a constant ¢, let seedéc;P) := fK 2 Kp jst(x;K) st(c;G) " G2 SM(P%)g.

Proposition 9. Let P be a consistent=-DNC program and let x:A (x) be an open query. TherP .

x:A (x) i there exists a converging sequences = ['-TO; 'f-—ll; b 'f-—:] for A, where Lo = seedéc; P).
The proposition above characterizes cautious entailment bopen queries in terms of existence

of converging sequences. To provide an algorithm, we next shwv that the length of converging

sequences can be bounded by a double exponential in the sizktbe initial program.

Proposition 10. For every converging sequenc@'-TO; %—11; i 'f-—:] for A there exists a converging
0 0 A ) . . 3 A

sequence[LTO; ?—5; i %m ] for A such thatm j Fj 2Kri+1, whereF is the set of function symbols
1 m

occurring in P.

Proof. There are onlyjFj 2Xri distinct pairs fL of a function symbolf and a set of knotsL  Kp.

Supposes = ['-TO; %—11; i 'f-—:] is a converging sequence foA and fE is an element ofs that occurs
more than once, rst at position 0 < k and last at position k < |. It is easy to verify that
[he; Fyn; %—kk; %l':ll ;i1 £+ is a converging sequence foA where + occurs only once. Note that

the rst element of the sequence is preserved. It follows thathere exists a converging sequence
s0for A that does not contain duplicates of its elements, while its rst element is =2. Indeed, s°
cannot be longer thanjFj 2Kri+1, and thus the claim holds. O

The following theorem follows directly from Proposition 9 and Proposition 10.
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Algorithm  openQueries (FDNC program P, open query x:A (X))
Output: true i there exists t s.t. P ¢ A(t)
if P is inconsistentthen
return true
end if
Guess some constant of P;
L := seedéc; P);
repeat
if A(x)2 K for eachK 2 L then
return true
end if
Guess somd 2 F;
if there existsK 2 L such that f (x) 62K then
return false

else
Lawx .= fKO2 Kp jst(x;K9Y st(f (x);K)*K 2 Lg;
L = Lavw,
=i+l
end if o
until i =jFj 2Kei+1

return false

Figure 4: Non-deterministic procedure for cautious entailment of open queries;Kp is assumed to
be precomputed,F is the set of function symbols ofP.

Theorem 12. Let P be anFDNC program and x:A (x) be an open query. TherP . XA (X) i
Pis inconsistent or there exists a converging sequen¢écﬂ; 'f-—ll; i 'f-—:] for A, whereLy = seedsc; P)
andn j Fj 2Kel4+1,

Based on this theorem, we present in Figure 5.4 an algorithmhat decides cautious entailment
of open queries by checking the existence of a converging semce of at most double exponential
length. We assume that the setKp for the input program P is precomputed. The procedure
non-deterministically guesses a sequence of functions symls and veri es the conditions in De ni-
tion 5.7. Furthermore, the procedure can be implemented to un in non-deterministic exponential
space. Indeed, storing the seKp and the double exponential counter requires at most exponedral
space, while the rest of the constructs require at most lineaspace. By Savitch's result [46], we can
turn the algorithm into an ExpSpace -algorithm, which establishes the ExpSpace -membership.
By a generic Turing machine encoding, we show that the problm is also ExpSpace -hard, even for
FD and FN programs (see appendix).

Theorem 13. Cautious entailment of open queries inFD, FN, FNC, FDC and FDNC programs
is ExpSpace -complete.
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6 Complexity of Fragments

In this section, we consider the complexity of reasoning inhe fragments of FDNC. Some reasoning
tasks are already covered by the results of the previous sdon and the discussion in Section 4,
including cautious entailment of existential queries inFD (cf. Theorem 7) and cautious entailment
of open queries (cf. Theorem 13).

We rst show thatin FN, all reasoning tasks remain as hard as in fulFDNC. All other reasoning
tasks that remain to be considered are at mostPSpace -complete, and in some cases at low levels
of the polynomial hierarchy.

6.1 Reasoning in FN and FNC

We show that the consistency problem forFDC reduces in polynomial time to the consistency
problem for FN. Since the reasoning tasks that we considered (consisten@nd brave entailment)
are ExpTime -complete for FDC, the reduction implies that they are all ExpTime -complete for FN
and FNC.

The plan is as follows. We rst construct, given an arbitrary FDC program P, an FN program
F (P) whose set of stable models coincides intuitively with the st of all possible (forest-shaped)
Herbrand interpretations for P. We then structurally transform P into an FN program P° such
that the FN program P°[ F(P) is consistent i P is consistent.

We assume that for each unary (resp., binary) predicate symbl Q of P there is a unary (resp.,
binary) predicate symbol Q available which does not occur inP. Moreover, let Dom and A°® be
fresh unary predicate symbols, and letS be a fresh binary predicate symbol not occurring inP.

De nition 6.1 (F(P)). By F(P) we denote the smallestFN program that consists of the following
rules:

(F1) Dom(c) ,

(F2) S(c;d)

(F3) S(x; T (X)) Dom(x),

(F4) Dom(y) S(x;y),

(F5) A(%) Dom(x%); not A(%),
(F6) A(x%) Dom(x%); not A (%),
(F7) AC(%) A(%); A(%); not AS(x),

for each pair c; d of constants of P, each function symbolf of P, each predicate symbolA of P.
Above, x = hxi if A is unary, and x = hx;yi if A is binary.

The properties of F (P) are stated next.

Proposition 11.  An interpretation | is a stable model of (P) i | is a forest-shaped interpretation
such that the following hold:

() S(c;d) 2 1, for each pair c; d of constants of P,
(2) Dom(t) 2 1, for each term t21,

(3) S(t;f (t)) 2 1, for eacht2l and each function symbolf of P,
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(4) fA(t);A(t)g\ 1j=1, for eacht2l and each unary predicateA of P, and

(5) S(s;t) 21 implies jf R(s;t);R(s;t)g\ Ij =1, for each pair s;t21 and each binary predicateR
of P.

Intuitively, F(P) generates a set of forest-shaped interpretations foP. Next we show how to
Iter out the interpretations that do not satisfy the rulesi n P. If some interpretation | remains, then
P is consistent. Note that suchl would not necessarily correspond to a minimal model oP. For
technical reasons, we assume that the rules of type (R6) occring in P are not disjunctive, i.e., there
is at most one literal in the head of the rule. It is easy to seelat, in caseP has such rules, they can
be eliminated in linear time while preserving consistency.Indeed, R1(X;f 1(X)) _::: Rnp(X;f k(X))
Bo(x);:::; B (x) occurring in P can be replaced byA;1(x) _ :::_ An(X) Bo(x);:::;B(x) and
Ri(x;fi(x)) Aj(x) for eachi 2f 1;:::;ng. This transformation clearly preserves consistency.

De nition 6.2 (TR(P)). Fora FDC program P as described, we denote bff R(P) the FN program
F(P)[ P° wherePYis the FN program obtained from P by replacing each rule

Wi(t) _ i Wi(th)  Qi(w);:::;Qm(¥m) 2P
with a rule
C(t1)  Qu(w)::::;Qm(Vm); Wa(t);:: 15 Wn(th); not C(t1);
where C is a fresh predicate symbol with the arity of t1, and n;m > 0.

Indeed, TR(P) is an FN program; literals W;(t;) in the head of an initial rule can be shifted to
their \complements" W;(t;) in the body without violating the syntax of FN programs. This would
not be the case if disjunctive heads were allowed for the ruke of type (R6). The following is easy
to see (the proof is given in the appendix).

Proposition 12. The program P is consistenti TR(P) is consistent.

We showed how to transform anFDC program into an FN program while preserving consistency.
As easily veri ed, the translation is polynomial in the size of the initial program P (more precisely,
guadratic in the size of P due to the facts (F2) of F (P); the rest is linear). Therefore, recalling
ExpTime -completeness of consistency testing ifFDNC (Theorem 7), we conclude.

Theorem 14. For both FN and FNC programs, checking consistency i€xpTime -complete.

The ExpTime -completeness of consistency checking fé&iN allows us to obtain similar results for
brave query entailment. Since consistency testing is reduble to brave entailment (see Lemma 1),
and since brave entailment of existential and ground queris isExpTime -complete (see Theorems 9
and 11), we obtain:

Theorem 15. For FN and FNC programs, brave entailment of a unary ground or existentiauery
is ExpTime -complete. The same holds for binary queries (see Lemma 1).

6.2 Reasoning in FC

We show that reasoning inFC is easier than inFDNC: consistency and brave reasoning reduce to
PSpace -completeness. To obtain these results, we cannot exploit i maximal founded set of knots
of a program as its size can be exponentially larger. Nevertiess, the semantic characterization
centering around Theorem 1 enables reasoning frofAC programs by iterative construction of knots.
The following result, which holds for full FDNC, provides a basis for reasoning ir-C.
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Theorem 16. Let P be aFDNC program. The following two are equivalent:
() There exists a stable model ofP.

(i) There exists a stable modelG of P® such that, for each constantc of P, there exists a set of
knots that is founded w.r.t. P and the singleton set of state$ st(G; c)g.

Proof. For the \(i) to (ii)" direction, assume that | is a stable model ofP. By Theorem 1, 1¢ is
a stable model ofP€. So let G := |¢. By Proposition 3, we know that K (1) is a set of knots that
is founded w.r.t. P and S(G). Simply take some set-inclusion minimal setL of knots closed under
the following rules:

a) L contains someK 2 K(I) such that st(G;c) K; x, and
b) if K 2 L and s 2 sucgK ), then L contains someK °2 L such that st(K;s) K%x.

Indeed, due to foundedness oK(l), the set L can be constructed and is founded w.r.t.P and
fst(G;0)g.

For the other direction, assume (ii) holds. Let L. denote a set of knots that is found§d w.r.t.P
and fst(G; c)g. Let C be the set of constants ofP. Due to Proposition 4, the setL := - Lcis
a set of knots that is founded w.r.t. P and S(G). Then Theorem 2 proves the claim. O

The key feature of FC is the unique model property, i.e., if there exists a minimalmodel for an
FC program, then it is unique. From Theorem 16, we know that to decide whether aFC program
is consistent we can proceed in two steps:

(1) Check the existence of the single minimal modeG of PC. If it exists, then proceed to the next
step. Otherwise, P is not consistent.

(2) Check whether for each constantc of P, there exists a set of knots that is founded w.r.t.P and
fst(G;c)g. If the answer is \yes", then P is consistent. Otherwise it is not.

Indeed, G is computable in time polynomial in the size of P. For the second step, notice that
the local programs forP also have the unique-model property. This implies the uniqueess of a set
L that is founded w.r.t. P and fUg, where U is a state.

To decide the second step, in Figure 5 we present a generic nateterministic procedure check
Condition . The procedure takes as input anFDNC program P, a state U, and a Boolean function
that maps states to Boolean values. In the procedure, the vale max is the number of distinct
x-grounded knots over the signature ofP. As it was already argued, max = 2"tk ("*m) where
n and m are the numbers of unary and binary predicate symbols ofP, respectively, andk is the
number of function symbols inP.

Let cond; be a Boolean function that maps each stateU to true if the program P(U) is
inconsistent, and to false otherwise.

Proposition 13. Let P be anFC program, and let U be a state. There exists a set of knots that
is founded w.r.t. P and fUg i no run of the procedure checkCondition(P;U;cond,) returns true.

Proof. The \only if" direction is trivial, while for the other direc tion, we can simply collect all the
knots that appeared at any run of the algorithm. It is easy to verify that such a collection is a set
that is founded w.r.t. P and fUg. O



INFSYS RR 1843-08-01 29

func checkCond(program P, state U, function cond)
repeat
if cond(U) = true then
return true
end if ;
ChooseK 2 MM (P (U)) and s 2 sucgK);
Let U be a state obtained fromst(K;s) by substituting s with x;
i=1i+1
until i = max;
return false

Figure 5: Non-deterministic procedure forPSpace algorithms

The algorithm checkCondition(P; U; cond;) runs in polynomial space. The procedure keeps
only a counter that counts up to a single exponential; this requires only polynomial space. Note
that the procedure at each iteration works only on a single I@al program that is of polynomial
size. This local program has a unique model property and, hete, representing its models requires
polynomial space also.

Indeed, to decide the second step, we need to make only a lineaumber of calls to checkCondition.
Summing up, both steps to decide consistency oP are feasible in coNPSpace w.r.t. to the size
of P. By Savitch's Theorem [46], we know coNPSpace = PSpace.

Theorem 17. Deciding whether a givenFC program is consistent is in PSpace .
We show PSpace -hardness of the problem by a simulation ofPSpace Turing machines.

De nition 6.3. A deterministic Turing machine (DTM) is a quadruple (S; ; ;So), where S is a
nite set of states, is a nite alphabet, is a transition function, and s, 2 S is the initial state.
The transition function is a partial function

'S I (S[f accepty) f 1,0;+1g;

where accept is a new state not occurring inS. We assume a special symbdbin that stands for

Let L be a language inPSpace, and let T be a DTM which decides whether a given wordl
is in L within space si(l) that is polynomial in jlj. The computation of T on | can be simulated
by an F program P (T;I) (see Figure 6.2). Due to construction, we can use a single oetraint to
decide whetherl 2 L. Itis easy to see thatl 2L i P(T;I)[f Staccept(X)g is inconsistent.

Keeping in mind that the translation is clearly polynomial i n the size of T and I, we have
that checking if I 2 L is reducible in polynomial time to consistency checking of a FC program.
Keeping in mind Theorem 17, we conclude the following.

Theorem 18. For FC programs, checking consistencySpace -complete.

Since FC programs have the single-stable model property, the problenof brave entailment of
existential queries can be easily expressed by constrainthat are allowed in FC.
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Generating time:

Time(st)

N(x;f (x)) Time(x)

Time(y) N(xjy)

Initial con guration:

Sym. (st) forO < jljsuchthat =1

Symp. (st)  for jlj sh(l)

Curp(st)

Stg, (st)

Transition (s; )= % %di, where 0 sh(l)

Symo (y) N(XY);Sts(x);Sym; (x);Cur (x)
Stoo(y)  N(X;y); Sts(x); Sym. (x);Cur (x)
Cur +4(y) N(Xy);Sts(x); Sym; (x);Cur (x)
Inertia rules, where 0 < 9 sp(l):

Sym; (y) N(xy);Sym; (x);Cur o(x)
Sym; ofy) N(xjy);Sym; ofx);Cur (x)

Figure 6: Reduction of DTM T with input | to FC program P(T;1).
Proposition 14. Let P be anFC program. Then P F, 9x:A(X) i P is consistent andP [f
A(X)g is not consistent.

The proposition implies that brave entailment of an existertial unary query in FC can be
polynomially reduced to consistency checking inFC. Keeping in mind that the task is PSpace -
hard (Lemma 1), we conclude the following.

Theorem 19. For FC programs, brave entailment of unary existential queries i$?Space -complete.
The same holds for binary existential queries (see Lemma 1).

In a similar fashion, we prove PSpace -completeness for ground queries. The following propo-
sition is helpful.

Proposition 15. Let P be aFC program, and let A(t) be a ground atom witht = f,(:::f1(cp) ::2).
Let P be the program obtained by adding t® the following rules:

(@) Co(co)

(b) R(x;fi+1(x))  Ci(x), whereO i<n,

(©) Ci+1(y) Ci(x);R(x;y), where0 i<n, and
(d) D(x)  Ca(x);A(x),

(e) D(x),

where Cop;:::;Cn, R and D are fresh predicates not occurring inP. Then P Fp A(t) i P is
consistent and P is not consistent.
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The proposition implies that brave entailment of a ground unary query in FC program P can be
decided by adding polynomially many rules toP and making two consistency checks, and hence is
polynomially reducible to consistency checking inFC. Since the latter is PSpace -hard by Lemma 1,
we have the following result.

Theorem 20. For FC programs, brave entailment of unary ground queries if?Space -complete.
The same holds for binary queries (see Proposition 1).

6.3 Reasoning in F and FD

F and FD programs are Horn programs, and therefore are always consent. We discuss here brave
entailment of existential queries together with brave and @utious entailment of ground queries.
PSpace and ExpTime completeness of cautious entailment in- and FD respectively follows from
completeness results for consistency testing iFC and FDC (see observation (i) in Section 4).

As known, for a given F program P, deciding P F 9x:A(X) can be donePSpace (see The-
orem 19). It is easy to see that the problem isPSpace-hard. Recall the F program PT from
Section 6.2 that simulates a Turing machineT on the input 1. To check whether T accepts the
input, we can pose a brave query asking whetheBtaccept(t) is in the minimal model of PT for some
termt,i.e., 1 2L i PT Fp9:Staceept(X). As already argued,P T is of polynomial in sizeT and I

Theorem 21. For F programs, brave entailment of unary existential queries if?Space -complete.
The same holds for binary existential queries (see Propositn 1).

For FD programs, PSpace -completeness of brave existential queries is not straightirward,
since they may have several minimal models and hence the taskan not be simply reduced to
consistency testing as forF. Using constraints leads toFDC, where consistency testing is already
ExpTime -complete.

The strategy is to use the non-deterministic procedurecheckCondition from Section 6.2 for
consistency testing in FC. To this end, we observe that the semantic characterizationof stable
models of FDNC allows us conclude the following.

Theorem 22. Let P be aFD program. The following two are equivalent:
O P EpIxA(X).

(i) There exists a minimal model G of P, a constant ¢ of P, a set of knotsL founded w.r.t. P
and f st(G; ¢)g such thatL contains some knotK with A(x) 2 K.

Proof. If (i) holds, then, due to Theorem 1, we can easily de neG and L such that the conditions
in (i) are satis ed. On the other hand, if (ii) is satis ed, t hen consistency ofP and Theorem 1
implies that a minimal model of P such that A(t) 2 P for some termt is constructible. O

Let g= 9x:A(x) be a query andP be anFD program. The theorem above suggests a method
to decide P F . The crucial point is to have a procedure to decide whether foa given state U
over P, there exists a set of knotsL t founded w.r.t. P and f Ug containing some knotK such that
A(x) 2 K.

Let cond, be a Boolean function that maps each world stateU to true if A(x) 2 U, and to
false otherwise.
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Proposition 16. Let U be a state, andP be anFD program. The following two are equivalent.
() There exists a set of knotsL founded w.r.t. P and fUg, ant A(x) 2 K, for someK 2 L.
(i) There exists a run of the procedure checkCondition(P; U; cond) that returns true.

Proof. (i) ) (ii): this holds since the size ofL is bounded by max.

(ii) ) (i): consider the sequence of knots that was constructed dung the run of the procedure
that returned true. SinceP has no constraints, this sequence can be always augmented adounded
set by computing the successors knots that are missing. O

Similarly as it was argued for consistency check i-C, checkCondition runs in PSpace in the
size of the input. Note that traversing the world states of canstants occurring in minimal models of
P € can obviously be done inPSpace . Therefore, we conclude that the condition (i) in Theorem 22
can be decided inPSpace with a PSpace oracle, which amounts to PSpace. Keeping in mind
that deciding P F q is PSpace -hard (see Lemma 1), we conclude:

Theorem 23. For FD programs, brave entailment of a unary existential query i$?Space -complete.
The same holds for binary existential queries (see Lemma 1).

In contrast to existential queries, brave and cautious reasning with ground queries is easier in
F and FD than in FC and FN. The methods are based on constructing only relevant parts bstable
models to answer a given query. Sinc& and FD do not allow for constraints, we do not need to
care about the global consistency of interpretations. By tle relevant part of a model, we essentially
mean a sequence of knots that is constructed following the gk encoded in the termt of a ground
query A(t). The following proposition elaborates on that.

Proposition 17. Let P be aFD program, A(t) a ground atom, andc the only constant occurring

of stable knots withroot(K;)=s;, 1 i n, such that:

(@) st(G;s1) = st(Kq;s1),
(b) si+1 2 sucdK;) and st(Ki;sj+1) = st(Kj+1;Si+1), wherel i n, and
(c) A(sn) 2 Kp.
2. P 6jc A(t) if and only if (?7?) there exists some modelz of P® and a sequencdK 1;:::;K,i of
knots with root(K;)= s;, 1 i n, such that:
(@) st(G;s1) = st(Kq;s1),
(b) si+1 2 sucdK;) and st(Kj;si+1) = st(Kj+1;Si+1), wherel i n,
(¢) Kj is a model of P(st(Kj;s;j)), wherel i n,and
(d) A(sn) 6Xn.
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Proof. For the only-if direction of the rst claim, assume we have a stable modell of P such that
A(t) 2 1. Due to Theorem 1, we can simply de neG := 1¢and K; := HBg, \ |, wherel i n.

For the if direction, since FD programs are always consistent, due to Theorem 1, we can esi
construct a stable model containingA(s,); simply start with G[ K1[ :::;[ K, and extend the
interpretation with the necessary stable knots. Due to consstency of P, such an extension is always
possible.

For the \only if* direction of the second claim, the arguments is as for the rstone. If | is a
stable model of P such that A(t) 621, then, due to Theorem 1, we can easily de ne necessar

and the sequence of knots. Again, takes := 1¢and :K; = HBg \ |, wherel i n.

For the other direction, let | be the unique stable model ofP. Let KiO = HBgs \ |, where
1 i n. Due to Theorem 1, we havel ¢ G and Ki0 Ki, where 1 i n. Hence,
A(sn) 62. O

Proposition 17 allows use to derive complexity results for- and FD.

SupposeP is an F program and A(t) a ground query. SinceP is a Horn program, the local
programs for P have least models computable in polynomial time. Moreover,the least model
of PC is also computable in polynomial time. Hence,P E, A(t) can be decided according to
Proposition 17 by constructing in polynomial time the least model of P¢ and the unique sequence
of knots. Hence,P F A(t) is in P. On the other hand, sinceP has the least model,P Fp A(t) i
P EcA(t). Hence,P F¢ A(t) is also inP.

Now suppose thatP is an FD program and A(t) a ground query. It is easy to see that the
condition (?) for the program P can be veried in 5. Indeed, guess an interpretationl for P©
and a suitable candidate sequence of knots over the signatarof P; this results in a structure of
polynomial size. For any such guess, one can check in polyndahtime with an NP oracle whether
| is minimal and each of the knots satis es the conditions in (?).

To decide P 8j. A(t), it suces to verify the condition ( ??) in Proposition 17. Since the
condition does not require minimality of models, it can be deided in NP . Indeed, we need to guess
an interpretation for P and a candidate sequence of knots over the signature &f. After the guess
is made it is possible to decide in polynomial time if the stricture satis es (?7). Hence,P 6. A(t)
is in NP, while P ¢ A(t) is in co-NP .

It is not di cult to see that the given upper bounds are tight, since they correspond to com-
plexity of brave and cautious reasoning in the propositiona case. Simply consider fragmentsp
of F and FD, of FD that allow only for rules of type (R1), unary facts, and only one constant.
Indeed, any propositional Horn (resp. propositional positve disjunctive program) can be rewritten
in LogSpace into an F, (resp. FDp) program while preserving the set of minimal models (up to
renaming of atoms). This implies that brave/cautious reasaiing in propositional Horn and positive
disjunctive logics programs areLogSpace -reducible to brave/cautious entailment of ground unary
queries inF and FD programs respectively. Since brave entailment for proposional disjunctive pro-
grams is 5 -complete and cautious entailmentco-NP -complete, while both tasks areP-complete
for Horn programs [18], we obtain completeness results forus formalisms.

Theorem 24. For FD programs, brave and cautious entailment of unary ground quees is complete
£ and co-NP , respectively. Both problems areP-complete for F programs. These results extend
to binary queries (see Lemma 1).
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7 Applications and Extensions

In Section 5, we have already encountered an application dFDNC programs to Description Logics.
In this section, we consider rst a further application of FDNC programs in the area of reasoning
about actions and planning; recall that non-monotonic logic programs under answer set semantics
have been widely used in this area. In particular, we applyFDNC programs to planning under
incomplete knowledge and non-deterministic action e ects,based on the expressive action language
K [17]. We then consider a decidable extension dfFDNC that supports predicate and function
symbols of higher arities, which allows for more succinct ad convenient knowledge representation
in practice, which we discuss also on a planning scenario.

7.1 Reasoning about Actions and Planning

Transition-based action formalisms are based on languagesif describing legal transitions between
states of the world which happen due to the execution of actias by some agent. A classical problem
is that of plan existence which consists of nding a sequence of actions that leads th agent from
an initial to some desired goal state of the world. Apart from this, many problems have been
considered, includingplan veri cation (i.e., whether a given candidate plan is good to reach a goal
state) and temporal projection (i.e., reasoning about the hypothetical future if a sequene of action
would be taken); as for the concerns of this paper, we refer t¢6] for background and a study of
these problems based on logic programs under answer set semtias.

As for temporal projection in Example 2, view grow, celly, cell,, and die as actions andYoung,
Warm, Cold, and Mature as uents. As seen, if the sequence of actiongrow and cell; would
happen, the uent Young would be possibly true, asYoung(cell1(grow(b))) is bravely entailed by
the program. On the other hand, Young is not necessarily true after this action sequence. Indeed,
using similarly as in Proposition 15 an auxiliary fact Co(b): and rules R(x; grow(x)) Co(x);
Ci(y) Co(x);R(x;y); R(x;celly(x)) Ci(x);and R(x;y);not ChangdXx;y), we can eliminate
those stable models oP * which do not correspond to the occurrence of this sequencehe resulting
program P°does not cautiously entail Young(celli(grow(b))), as it has a stable model which does
not contain this atom. In this scenario, planning seems not b make sense (as bacteria can't really
take actions), and we thus consider a di erent one.

For modeling planning domains, several dedicated action laguages have been proposed that
are rooted in knowledge representation formalisms, inclushg A [24] (which was extensively studied
in [6]), C[25], andK [17]. The latter, which we consider in the sequel, is based othe principles
of logic programming under the stable model semantics. In aatrast to the other languages, K
allows to describe transitions between knowledge states, lnich are incompletely described states
of the world. The availability of non-monotonic negation in K makes the formalism suitable for
common-sense and heuristic reasoning in planning applicains.

In K, a planning domain PD is a set of rules that describes the initial statel and legal
transitions. At the core, it distinguishes two kinds predicates: uents and actions.* A state is

“We consider here merely a simpli ed version of K that contains the salient elements; missing features like static
predicates, typing and others can be added easily on top. Furthermore, we assume that actions are not executed in
parallel (parallel execution may be encoded using designated action ymbols), that at each stage some action has to
be taken to move on (thus passage of time would have to be modeled explcitly by an action), and that taking an
executable action always results in a follow up state. Technically, such planning domains are proper and more general
than plain ones in the sense of [17].
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given by a set of ground uent literals which are known to hold at a particular stage. A goal G is
a set of ground uent literals, each of which can also be defalti negated.

An optimistic (aka credulous) plan for a given planning domainPD and a goalG is a sequence
of action occurrencedy;:::;Ani, n 0, that legally transforms the initial state | into some state

Si;Ai+1;Si+1 is a legal transition, and (iii) S, satis es G.

In case of non-deterministic action e ects or incomplete inbrmation about the initial state,
executing an optimistic plan does not necessarily establisthe goal. This is ensured bysecure plans,
aka as conformant plans which are optimistic plans such that, regardless of such inompleteness
and non-deterministic action e ects, all actions can be exeated and the goal is established after
the last action.

The legal state transitions are de ned in K in terms of stable model semantics. Roughly
speaking, this is accomplished using a set of statements, rsilar to logic program rules, which
describe the value of the uents in the successor stat&® depending on the previous stateS, the
action A that was taken, and the the value of other uents in S° Because of this similarity, planning
problems in K can be naturally encoded intoFDNC programs. Via such encodings, optimistic and
secure plan existence can be characterized in terms of brawentailment of existential queries and
cautious entailment of open queries, respectively.

More in detail, we consider here the propositional fragmentof K, i.e., predicates are nullary
(predicates of higher arity will be addressed in the next sulection). A planning domain PD in
K consists ofcausation rules executability conditions and initial state constraints. The causation
rules of propositional K are of the form

causedd if by;:::;by;not by+g ;i not by

after c1;:::;Cm;Nnot Cp+1;:::;Notc (2
ap; il ay;not ay+r il not ay
K:l;w 0, whered and by;:::;b¢;ci;:::;¢ are uent literals, and aj;:::;ay are action atoms.

Intuitively, the rule (2) describes the (incomplete) knowledge state after action execution, where
the knowledge depends on the uents that hold or do not hold inthe previous and current state
and the actions that were or were not executed.

The executability conditions in K are of the form

executable a if bi;:::;by;not bheq i not by; 3)
ap;:ii;am;not am+1;:::;not a;
where a; a;;:::;a are action atoms, andby;:::;b are uent literals, k;lI 0, Intuitively, they are
the rules constraining the states for which a given action ca be executed.
The initial state constraints in K are of the form
initially caused d if by:iii;by;not bysr;iii;not by 4)
whered;by;:::; b are uent literals, k 0. These rules describe the initial knowledge. Uncondi-

tional initial knowledge is described by the rules with an enpty if part.

We next sketch the elements of a possible encoding of the plammg domain PD into an FDNC
program. For this purpose, we tacitly enhanceFDNC programs with \strong" negation : p(x) [23],
which is expressed in the core language as usual (viewp as a fresh predicate symbol and add
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constraints p(x);: p(x)); we assume this enhancement also for the predicate-versioof K in
Section 7.2.

For each propositional uent symbol d, we use a unary predicate symboMd in the encoding.
The meaning of d(x) is that d holds at stagex. For each propositional action a, we use a
binary predicate symbol a in the encoding. Intuitively, a(x;y) means that a is executed in
stagex with the resulting stage .

We use a unary predicate symbolk, with s(x) meaning that x is a stage (or a situation). For
the encoding we add the facts(init)  denoting that the constant init is the initial stage.
We also use a designated binary predicate symbdr to denote the transition to the next
stage. For this reason, we also add(y) tr(x;y).

We adopt a function symbol f 4 for each action a of the planning domain. Additionally, for

each actiona, we add the rulea(x; f a(X)) exeg(x) and the rule tr (x;y) a(x;y), where
exeg is a designated predicate name. Intuitively, the rst rule \ implements" the action

execution, i.e., if exeg, holds at some stagex, then a is executed, which results in the follow
up stagef 4(x). The second rule makedr capture all executed transitions.

We can now state the encoding of the three types of rules of thelanning domain PD.

The causation rule (2) is transformed into the following rule:

d(y) bi(y);:::;ba(y); not bnsr (y);: 15 not be(y);

Here, we assume for simplicity as in [16] that there are no pdtve cyclic interdependencies
between actions.

The initial state constraint (4) is transformed into the fol lowing rule:
d(init ) bi(init );:::; by (init ); not bp+1 (init );:::; not be(init );

The translation above allows to reformulate planning problems inP D as reasoning tasks foFDNC
programs. A goalG in PD is an expression of the form

O1;:::;0n;NOt gn+1;::0;not gy (5)

plan(x)  gi(x);:::;gn(X);not gn+1 (X);:::; not g (X) (6)

where plan is a new predicate symbol. LetP (P D; G) denote the resulting program.
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To know whether an optimistic plan for G in PD exists, we can pose the brave quer§x:plan(x)
to the program P (P D; G). Similarly, the cautious open query x:plan (x) can be posed for a secure
plan. Due to the stable model semantics of both languages, its not hard (yet technical) to show
that a stable model of P(PD; G) encodes a set of possible trajectorie$g; A1;S1;Az;:::in PD
where Sy is any initial knowledge state; the whole setSM (P (P D; G)) captures all the trajectories
for PD.

Further, each term t such that P(PD;G) E plan(t) naturally encodes an optimistic plan for
the problem, and each termt that is an answer for x:plan (x) under cautious entailment encodes
a secure plan. Thus, plan correctness and security veri cabn problems can be readily solved by
the standard inference tasksP (P D; G) Fy plan(t) and P(PD; G) E¢ plan(t).

We note at this point that deciding the existence of some seae plan (of arbitrary length) to
establish a given goalG in a given K action domain that conforms to the setting considered here
is ExpSpace -complete (this is well-known for a generic related action fomalism [27]; the hardness
part can be shown by slightly adapting the NExpTime -hardness proof for the problem when a
prescribed plan length is part of the input [17]).

Finally, also temporal projection with respect to an action sequencea= aj;ap;:::;ak, k 1
can be easily expressed: whether a uentl is possibly true after hypothetically taking ais expressed
by the entailment P(PD) Fp d(t) wheret = fo (fa, ,  (fa (init))) where P(PD) is P(PD;G)
except the rules (5) and (6). Whetherd is necessarily true whena would have happened can be
expressed, using again a similar technique as in Propositiol5, as cautious entailment ofd(t) from
P (D) augmented with the auxiliary fact Co(init ): and rulesR(x;f 5, (X))  Ci(x),for0 i<k,
Ci+1(y) GC(X);R(xy), for0O i<k 1,and R(x;y);nottr(x;y), where all C; and R are
fresh predicates (this singles out the models in whicka would be taken).

Further tasks like reasoning about the initial state or obsevation assimilation [6] can be similarly
expressed.

Example 4. Table 3 presents an example encoding of a propositional plaring domain in K into
an FDN program P, which is an adaptation of the classical Yale-Shooting examie [26]. Here we
assume three uentsSee Loaded, Hit, and two actions load and shoot. In the initial situation, a
hunter sees a target, but his gun is not loaded (row (1)). The uents Seeand Loaded are inertial,
i.e., their truth values do not change unless proved otherwge (rows (2) and (3)). The hunter can
load the gun only if it is unloaded, and can shoot only if the g is loaded (rows (4) and (5)).
The gun becomes loaded after loading occurs (row(6)). Find}, the hunter hits the target, if he
shoots while seeing the target (row (7)). The goal in the plaming domain is Hit , and hence the
rule plan(x)  Hit (x) is added to the encoding.

It is easy to see thatP F 9x:plan(x), i.e., there exists a plan where the hunter hits the target
and is witnessed by the termt = shoot(load(init )). The inertia of Seeis crucial; dropping the
statement in row (3) wouldn't let us assume that the hunter still sees the target after loading the
gun.

The term t also encodes a secure plan for the domain, i.€.witnesses the open queryx:plan (x).
This becomes false when instead of sure knowledge that the gus not loaded in the initial state,
the status of the gun in the initial stage can vary freely. This situation is modeled by the two rules
caused Loaded if not : Loaded and caused : Loaded if not Loaded. In this case,t is still an
optimistic plan for the domain, but is not secure (as the rst step might not be executable). On
the other hand, if hypothetically t would happen, thenHit would be both possibly and necessarily
true after it.
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(1) | initially caused See;: Loaded Sedinit) ; : Loaded(init) ;

(2) | caused Loaded if not : Loaded Loadedy) Loaded(x);tr(x;y);not : Loaded(y)
after Loaded

(3) | caused Seeif not: See after See  Sedy) SedXx);tr(x;y);not : Sedy)

(4) | executable load if : Loaded eXeGoad (X) : Loaded(x)

(5) | executable shoot if Loaded €XeGhoot (X)  Loaded(x)

(6) | caused Loaded after load Loaded(y) load(x;y);tr(x;y)

(7) | caused Hit after See;shoot Hit (y) SedXx;y);shoot(x);tr (x;y)

Table 3: Example of Planning Domain Encoding

To provide a procedure for deciding plan existence in the planing domains of K, the authors
of [17] encode the domain into a disjunctive Datalog programand reformulate plan existence in
terms of brave entailment. Since Datalog does not allow for dinction symbols, the encoding uses
constants to instantiate the necessary successor stages.b@ously, only a nite number of constants
can be used and hence, it has to be xed in advance. For this reson the encoding is not general;
only plans of certain length can be captured. Furthermore, sich an encoding may also incur high
space requirements.

The encoding into FDNC solves the problems of above. The availability of function gmbols
allows to easily generate an in nite time-line, and, hence, b avoid the usage of constants. Due to
the properties of FDNC, the encoding also allows to generate the successors statesntdemand"
during the model construction; in this way, space might be saed.

7.2 Higher-arity FDNC

In the previous section, we discussed howDNC can be used to model propositional planning
domains. However, a propositional setting is not always covenient to model complex planning
problems. Parameterized actions and uents are a means for @wre compact representation. It
allows us to work with actions that, for instance, move an obgct x from a location |; to the
location I,. In this way, we avoid to introduce separate actions for eachpossible combination ofx,
I1, and |, as needed in the propositional setting. (This is, e.g., widly used in [6].)

In this section, we extend the class=DNC of logic programs to allow for predicate and function
symbols of higher arities. We assume two disjoint set¥J and B of predicate names having arities

local positions are 0:::;n 1 and its global positionis n. Similarly, given an atom A(tq;:::;tn)
with A 2 B, its local positions are G:::;n 2 and its global positionsaren 1 andn. An atom
A(t) with A 2 U (resp., A 2 B) is g-unary (resp., g-binary).

De nition 7.1. A higher arity FDNC program is a nite disjunctive logic program whose rules
are of the following forms:

W, v,
(R1) i-1 Ai(t7; X) j=0 Bj (&5;X)
(R2) Wle Ri(%;X;Y) V}zo P (5:XY)
W Vv
(R3) "y Ri(w; X (15 X)) f2o Py (W X0 (65 X))
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(R4) W.”:l Ai(t;Y) R(W;X;Y);V}:o B (&:Zj)

W
(R5) w AT (VX)) \F;(W;X;f (Vi X)); =0 B (85 W)
(R6) LRI X Fi(X) o By (45 X)

(R7) W.-”:l Ai(ﬁ;b)_W.-rll Ri(v;c;d) Vikzo B, (ﬁ;btb;v!:o P, (t7;c%d9,
wherem;n;l;k 0, and

{eachz; 2fX;Y g, W; 2fX;f (v; X)g,

{ each A;j and B; is from U, and eachR; and P; is from B,

{ the tuples v, w, and all %;tj, o are tuples of variables or constants.

{ b;c;d; 8 c®d?are constants,

{ Ci and D; is a name fromU [ B,

{ X and Y do not occur in local positions of atoms and function symbolsand

{ each rule r is safg i.e., each of its variables occurs irbody" (r).

We additionally assume that each constantc of the program, does not occur both in the local
position of an atom and in the global position of another atom

The restrictions on the variable interaction allow us to transform higher-arity FDNC programs
naturally into ordinary FDNC programs in a way such that the methods that were introduced or
reasoning in the previous sections can be used. In the follang, we present the transformation and
a use case of a higher-arityrDNC program.

De nition 7.2.  Let P be a higher-arity FDNC program. Let Id(P) denote the set of constants
occurring in the local positions of atoms inP. For a rule r, let lv(r) denote the set of variables
occurring in local positions of atoms inr. We say r%is a parameter-ground instance of r w.r.t.
a set of constantsS, if r®can be obtained by substituting each variable inlv(r) with a constant
in S. Let gr(r;S) denote the set of all locally-ground instances ofr w.r.t. S. The parameter-
grounding of P is the program pgr(P) = fr®2 gr(r;Id(P)) j r 2 Pg. The FDNC-reduction of

.....

I; R 2Bag.
The following result is then not di cult to establish.
Theorem 25. For any higher-arity FDNC program P,

SM(P)=fl jred(l) 2 SM(red(pgr(P)))g:
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Sincered(P) is nite, higher-arity FDNC programs inherit decidability from ordinary FDNC
programs. However, their complexity is higher (by one expoential) in the general case. This is
not surprising, since the parameter-grounding ofP is exponential in the size ofP.%

An exponential blow-up only occurs when arbitrarily many parameters are allowed in rules, i.e.,
if the number of variables that can occur in local position isunbounded. If the maximal number
of variables in local positions is xed, then the parameter-gounding is polynomial in the size of a
higher-arity program, and our complexity results carry over for higher-arity FDNC.

Below is an example of an application of higher-arity FDNC programs to compactly represent
the blocks world problem (the example is an adaptation of the one in [17]).

Example 5. We assume that initially we have 3 blocksa, b, and c. In the initial state, a and b
are on the table (table), while c is on top of a. This is formalized by the following facts:

block(a; 0) on(a;table;0)

block(b;0) on(b; table;0)

block(c;0) on(c; a;0)
loc(table;0)

We need to state the static knowledge about the objects, i.e.the properties of objects that
do not change during the execution of actions. We thus state hat blocks remain blocks, locations
remain locations, and that occupation is determined by havihg a block on top:

block(B;y) block(B;x);changgx;y)
loc(L;y) loc(L;x);changgx;y)
loc(B;x)  block(B;Xx)
occupiedB;x) on(B1;B;x);block(B;x)

Next are the e ects of action execution. We need to mark the Ieations that become occu-
pied/unoccupied after moving a block from one location to arother. On the other hand, we need
to state that the rest of the con guration does not change:

on(B;L;y)  block(B;x);loc(L; x); changgx; move(B; L; x))

:on(B;Li;move(B;L;x)) block(B;x);loc(L; x); changgx; move(B;L; x ));on(B; L 1;x);neq(L; L 1)

on(B;L;move(B;L;x)) on(B;L;x);changgx; move(B;L;x));not : on(B;L;move(B;L;x))

We use an inequality neq(x;y) predicate over parameters, which is axiomatized by addingfor
each paircy; ¢, 2 Id(P) such that ¢; 6 ¢y, the fact neg(ci;c;)  to the program.

Next is the executability of an action; only blocks can be moed, and they can only be placed
in some location.

changgx; move(B;L;x)) _: changgx; move(B;L;x)) block(B;x);loc(L;x)

The disjunctive rule allows to freely execute the action. Sice there might be several blocks that
can be moved, the last rule does not force the execution of alipplicable action simultaneously.

NP P

5The hardness results for ExpTime , co-NExpTime , and co-NExpTime corresponding to P, co-NP , and ,
respectively, follow from the complexity of ordinary function-fre e logic programs [12]; ExpSpace and 2-ExpSpace
corresponding to PSpace and ExpSpace can be obtained by generalizing the given Turing machine encodings. As
for 2-ExpTime corresponding to ExpTime , one can showExpTime -hardness of reasoning in ordinary FDC and FN
by adapting the given encoding of PSpace Turing machines into FC to alternating PSpace -Turing machines (which
capture ExpTime ). With parameters, this can be further lifted to alternating ExpSpace = 2-ExpTime .
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The execution of an action can be prohibited by the constraits. In our setting, the block
cannot be moved if either the destination is occupied or the bck has a block on top of it:

: changg(x; move(B;L;x)) occupiedB;x)
: changgx; move(B;L;x)) occupiedL;x)

We ask the question whether there exists a sequence of actisrihat transforms the initial con gu-
ration into the one where a is on the table, bis ona and cis onb. This is expressed by the following
rule:

plan(x) on(c;b;X);on(b;a;x); on(a;table; x)

The existence of a plan for the encoded problem can now be deled by the brave query9x:plan (x)
to the higher-arity program that we constructed. It is easy to verify that there exists a stable model
where the following term t satis es the predicate plan:

t = move(c; b; moveb; a; movdc; table;0)))

The term t encodes the plan of movingc to the table, b on top of a, and nally ¢ on top of b. The
samet is also an answer for the cautious open queryx:plan (x) to the program, and encodes a
secure plan for the goal.

However, if the initial location of b were not known, i.e., on(b;table;0) is replaced by
on(b;table;0) _ on(b;c;0) , then the above plan is no longer secure, as the rst step is o
executable in the case wherd is on top of c. Here, the answer

t = move(c; b; moveb; a; movdc; table; movdb; table;0))))
to the cautious open query x:plan (x) encodes a secure plan. O

We nally remark that higher-arity FDNC programs can be used to encode suitable fragments
of the predicate version of the action languageK, but omit further of this issue.

8 Conclusion

8.1 Related Work

Several works have considered decidable logic programs Wwifunction symbols that are related to
our work, including [11, 10, 8, 7, 51], as well as function-fre programs that have similar semantic
properties [30]. We discuss this now in more detalil.

Datalog ns. A close relative of FDNC is Datalog,s [11, 10], which provides an extension of the
Datalog language in deductive databases with function symbls in a way that is more liberal in
spirit than in FDNC programs. The syntax of Datalog,,s allows for rules in which atoms with
complex terms a ect atoms with less complex terms, which is ot allowed in FDNC programs.
On the other hand, Datalog,,s features neither of disjunction, negation, and constrains, and thus
has to be compared withF; modulo minor di erences, ordinary and higher-arity F programs are
Datalog,g programs.

Chomicki and Imielhski presented in [11] a an algebraic agproach to compile the least Her-
brand models of Datalog,s programs (i.e., their single stable models) via homomorptsms into
nite structures, on which query answering can be performed Di erent representations of these
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structures, viz. a graph speci cation and an equational spei cation that uses a congruence relation,
have been described and analyzed; other representation metds for restricted classes of programs
in the literature were also discussed. The compilation techique in [11] does not extend toFDNC
programs, which can have multiple (even in nitely many) stable models. The technigues of knots,
which constitute building blocks of stable models, handleanultiplicity of models by knot sharing,
in a way such that every stable model can be readily assemblefilom knots.

Notably, ordinary and higher-arity F have lower complexity than Datalog,g, at least regarding
data complexity (which was considered in [11]). As reportedthere, cautious entailment of ground
queries in Datalog,s is ExpTime -complete with respect to data complexity, i.e., w.r.t. the size
of the set of facts in the program. On the other hand, cautiousentailment of ground queries
from F programs (which coincides with brave entailment) is feasilte in polynomial time; the same
holds for higher-arity F programs when the number of parameters in each rule is boundeby a
constant, since then the parameter groundingpgr(P) and the FDNC-reduct of P have polynomial
size; thus, the ground query can be answered in polynomial the when the rules are xed. This
continues to hold when facts added toP may also involve function symbols (in global positions
only): complex terms in facts can be compiled away in polynoral time (e.g., by doing a partial
instantiation and introducing fresh predicate and constart symbols for ground terms). Hence, w.r.t.
data complexity, our F-programs constitute a meaningful, tractable fragment ofDatalog,g. In [10],
di erent evaluation strategies for query answering from Datalog,g programs have been considered;
by their relationship to F-programs, they can applied to the latter as well.

Finitely recursive and nitary programs. Our class FN, which results from FDNC by dis-
allowing constraints and disjunction, is a decidable subass of theFinitely Recursive Programs
(FRPs) [8, 7]. FRPs are normal logic programsP with function symbols that are restricted in
a way such that in the grounding of P, each atom depends only on nitely many atoms. In this
formalism, inconsistency checking is r.e.-complete and bre ground entailment is co-r.e.-complete
in general [7]. For FN and our full class FDNC, which implicitly obeys the condition of FRPs,
these problems areExpTime -complete. On the other hand, FN is not a subclass of theFinitary
Programs (FPs) [8], which are those RFPs in whose grounding only nitely mary atoms occur
in odd cycles. For FPs, consistency checking is decidablend brave and cautious entailment are
decidable for ground queries but r.e.-complete for existenél atomic queries. Note that for FN, all
these problems are decidable in exponential time. Finallythe explicit syntax of FN, as well as of
our other fragments of FDNC, allows for e ective recognition of such programs. FRPs andFPs,
instead, su er from undecidability of the conditions de ni ng the classes, i.e., FRPs and FPs cannot
be e ectively recognized.

Omega-restricted logic programs. For logic programs with negation under stable model se-
mantics, ! -restricted logic programs have been presented in [51]. Thesare normal logic programs
that allow for function symbols of arbitrary arities and an unbounded number of variables, but
have restricted syntax to ensure that they have the nite-model property, i.e., that nite answer
sets always exist. The restriction is a generalization of @ssical strati cation based on the exis-
tence of an acyclic ordering of the atom dependencies, whichdds a special' -stratum that holds
all unstrati able predicates of the logic program. In contr ast, our FDNC programs as presented
in this paper do not exclude cyclic dependencies, and they daot have the nite model property.
Furthermore, FDNC programs have lower computational complexity. While consstency testing
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in general! -restricted programs is 2-NExpTime -complete, the test can be done inExpTime for
ordinary and in 2-ExpTime for higher-arity FDNC programs.

Local extended conceptual logic programs. Another formalism related to FDNC-programs
are Local Extended Conceptual Logic Programs (LECLPs)[30] which evolved from [29]. Such
programs are function-free but have answer sets oveopen domains i.e., of the grounding of P
with an arbitrary superset of the constants in P. LECLPs are syntactically restricted to ensure
the forest-shape model property of answer sets. Deciding ceistency of an LECLP P is feasible
in 3-NExpTime , as one can groundP with double exponentially many constants in the size ofP,
and then use a standard ASP solver. For-DNC, deciding the consistency isExpTime -complete
and thus less complex.

Comparing the expressiveness of LECLPs an@DNC is intricate due the di erent settings. At
least, both formalisms can encode certain description logs (e.g.,ALC). LECLPs may be more
expressive thanFDNC programs, since the expressive DILALCHOQ is reducible to satis ability
in LECLPs. On the other hand, LECLPs undermine the general irtuition behind minimal model
semantics of logic programs. So-callettee rules of the form p(x)_not p(x) ; allow to unfoundedly
add atoms for p in an answer set. FDNC, instead, has no free rules, and each atom in a stable
model of P must be justi ed from the facts of P.

Reductions of Description Logics to ASP Reductions of Description Logics to ASP have been
considered e.g. in [1, 6, 50, 32, 31, 30]. Alsac and Baral [B] gave a reduction ofALCQI to normal
function-free logic programs (i.e., Datalog with stable neg@tion), which was geared towards the
Herbrand domain of a knowledge base; by adding rules to genate inductively terms with a function
symbol, they extended it to in nite domains. Their reductio n is, in a sense, less constructive than
the one given here and others, where function symbols are udgo handle existential quanti ers
by skolemization. Swift [50] reported a reduction of deciding satis ability of ALCQI concepts to
Datalog with stable negation, which exploits the nite model property of this problem. Heymans
et al. [31, 30] reducedSHIQ (which subsumesALCQI ) to their Conceptual Logic Programs and
extensions; however, they used answer sets over open domairather than the standard Herbrand
domain.

Most relevant for the present paper is Hustadt et al.'s [32]. They reduced reasoning inSHIQ
to the evaluation of a positive disjunctive Datalog program. The program is generated in three
steps. First, the knowledge base is translated into rst-order logic in a standard way. After that,
resolution and superposition techniques are applied to satrate a clausal form of the transformation.
Finally, function symbols are removed using new constant sgnbols.

The reduction of ALC to FDC in Section 5.2 is, in essence, similar to others and a closelagive
of the one in [32]. The main di erences to the latter are with respect to step 2, where our method
uses knots for compilation, and that our method aims at modelbuilding while the one in [32] is
geared towards query answering. Notably, the disjunctive [@atalog program constructed in [32]
is generally exponential in the size ofK (but is evaluable in co-NP ), while the FDC program is
polynomial (but may need exponential time for evaluation).

Furthermore, the reduction contributes in two respects. First, the knowledge baseK is rewritten
on the DL syntax side into a normal form (which can be done verye ciently), rather than on the
rst-order logic side after the mapping. Second, a transformation into FDC as a language opens the
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possibility to use any dedicated evaluation algorithm for such programs, beyond a speci ¢ method
(like the one in this paper).

Reasoning about Actions and Planning. As already discussed in the previous sections, the
use of non-monotonic logic programs under answer set semaa$ as a tool for expressing and solving
problems in reasoning about actions has been considered inany papers, including [14, 36, 6, 17, 52,
48, 49, 42]. The work presented here adds to these other worky providing an underpinning of the
computational properties of non-monotonic logic programs vith functions symbols that naturally
emerge in this context, and, importantly, capture inde nit ely long action sequences. They help in
assessing the complexity of particular problems and may be seful to show that tractability can be
achieved in some cases. Furthermore, our results provide gbrithms to solve problems expressed
in the language.

Using higher arity FDNC, we can represent the Yale-Shooting scenario in Example 4 atna-
tively using a generic predicateholds(f; x ) to express truth of the uent f in a situation x, where
f is rei ed using a constant symbol, in the style of [6]; e.g.,holds(Loaded:; init ) corresponds then to
Loaded(init ). Further predicates, e.g. abnormal(f;x ), can be used to express other aspects of u-
ents. While the syntax of FDNC does not allow rei cation of uents with parameters, e.g. on(A;B)
to holds(on(A; B); x), which is also used [6], this can be easily accommodated wttailored pred-
icates, e.g.holdsn (A; B, x); on the other hand, an extension of the syntax of FDNC programs
that allows such terms in local positions is easily accompsihed, and does not a ect the worst case
complexity.

8.2 Summary and Further Issues

In line with e orts to pave the way for e ective Answer Set Pro gramming engines with function
symbols [8, 7], we presentedFDNC programs as a decidable class of disjunctive logic programaith
function symbols under stable model semantics.

FDNC and its subclass are a powerful tool for knowledge represeation and reasoning for
some applications involving in nite processes and objects like evolving action domains. They
are, by their intrinsic complexity, the proper fragment of | ogic programs to capture secure (alias
conformant) planning in declarative action languages witha transition-based semantics likeK, C,
and similar languages, which is anExpSpace -complete problem.

Notably, FDNC programs can have in nitely many and in nitely large stable models. To nitely
represent those models, we introduced a technique that alles to reconstruct stable models as forests
from so calledknots from maximal founded set of knots. The nite representation technique allowed
us to de ne an elegant decision procedure for brave reasongnin FDNC, and may also be exploited
for o ine knowledge compilation to speed up online reasonirg and model building, by precomputing
and storing the knots of a program. From the precomputed set bknots, stable models can be built
online comparatively fast.

Furthermore, we have characterized the complexity of reasoing in FDNC programs, which is
lower than in the most popular of the recent approaches to enance Answer Set Programming with
functions symbols. FDNC and its subclasses providee ective syntax for expressing problems in
PSpace, ExpTime , and ExpSpace using logic programs with function symbols.

The are several avenues for future research. One is to gendie the syntax of FDNC, while
keeping decidability and benign semantic properties. An iteresting such extension is to allow
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rules of the form R(y;x) R(x;y). The ability to de ne inverse relations, which are common
in expressive DLs and related modal logics, would allow forhie bi-directional ow of information
between elements in the domain; the resulting programs areas seem by a reduction to monadic
second-order logic over treesSkS still decidable. While the forest-shaped model property walld
remain, such relations are problematic due to the stable modl semantics. In presence of inverse
relations, testing the minimality of interpretation for a p rogram becomes more involved. Intuitively,
the justi cation of atoms in an interpretation can no longer be veried by only considering the
structurally less complex atoms. To deal with these issueswe plan to generalize the knot-based
technique for the nite representation of stable models.

FDNC and, in particular, the nite representation of stable models is a promising basis of
developing algorithms for answering more complex querieshian those considered in this paper.
SinceFDNC easily captures some basic DLs, the algorithms developedrf&DNC may be applicable
in other domains also. In general, query answering algoritms need to construct a set of models in
order answer the query. The algorithms using the maximal fomded set of knots as an input, would
be relieved from computationally expensive model buildingsince the relevant part of the model can
be built using knots without the need to ensure the consisteny.

Finally, implementation of FDNC-programs is a subject of future work. Since the stable knots
are de ned as stable models of local programs (which are nie propositional disjunctive logic
programs), the implementation will certainly include exporting parts of reasoning to one of the
highly optimized answer set solvers currently available. h particular, recent extensions of the DLV
system like DLVHEX, which implements hex programs [20] that feature external function calls (by
which limited skolemization could be simulated), may be attractive for this.
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A Proofs and Constructions

A.1 Auxiliary Lemma

Proof of Lemma 1. The statement (i) follows directly from the fact that in the b asic fragment F
we can state unary and binary facts. Indeed,P is consistenti P [f Q(¢) g =p 9x:Q(x), where
Q and c are fresh symbols not occurring inP. Hence, whenever a fragment allows for unary facts,
the consistency problem in that fragment can be reduced in Igarithmic space to brave entailment
of existential unary queries in the same fragment. The samean be shown for binary existential
queries, and also for ground queries.

It is easy to see that the statement (ii) holds for existentid queries. Indeed, for an arbitrary
logic program P, the following hold:

1) PFpOXy:R(Xy)i P[f Q(X) R(Xy)gFp9xQ(x), and

2) PFpXA(X) i PIf W (X)  AX)gFbIXW(Xy),
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whereQ, W, and f are fresh symbols not occurring inP. This de nes a logarithmic space reduction
from brave entailment of binary existential queries to unary ones, and vice versa. Since even in the
basic F fragment the syntax allows to add the necessary rule, the clian follows.

As in the case above, by utilizing additional rules, brave etailment of binary ground queries can
be reduced in logarithmic space to brave entailment of unaryground queries, and vice versa. Hence,
the statement (ii) also holds for ground queries. We state tle properties that allow for reduction.
Let g be a binary ground atom, and letP be an anFDNC program. Due to the forest-shape model
property, if qis not of the form (a) R(c;d) or (b) R(t;f (t), where c;d are constants, thenP 6j;, q.
Therefore, without loss of generality, we can assume that liary queries overFDNC programs are
of the form (a) or (b). The reduction then follows from the following properties:

a) PFpR(c;di P[f RYc;d) ;R%x;y) RGY):iRAXY) QYY) R2Axy)gFpQ(d);
b) PFoR(GE()I P[f Q) R(Xy)gFbQ(f (1)),
) PEbAMV) i P[f RAX%GF (X))  AX)gEbRYV;f(v)),

where Q, R% R and f are fresh symbols not occurring inP.

For the statement (iii), it is easy to see that cautious entailment of unary open queries can be
reduced in linear time to cautious entailment of binary openqueries. Indeed,P F. x:A (x) with
the answerx = ti P [f R(x;f (x)) A(X)g Ec X V:R (x;y) with the answer x = t, y = f (1),
where R and f are fresh symbols not occurring inP. For the reduction in the other direction,
consider aFDNC program P and a query x;y:R (x;y). We de ne the program P°obtained from
P by adding

(a) for each pair c; d of constants of P, the rules

{ RY4(cid)

{ Rea(xy)  R24(%y);R(xy), and

{ Aca(y) Rca(x:y),

where R, Req and Acq are fresh symbols, and

(b) for each function symbol f of P, the rule A; (f (y)) R(x;f (x)), where A; is a fresh symbol.
It is easy to verify that P F¢ X;y:R (x;y) i at least one of the following holds:
1. for some pairc; d of constants of P, P F¢ XA ¢.4(X), or
2. for some function symbolf of P, P F¢ x:A f(X).
where each of the predicate symbols in the heads is a fresh sjwl. By this construction, cau-
tious entailment of a binary open query can be decided by polgomially many cautious entailment

problems of unary open queries that are constructible in pofnomial time. Hence statement (iii)
holds. O
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D ¢EvVvE D AVE,CvA
DvE ¢C DVE A AvC
QrR:Cv E Cv A QRAVE
Dv Qr:¢ Dv QRA,Av €
cvD CvA AvD
P2 CtDvB CvB,Dv B
Bv CuD BvCBvD
Ph:3 QR:BvVD >v At D,Av Q RA°A%uBvVv?
CvDt: E CuEvD
Cu:DVE CvDtE

Ph:1

2uDvVvE X
Ph:4

Dv Et> X

>uDvE Dv E

Dv Et? Dv E

where 2fu ;tg, Q 2f8;9g, conceptsC, D are not literal concepts,
A, A%are fresh conceptsB is atomic, the rest are arbitrary.

Table 4: Rules for Rewriting into Normal Form

A.2 Normalization of ALC KBs

We show how to transform in linear time an arbitrary ALC KB K1 into a KB K such that K, is in
normal form, is safe, andK is satisable i K, is satis able (i.e., K1 and K, are equi-satis able).
For technical reasons, we assume thaALC KBs contain only concepts that are in negation normal
form, i.e., negation may occur only in front of atomic concepts. t is well known that an arbitrary
ALC concept can be transformed in linear time into an equivalentconcept in negation normal form.
We start with the transformation into normal form and then mo ve to safety of KBs.

Given an arbitrary ALC KB K, an equi-satis able KB K%in normal form can be obtained by
exhaustive rewriting of axioms in K using the rules in Table 4. The rewriting is performed in 4
phases. It is easy to verify that the transformation is terminating, preserves the consistency, and
after the exhaustive rewriting in the nal Phase 4 yields a KB in normal form.

We analyze the computational complexity of rewriting in eadch of the phases. Following the
standard assumption in Description Logics, we assume thata&ch of the atomic concepts inC is of
constant size, i.e., the size of the representation of atorsiconcepts does not depend on a particular
knowledge base. Since the number of axioms iK is linear in jKj, w.l.o.g. we assume thatK
contains only one axiom .

It is easy to see that in Phase 1 the number of rewritings is bonded by c+ g, where ¢ and
g respectively denote the number of binary connectives, and ganti ers (\ 8" or \ 9") occurring in
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K. Since each application of a rule removes an axiom and adds twaxioms, the number of axioms
resulting by rewriting  is bounded byc+ g. Since the application of a rewrite rule to an axiom
yields two axioms whose combined size increases by some x@onstant not depending on the size
of the KB (due to the assumption on the size of atomic concepts the rewriting in Phase 1 is
feasible in linear time in the size of the initial KB.

Phase 2 is feasible in linear time in the size of the knowledgkase obtained in Phase 1. Indeed,
only linearly many rule applications can occur and each of tke rewriting causes a constant overhead
in the representation of new axioms.

Phase 3 that deals with the elimination of quanti er in the antecedent of an axiom is clearly
linear in the size of the KB obtained in Phase 3.

In Phase 4 the number of rewrite steps is bounded by the numbebnf negation symbols and
occurrences ob> and ? in the knowledge base resulting from Phase 3, i.e., it is cledy linear.

Since each phase requires at most linear time in the size of ¢hinput, we conclude that normal-
izing a KB K is feasible in linear in the size oK.

We now show that eachALC KB in normal form can be transformed in linear time into a safe
KB in normal form while preserving the consistency. For a given KB K we can construct the safe
knowledge baseK® by modifying K in the following way:

{ for each individual name i occurring in K, adding the assertionDom(i) to K,
{ for each role R of K, adding Dom v 8 R:Dom to K, and
{ replacing each axiom>v D 2 K of type (T3), by Domv D,

where Dom is a fresh concept name not occurring inK. Indeed, K®is safe and in normal form
by construction. It is easy to verify that K is consistent i KCis consistent. Indeed, ifl is a
rst-order interpretation that is the model of ( K), then we can extend! to be a model of ( K9
by extending | to interpret Dom as the whole domain ofl . For the other direction, supposeK?is
consistent. SinceALC has the forest-shaped model proper, due to the construction, there
exists a modell of ( K9 where every domain element satis esDom. Then, trivially, | is a model
of ( K). The construction of KCis clearly linear in the size ofK.

A.3 Brave Entailment in FDNC

Proof of Theorem 8. Suppose (A) holds, i.e., there exists somé& 2 SM(P) such that A(t) 2 |, for
some termt. By Theorem 1,1¢2 SM(P©). Let G := | €. By Proposition 3, K(l) is a set of knots
that is founded w.r.t. P and S(G). Due to the de nition of Kp and Proposition 5, we have that
Kp is compatible w.r.t. S(G). It remains to show that (ii) in (B) holds. Consider E( ). Due to the
fact that A(t) 2 I and the construction of E¢( ), for some constantc there exists K 2 K(I) such
that st(G;c)  st(K; x) and hK;Ai 2 Ek(). Due to the de nition of Kp, K(I) Kp. Therefore
K 2 Kp. Moreover, it trivially holds that HK;Ai 2 Ey( ) implies KK;Ai 2 Ex,. Therefore, (ii)
holds.

Suppose (B) holds. The facts thatG 2 SM (P©), and that Kp is compatible w.r.t. S(G) imply
that F (G;Kp) 6 ; and eachl 2 F (G;Kp) is a stable model ofP (see Theorem 2). The condition
(i) and the construction of forest-shaped interpretations ensure that somel 2 F (G; Kp) contains
an atom A(t), wheret is some term. O

Proof of Theorem 10. Similar to the proof of Theorem 8, and thus omitted. O
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A.4  Open Queries

Proof of Proposition 9. For the \only if" direction, suppose a term t is such that P F. A(t).

De ne the sequences = [52; £;::1; £], where L = fKy j | 2 SM(P); K = | \HB g, for
Since P is consistent, eachL; is a nonempty subset ofKp. SinceP . A(t), the sequences
trivially satis es the conditions (1) and (3) in De nition 5 .7. Suppose (2) is not satis ed. Then there
exists somej 2f1;:::;ng, someK 2 L; 1 and someK °2 Kp such that st(K;f i(x) st(K & x)
and K962 ;. Take the smallest indexj for which the statement above holds. Then there exists a

Ki 1.Kj
D 1’T] has the

{ st(Ki;fi+1(x)) st(Kij+1;x) foreachi 2f0;:::;j 1g.

Let S = st(Kg; x). Due to the de nition of trees, we know that there exists a treeT induced by Kp
starting at S such that N 2 T. Consider the stable modell 2 SM (P) where st(c;1) S. Such
I must exists due to the way we de nedLy. By the semantic characterization (see Theorem 3))

of P, and eachT¢ is a tree induced byKp starting at st(c;|€). Supposec; = c. Simply de ne
19:= 1] (T)y[ (T®),[ :::[ (T%),. By Theorem 2, we have thatl °is also a stable model of.
We arrive at a contradiction to the assumption that K; 62L;. Indeed, Kj = (1°\HB | ) @nd,
due to the de nition of s, Kj 2 L;.

For the other direction we show that the failure of (A) implie s the failure of (B). Suppose for each

term t, P 8¢ A(t). Furthermore, assume there exists a converging sequense= [LTO; %—11; il ']:—n”]
for A, where L = seedéc; P). First, we reconstruct the term encoded in the sequence. Ltetg = c,
while t,, is de ned inductively as t; := fi(t; 1), where 1 i n. Consider the term t,,. By

assumption, there exists a model of P such that A(t,) 62 . There are two possibilities.

have that eachK; := (HB¢ \ 1), isin Kp, where 0 i n. By assumption, we haveKg 2 L.
The condition (2) in De nition 5.7 implies that K, 2 L,. SinceA(x) 62K, we have that s is
not a converging sequence foA due to violation of (3) in De nition 5.7.

b) For somei, where 0< i n, we havetiGJZ. Note that to2| since it is a constant. Take the
smallestm, where 0 m < n, such that ty+; 62. As it was argued, eachK; := (HBy \ I),, is
in Kp,where 0 i m. By assumption, we haveKy 2 L. The condition (2) in De nition 5.7
implies that Ky 2 L. SinceKy := (HBy, \ 1), andtm+1 62, we have thatf y, (x) 62sucK m).
We have that s is not a converging sequence foA due to violation of (1) in De nition 5.7.

In both casess is a converging sequence fof, which contradicts the assumption. O

Proof of Theorem 13 (ExpSpace -Hardnesg. Consider a languageL over an alphabet which is
in ExpSpace . Then there is a Turing machineM = (S; ; ;So) as in De nition 6.3 that decides
membership of a given wordl in L on a tape whose length is bounded by an exponential in the
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size ofl . We construct a FD program P (M; 1 ) of size polynomial inM and | such that acceptance
of | by M is equivalent to the existence of an answer for an open quergx:A (x) under cautious
entailment.

For convenience, we assume here that is not the empty word. Suppose the number of cells
(the space) used byM on the input | is bounded by m := 235, where as is polynomial in the size
of 1. The reduction relies on keeping two addresses of the cella the work tape, each of which is
represented usingas = log, m bits. The rst address is the position of the read/write (r/'w ) head,
which is encoded by the unary predicate symbolswposg, ;21 rwposl,, b 2 f0;1g. For each bit
of the address, we dedicate two symbols and will ensure thatxactly one of them holds for each
term. In our encoding, terms will represent stages reachedni the computation of the machine on
some path. Similarly, the second address is the one of thebserved cellwhich is encoded by the
unary predicate symbol opo%, ..., 0pog,, b2 f0;1g. Intuitively, the observed cell is the single
cell of the machine for which the correct state transition wil be ensured by the program. By non-
deterministically generating all cells for observation in parallel, and exploiting the properties of
cautious entailment of open queries we will ensure that acqaing computations of M (represented
by terms) can be singled out.

We sketch the construction of the programP (M;1) in steps. We need rules for checking the
equality of the r/w head address and the address of the obserd cell. To this end, for a bit b, let
b=1 bdenote the complement ofb. For the comparison of separate bits in the two addresses,
we add the following rule

equ(x) opo(x);rwposP(x)  forall i 2f0;:::;asgand b2 f 0;1g: 7)
The equality of two addresses at some point of computation ighen expressed easily by the rule
rwoequx)  equ(X);:::;equas(X): (8)

The inequality is also easily expressed by the rules

nonequ(x)  opog(x); rwposP(x) (9)

We move to the representation of the initial con guration of the machine, which we do from
the perspective of an observed cell. To this end, we add, for 0 i  as, the facts

rwpos?(st) ; (10)
states, (st) : (11)
opos (st) _ opog(st) : (12)

Intuitively, (10) sets the position of the r/w head to the lef t most cell and (11) set the machine into
the start state, while (12) non-deterministically chooses @ observed cell of the tape. To represent
the content of each observed cells in the initial con guration, we proceed as follows.

For each symbol 2 , we use a designated unary predicate symbolsymbol . Let n 0 be
the position of the last symbol of | written on the tape, i.e., | = Igl1 I, is on positions O,...n.
For each positioni  n with binary representation i = by bys =i and = I;, we add the rule

symbol (st)  oposX(st);:::;opog (st): (13)
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For all other positions, the symbols are blank. Assuming tha n = by b,g in binary, we express
this with rules b

symbolk(st) oposi’l(x); o ;opo§' 1 (x); opo§1(x); (14)
forall j 2f0:::;asg such that b =0.

This describes the initial con guration; note that it is cap tured by the whole set of models for
the program described so far. Although each model capturesmdy the content of one (the observed)
cell, the contents of the whole work tape is entirely capturel as the addresses of the observed cells
cover the whole work space oM .

To encode the transitions, it is handy to view as a table. For each tuplet = Is; ;s 0 Opj
such that (s; )= hs® ©%Di, we use a function symbolt and de ne the following rules:

next(x; t(x)) rwoequ(x); stateg(x); symbol (x); (15)
next(x; t(x)) nonegqux); states(x); (16)
stateso(t(x)) next(x; t(x)); a7
symbol o(t(x)) rwoequ(x); next(x; t(x)); (18)
movep (t(x)) next(x; t(x)): (29)

The rules above are explained as follows. If the r/w head is athe position of the observed cell,
and the symbol and the state are correct for the transition, the transition is made (15). If the r/w
head is not at the position of the observed cell, the transiton is made blindly (16). The single case
where the transition is not made is if the r/w head is at the postion of the observed cell, but either
the symbol or the state is not the right one. The rule (17) setsthe new state, while (18) sets the
new symbol of the observed cell. The rule (19) triggers the meement of the r/w head. The e ect
of movep is explained next. Moving the r/w head boils down to adding or subtracting one bit from
the address. To this end, we use unary predicateshift §,:::, shift &, b2 f 0;1g, to simulate the
values of the carry bit. When the r/w head position changes, he last bit should be inverted. This
is stated by the rules

shift 1.(x) moves (X); (20)
shift 1 (x) move 1(x); (21)
shift 2.(x) movey(x): (22)

rwposf(y) shift *(y); rwposf(x); next(x; y); (23)
rwposf(y) shift 2(y); rwposf(x); next(x; y); (24)
shift %o 1(y) moves; (y); shift Jo(y); rwposPe(x); next(x; y); (25)
shift P 1(y) move 1(y); shift fo(y); rwposfe(x); next(x; y); (26)
shift P(x) movey(x): (27)

Furthermore, we have to state that the address of the obsern cell does not change, i.e., is xed
for a model. This expressed by the rules

opog(y)  0po(x); next(x;y); (28)
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for eachi 21 0;:::;asg and b2 f 0; 1g. Finally, we ensure that the symbol written in the observed
cell does not change if it is not a ected by the transition. This is expressed by the following inertia
rule for each 2 :

symbol (y) nonequx);symbol (x); next(x;y): (29)

This completes the description of the programP(M;1 ). It is not hard to see that P(M;l ) has
exactly m = 23 minimal models (and thus stable models, as ifP (M;1) no negation occurs) that
are induced by di erent choices of the position of the obsered cell. Let R%;:::;R™ 1 be these
models ordered with respect to the position of the observedal, i.e., RC is the one for rst position

0 whiIe R™ 1is the one for the last position m 1.

transitions, and assume that |t is always non-empty. The run is accepting, if after performingtp,
the machine enters the accepting stateaccept We establish the following lemmas.

Lemma 2. If the machine M accepts the inputl on the runty;:::;t,, n 1, then P(M;1) F¢
staten(u), whereu = ty(:::ty(st) ;).

Proof. Suppose thatl® = Ib b is the word describing the initial tape contents, and that after
executing the transitions t1;::::t;, (i) 1' is the word given by the tape contents, (ii) ' is the state
of the machine, and (jii) pos is the position of the r/w head.

We show that for eachR", w 2 f0;:::;m  1g, we have stateaccept(u) 2 RY. To this end,
we show that in RY the content of the observed cellw, the state, and the r/w head position are
correctly re ected through the computation. More formally , let ug := st, and u; := tj(u; 1), Whe_re

O<i n. Then we argue that, for eachj 2 f 0;:::;ng, (i) symbol (uj) 2 R whenever = = I
i.e., is written in cell w, (ii) states (uj) 2 R", and (i) pod is, encoded, in binary, by the atoms
rwposb(u,) 2 RY,0 i as. Note that this will prove the lemma, since s" = accept

We proceed by induction onj 0. The base casg¢ = 0 is clear by the encoding of the initial
word (rules (13) and (14)), the initial r/w head position (fa cts (10)) and the initial state (fact (11)).

For the inductive case, assume the claim holds for 0 j < n and considerj + 1. By the
induction hypothesis, symbol (ui) 2 RY, states (u;) 2 R", and pod is described by the atoms
rwposb(uj) 2 RY. There are now, by the rules (7) { (9) two disjoint cases: eitrer nonequu;) 2 RY
or rwoequ(uj) 2 R™. In the former case,next(u;;tj+1 (uj)) 2 RY by the rule (16); by the rule (29),
we then havesymbol (uj+1) 2 R™. In the latter case, next(u;j;tj+1(u;)) 2 R" by the rule (15); by
the rule (18), we then havesymbol o(u;+1) 2 RY. In both cases,R" contains symbol (u;+1) where
II+¥1 = . Hence (i) holds forj + 1.

As for (i), as we have next(u;;tj+1(u;)) 2 RY, by the rule (17) we havestates,, (ui+1) 2 R",
and thus (i) holds for j + 1. Finally, the rules (19) and (20) { (27) e ect that atoms pos(u;j+1)
which correctly representpod *! are derived. Hence, (iii) holds forj + 1. O

Lemma 3. If P(M;l) F¢ x:state accept(X), then there exists an accepting run oM .

Proof. SupposeP (M; 1) ¢ stateaccept(U). By assumption, the initial state is not acceptand thus

u= th(:::ty(st):::), wheren 1. Let ug := st, and u; = tj(uj 1), where 0< i n. Then,
in each modelRY, we must clearly must havenext(u; 1;tj(u; 1)) for each 0<i n (otherwise,
stateaccept(Un) Would not be contained in R"Y).

Foreachi 2f0;:::;ng, de ne (iytheword I' = m 1Wwhere j is such thatsymbol ; (u;) 2

RI,0 j<m, (i) s' as the states such that states(u;) 2 RY, and (iii) pos as the mteger which,
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in binary, is encoded by the factsrwposibi ()2 RY,ie, pos = by bas, wherew 2f0;::::m 1g
is arbitrary.
We claim that each |/, s', and po§ is well-de ned and is the tape contents, state, and r/w head

position, respectively, after the partial run tq;:::;t; of M on the input |. Sinces" = accept this
will prove the lemma.
The proof is by induction on i 0. For the base caseé = 0, by construction, |1° clearly is

the initial tape contents, s° = sp, and pos® = 0 by the facts and rules (10) { (14). Suppose
the claim holds for 0 i< n and consideri + 1. Assumeti:;1 = hs; ;s® ¢Di. Since we have
next(ui;ti+1 (uj)) in each R™, we must have statego(uj+1) in RY by rule (17); since no other fact
stateso(Ui+1 ) can be inRY, s'*1 is well-de ned. Furthermore, we must have states(u;) in RY and
either (a) rwoequ(u;) 2 R or (b) nonequ(u;) 2 RY; by the induction hypothesis and the rules (7)
{ (9), (a) is the case if pos = w and (b) if pos 6 w. In case (a), we must havesymbol (u;) 2 RY
and symbol o(uj+1) 2 RY by rule (18), and in case (b) symbol (ui+1) 2 RY by rule (29), where
symbol (u;) 2 R". Since no other factssymbol o(uj+1 ) can be inRY, 1'*1 is well-de ned. Finally,
we must have movep (Uj+1) in RY by rule (19); by the induction hypothesis and the rules (20) {
(27), we have factsrwposjta (ui+1) in RY, 0 | as, such that by;:::;bss representspos + D =
pos*! in binary.

Summing up, | i+1 s*1 and posf+1 are all well-de ned and encode tape contents, state, and r/w

the induction step. O

As P(M;1) and x:state accept(X) are constructible in polynomial time from M and I, from
Lemmas 2 and 3 the claimedExpSpace -hardness result follows forFD, FDN, and FDNC; by
replacing the disjunctive guessing rules (12) with unstrated rules opog(st) not opos’(st);
opos(st)  not opost(st), we obtain the result for FN and FNC. O

A.5 Reasoning in FN

Proof of Proposition 11. Let | be a stable model ofF (P). The properties (1), (2) and (3) hold
by the construction of F(P), i.e., due to the fact that | is a stable model that satis es (F1)-
(F4) rules of F(P). Supposel does not satisfy (4), i.e., for some termt2l and some unary
predicate A of P, either (a) fA(t);A(t)g\ | = ;, or (b) fTA(t);A(t)g |. In case (a), we have
fA(t) Dom(t); A(t) Dom(t)g F(P)'. SinceDom(t) 2 I, | is not a model of F(P)'.
Contradiction. Assume the case (b). There are two possibities: (i) either AS(t) 2 I, or (ii)
AC(t) 621. Assume (i). Since the single rule (the reduct of the rule of ype (F7)), where AS(t)
occurs in the head, is not inF (P)', we have that| is not a minimal model of F (P)'. Contradiction.
Assume (ii). Then the rule AS(t)  A(t);A(t) is in F(P)', and the body is in| by the assumption
(b). It follows that | is not a model of F (P). Contradiction. To sum up, both (a) and (b) lead to
the contradiction to the assumption that | is a stable model ofF (P). Analogously to the argument
for (4), one can show that the property (5) holds.

For the other direction, assume an interpretation | of F (P) for which the given properties hold.
It is easy to see that such an interpretation satis es each othe rules in F(P)'. We verify that | a
minimal model of F (P)'. By the construction of F (P), each minimal model of F (P) has to satisfy
(1), (2) and (3). Therefore, if 1 is not a minimal model of F(P)', there should exists a model
H 1 of F(P)' for which (4) or (5) does not hold. We arrive to a contradiction. Due to the rules
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of type (F5) or (F6) in F(P), H cannot be a model ofF (P)'. O

Proof of Proposition 12. Supposel is a minimal model of P. We know that | is forest-shaped.
Let J be a Herbrand interpretation for TR(P) de ned as the smallest set of atoms satisfying the
following conditions:

al J,

b) S(c;d) 2 J, for each pair c; d of constants ofP,

c) if t2J, then Dom(t) 2 J,

d) if t2J and f is a function symbol of P, then S(t;f (t)) 2 J,
e) if t2J and A(t) 62J, then A(t) 2 J, and

f) if S(s;t) 21 and R(s;t) 62, then R(s;t) 2 J,

where A and R are predicate symbols ofP. We show that J is a stable model ofTR(P). Assume
that it is not the case. There are two possibilities.

- J is not a model of TR(P)’. SinceF(P) TR(P), we have F(P)’ TR(P)’. From the
construction of J it follows that J is a model of F (P)?. Then there has to exists some ground
rule C(v))  Qi(™);:::; Qm(¥m); Wa(t1);:::; Wn(th) in TR(P)? such that

(?) FQ1(v1);:::;Qm(Wm); Wa(te); :::;Wn(thg  J and C(w) 62].

Due to construction, P contains the rule Wq(t1) _:::_ Wh(th)  Qi(¥);:::; Qm(¥m). Sincel is
a model of P, then either (a) fQ1(v1);:::;Qm(*¥n)g 6 | or (b) fW1i(t1) _::: Wir(th)g\ | 6 ;.
In case (a), by the de nition of J, (?) does not hold. In case (b), for somew;(t;) of the rule,
W;(t5) 62) and, hence, ) does not hold.

- J is a model but is not a minimal model of TR(P)?. SinceF(P) TR(P), we have F (P)’
TR(P)’. Then we also have thatJ is a model ofF (P)”, but is not minimal. We arrive at a con-
tradiction, since J is a minimal model of F (P)’ due to the construction of J and Proposition 11.

For the other direction, let | be a stable model off R(P). Let J be the interpretation obtained by
restricting | to the predicates of P. Supposel is not a model of P. Then GroundP) contains a rule
Wi(ty) _ i Wh(th)  Qi(3);:::;Qm(¥m), where n;m > 0, such that fQ1(v1);:::; Qm(¥m)g

SM (TR(P)) and Proposition 11, we havef Q1(v1);:::; Qm®¥m); Wa(t1);:::;Wnh(thg |. It holds
that either C(v1) 621, or C(v1) 2 |. The former case implies thatl is not a model of TR(P). In
the later case we get thatl is not a minimal model of TR(P) since by de nition r is the single rule
where C(t1) occurs in the head. However, the ruler 62T R(P) by de nition of the GL reduct. We

arrived at a contradiction that | be a stable model ofT R(P). At this point we know that J is a
model of P. J might not be minimal, but that is enough to prove that P is consistent. O
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A.6 Higher-arity = FDNC

Proof of Theorem 25. We analyze the impact of restricted variable interaction in higher-arity FDNC.
As easily veri ed, the atoms that can be motivated in the stable models are of the particular form.
Let P be a higher-arity FDNC program, and let pterms(P) be the set of proper terms de ned as
the smallest set such that

a) if c2 HUP is a constant andc 62d(P), then ¢ 2 pterms(P);

b) if t 2 HU P is a complex term such that (1) in its local positions there ae only constants from
Id(P), and (2) in its global positions are the terms from pterms(P), then t 2 pterms(t).

Note that pterms(P) is closed under subterms. Letpatoms(P) be the set of all proper atoms for
P, which are the atoms inHB" that have constants from Id(P) in the local positions and terms
from pterms(P) in the global positions.

Due to the syntax of higher-arity FDNC, given any Herbrand interpretation | of P, a ruler in
the reduct P' contains a non-proper atom i it contains a non-proper atom in the body. Hence,
every minimal modelJ | of P! must satisfy J  patoms(P). Thus if P%is the program obtained
from GroundP) by deleting each rule that contains an atomA 62patoms(P), then P! and P9 have
the same minimal models. This implies thatSM (P) = SM (P9. Moreover, only proper atoms can
be motivated in stable models ofP, i.e.,|  patoms(P) holds for eachl 2 SM(P).

Trivially, SM (P9 = fl jred(l) 2 SM(red(P9%)g. On the other hand, we can easily verify that
red(P9 = Groundred(pgr(P))). Since SM (Groundred(pgr(P))) = SM (red(pgr(P)))), it follows
that SM(P) = fl jred(l) 2 SM(red(pgr(P)))g as claimed.

O
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