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Abstract. In this paper we present an embedding of propositional production
systems intoµ-calculus, and first-order production systems into fixed-point logic,
with the aim of using these logics for the static analysis of production systems
with varying working memories. We encode properties such astermination and
confluence in these logics, and briefly discuss which ones cannot be expressed,
depending on the expressivity of the logic. We show how the embeddings can be
used for reasoning over the production system, and use knownresults to obtain
upper bounds for special cases. The strong correspondence between the structure
of the models of the encodings and the runs of the production systems enables
the straightforward modeling of properties of the system inthe logic.

1 Introduction

Production systems (PS) are one of the oldest knowledge representation paradigms in
artificial intelligence, and are still widely used today.1 Such a system consists of a set of
rulesr of the form “if conditionr thenactionr”, a working memory, which contains the
current state of knowledge, and a rule interpreter, which executes the rules and makes
changes in the working memory, based on the actions in the rules.

In general rule-based systems are administered and executed in a distributed envi-
ronment where the rules are interchanged using standardized rule languages, e.g. RIF,
RuleML, SWRL. The new system obtained from adding (or removing) the interchanged
rules need to be consistent, and some properties be preserved, e.g. termination. In this
work we address the static analysis of such production systems, which means deciding
properties like termination and confluence. We propose using logics and their reason-
ing techniques from the area of software specification and verification, in particular
µ-calculus [1] and fixed-point logic (FPL) [2].

In this work we consider rules in which conditions are first-order logic (FOL) for-
mulas with free variables and the actions areadditionsand removalsof atomic for-
mulas. We also consider the special case of variable-free, i.e., propositional rules. We
note here that in case a limited number of constant symbols isavailable and the rules
are quantifier-free, the first-order case can be reduced to the propositional case through
grounding, i.e., replacing each rule with all possible ground variable substitutions.

1 http://www.jessrules.com/ http://clipsrules.sourcefo rge.net/
http://www.ilog.com/products/jrules/

http://www.jessrules.com/
http://clipsrules.sourceforge.net/
http://www.ilog.com/products/jrules/
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The working memory of a production system is a set of facts, i.e., ground atomic
formulas. Given a working memory, the rule interpreter applies rules in three steps:
(1) pattern matching, (2) conflict resolution, and (3)rule execution. In the first step,
the interpreter decides – nowadays typically using the RETEalgorithm [3] – for each
rule ri and for each variable substitutionσj whetherri can be applied in the working
memory usingσj , i.e., whether the working memory satisfiesσj(conditionri

). This step
returns all pairs(ri, σj) such thatri can be applied usingσj ; this set is called the conflict
resolution set. In step (2), the interpreter non deterministically chooses a pair from the
conflict resolution set; in case the set is empty the system terminates. In the last step,
the working memory is updated following the additions and removals in the action part
of the selected rule. The interpreter then starts again withstep (1).

We note here that the choice of conflict resolution strategy affects certain properties
of the production system – for example, if one chooses a conflict resolution strategy
that allows each rule to be executed at most once, the system is guaranteed to terminate.
Therefore, the conflict resolution strategy of a productionsystem must be known when
performing static analysis. In the present paper we assume asimple conflict resolution
strategy: the rule interpreter arbitrarily selects one pair (ri, σj) from the resolution sets
such that applyingσj(actionri

) to the working memory yields an updated working
memory that is different from the current one. We leave consideration of further conflict
resolution strategies for future work.

The operational semantics of production systems makes it difficult to analyze their
behavior. Therefore, it is desirable to use a formalism witha declarative semantics for
static analysis. In addition, we are interested in decidingproperties of production sys-
tems for which the initial working memory varies – e.g., we want to be able to decide
whether the execution of a set of rules terminates: no matterwhat the start state is. We
use two well-known logics that are frequently used in the area of software verification.
For the analysis of propositional systems we useµ-calculus, which is a modal logic ex-
tended with the least and greatest fixpoint operators, and for which common reasoning
tasks, such as entailment, are decidable in exponential time. For the first-order systems
we use fixed-point logic (FPL), an extension of FOL with leastand greatest fixpoint
operators. Even though reasoning with FPL is not decidable in the general case, there
are decidable subsets [4].

Our main contributions with this paper are as follows. We present an embedding of
propositional production systems intoµ-calculus and show how this embedding can
be used for the static analysis of production systems. We then present an embedding
of first-order production systems in fixed-point logic, showhow the embedding can be
used for reasoning over the production system, and discuss two decidable cases.

We use properties of these logics to derive (un)decidability and complexity results
for deciding properties such as termination and confluence of production systems. The
embedding of first-order production systems into FPL servesas a starting point for
investigating further decidable subsets (e.g., based on the guarded fragment [4]), in par-
ticular when considering further strategies that limit thechoice in the conflict resolution
step (2) of the rule application – for example, such strategies may guarantee termina-
tion, and thus finite models of the embedding.
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The papers is further structured as follows. We review related work in Section 2 and
give preliminary definitions in Section 3. We present our embedding of propositional
production systems inµ-calculus and show how it can be used for static analysis in
Section 4. In Section 5, we present our embedding of first-order systems in FPL. We
conclude and discuss future work in Section 6.

2 Related Work

We consider two streams of related work:action languages and planningandrules in
active databases.

The situation calculus [5] is one of the classic formalisms for representing action
and change in artificial intelligence. One might thus consider it an alternative formal-
ism that may also be used for capturing production systems. Adistinguishing feature
between situation calculus, on the one hand, andµ-calculus and our use of FPL, on
the other, is that in the former there is a notion of situation– essentially a term captur-
ing the history of the actions – and in the latter there is a notion of state – essentially
a collection of all the facts that hold at a given point in time. Arguably, the latter are
conceptually a better match with the notion of working memory in production systems.
Nonetheless, the situation calculus has been used in the context of production systems
by [6]. Specifically, [6] used logic programs with the stablemodel semantics and situ-
ation calculus notation for characterizing production systems, and deciding properties
such as confluence and termination. A notable difference between our approach and the
one base on stable model semantics, is that, in general, we allow the initial working
memory to vary – we can do that sinceµ-calculus and FPL allow reasoning over all
possible models.

In the planning domain and STRIP-like languages, one assumes a set of operators
with preconditions and actions, an initial database and a goal. The planning problem
is to find a sequence of operations that updates the initial database so that the goal
holds. One might reuse planning results for the static analysis of production systems by
considering properties of systems as goals and finding a planinvolving rule applications
as atomic actions (for exampleG = p meaning thatp eventually holds). This problem
has been approached from the logic point of view in many ways,many of them (that we
are aware of) started with [7] approaching planning as a satisfiability problem. Reiter
[8] allows first order sentences for the goal, which makes theproblem undecidable.
In [9,10], the authors address the propositional case with LTL. The main problem in
trying to apply these works to PS, is that in the planning problem, they need to findone
sequence which satisfies the goal, or theabsenceof a sequence. This lead the research
to linear temporal logic, where basic properties like confluence can be expressed in
a first order extension (but maybe encoded in the propositional case) and some other
properties, like[PE5] in Section 4.2 can not be neither expressed nor encoded. On the
other hand, if we consider the operators as the PS’s rules, the present work can be used
to solve to planning problem using[PE4] (in Section 4.2) and replacingp by the Goal.

In [11], the authors present a new logic (DIFR) which is an extension of PDL
that can encode propositional situation calculus. They present a formal framework for
modeling, and reasoning about actions. Consequently, eachparticular problem has to
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be modeled ad-hoc. In the present work we model not just the conditions and effect of
an action, but several specific features of Production systems like strategies, constrains,
and the behavior of the system in time. We provide an axiomatization of PS (Section 4),
and a formal proof of the correspondence with the set of runs of a PS, and the models
of our axiomatization (Theorem 1). This link is required to do formal verification of
properties of PS, using the models of the axiomatization. The choice ofµ-calculus
overDIFR for modeling has been based on two points: First, certain properties of
interest, like finiteness of runs (among others), cannot be expressed inDIFR, while
they can be expressed inµ-calculus (see Section 4.2). Second, in Section 5 we extend
the propositional case, and we model PS with variables, First Order Production Systems
(FO-PS). This model is in Fix Point Logic, which can be seen as a first order extension
of µ-calculus, therefore the choice ofµ-calculus makes the path from the propositional
PS to FO-PS more understandable.

Rules in active databases are strongly related to production rules. While production
rules are condition-action rules, active databases contain event-condition-action rules;
there are external events that may trigger firing of rules. The techniques we are aware
of that have been proposed for the static analysis of such rules ([12,13,14]) are based on
checking properties of graphs, where nodes are rules, and anedge betweenr1 andr2
means that the action ofr1 can trigger the firing ofr2. The general problem, where con-
ditions are arbitrary SQL queries, is (unsurprisingly) known to be undecidable [15]; an
analogous result for our case is stated in Theorem 4. In [12],[13], and [14] the authors
study sufficient conditions for deciding termination and confluence. In contrast, our em-
beddings inµ-calculus and FPL are used to find sufficient andnecessaryconditions for
deciding these and other properties for classes of production systems.

3 Preliminaries

µ-Calculus Let V ar be a (infinite) set of variable names, typically writtenY, Z . . .
and letProp be a set of atomic propositions, typically writtenp, q. µ-calculus extends
propositional logic with the modal operator♦ and with formulas of the formµ.Z.φ(Z),
whereφ(Z) is aµ-calculus formula in which the variableZ occurs positively, i.e., under
an even number of negations.

As usual,�φ is short for¬♦¬φ andν.Z.φ(Z) is short for¬µ.Z.¬φ(¬Z).
A Kripke structureis a tupleK = (S,R, V ), whereS is a non-empty (possibly

infinite) set of states,R ⊆ S × S a binary relation overS, andV : S → 2Prop assigns
to each propositionp ∈ Prop a (possibly empty) set of states.

A valuationV : S → 2V ar assigns to each variable a set of states. For a valuation
V , a variableY and a setS, we denote byV [Y ← S] the valuation obtained fromV by
assigningS to Y .

Given a Kripke structureK = (S,R, V ), we define the set of states satisfying a
formulaφ, relative to a valuationV , denotedφK(V), as follows:
– pK(V) = {s ∈ S | p ∈ V (s)} for propositionsp, Y K(V) = V(Y ) for variablesY ,
– (φ1 ∧ φ2)

K(V) = (φ1)
K(V) ∩ (φ2)

K(V),
–(¬φ)K(V) = S\(φ)K(V),
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– (♦φ)K (V) = {s ∈ S | ∃s′ ∈ φK(V).(s, s′) ∈ R, and
– (µ.Z.φ(Z))K (V) =

⋂
{S′ ⊆ S | φK(V [Z ← S′]) ⊆ S′}.

A µ-calculus formulaφ is satisfiableiff there exists a structureK s.t. (φ)K(V) 6= ∅,
for every valuationV ; in this caseK is amodelof φ. A formulaφ entailsa formulaψ
iff (φ ∧ ¬ψ) is not satisfiable.

Fixed Point Logic Fixed Point Logics FPL [4]) extend standard first order logic(with
equality and without function symbols) with least fixed-point formulas of the form
[µW.x.ψ(W,x)](x), whereW is a k-ary relation symbol (a second order variable),
ψ(W,x) contains only positive occurrence ofW and its free first-order variables are in
x. As usual, the greatest fixed-point formula[νW.x.ψ(W,x)](x) is short for
¬[µW.x.¬ψ(¬W,x)](x).

In order to obtain the necessary correspondence with the constants employed in the
production system, we assumestandard names. Let C be the set of constants. Then,
all interpretations are of the formM = 〈C, ·M〉 and we have thatcM = c, for every
c ∈ C.

Given a structureM = 〈∆, ·M〉 providing interpretations for all the free second
order variables inψ, exceptW , the formulaψ(W,x) defines an operator onk-ary rela-
tionsW ⊆ AK :

ψM : W 7→ ψM(W ) := {a ∈ ∆k :M |= ψ(W,a)}

SinceW occurs only positively inψ, this operator is monotone and therefore has a least
fixed pointLFP (ψM). We then define

M, B |= [µW.x.ψ(W,x)](x) iff B(x) ∈ LFP (ψM)

for interpretationM and first-order variable assignmentB.
Satisfaction and entailment are then defined in the usual way.

4 Propositional Production Systems

An intensively investigated area of temporal logic is automatic verification of propo-
sitional temporal logic properties of finite state systems.As is well known, semantic
properties of programs written in Turing-complete languages are undecidable, thus a
full verification of such a program intrinsically includes hand work. However, there are
many applications from components of microprocessors to communication protocols,
which work with finite data domains, and which can be represented by finite state tran-
sition systems. Even if a system is by nature infinite, sometimes the possibility exists
to abstract from infinitary aspects and obtain a finitary representation of the relevant
aspects of the behavior. Propositional logic succeeds to specify the static properties of
finite state systems, i.e. the properties of the states. Moreover, if we have finite state
systems on the one hand, and propositional temporal logics,i.e. propositional logics
amalgamated with temporal constructs, on the other hand, then automatic verification
is possible. This means, there exist programs taking a description of a finite state sys-
tem and a propositional temporal specification as input and return as result, whether the
system satisfies the temporal property.
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We first present formal definitions of propositional production systems.

Definition 1. A Generic Production System(GPS) is a tuplePS = (Prop, L,R),
where
–Prop is a finite set of propositions, representing the set of potential facts,
–L is a set of rule labels, and
–R is a set ofrules, which are statements of the form

r : if φr thenψr

wherer ∈ L, φr is a propositional formula, andψr = a1 ∧ · · · ∧ ak ∧¬b1 ∧ · · · ∧ ¬bl,
with ai 6= bj (ai, bj ∈ Prop) signifying the propositions added, respectively removed
by the rule, such that every rule has a distinct label andL ∩ Prop = ∅. We define
φaddr = {a1, . . . , ak} andφremover = {b1, . . . , bl}.

In the following, letPS = (Prop, L,R) be a production system. AWorking Memory
WM ⊆ Prop for PS is a set of propositions. As an abuse of notation, we useWM for
both the working memory and the propositional valuation induced by it (i.e.,WM |= p

iff p ∈WM ).
A rule r is fireablein a working memoryWM if WM |= φr andWM ′ = WM ∪

ψaddr \ ψremover 6= WM .2

A concrete production system(CPS) is a pair(PS,WM0), whereWM0 is a work-
ing memory. For a set of symbolsΣ, aΣ-labeled treeis a pair(T, V ), whereT ⊆ N

+

is such that ifx.c ∈ T , then alsox ∈ T andV : T → 2Σ maps each node to a set of
symbols inΣ.

Definition 2. A computation treeCTPSWM0
for a CPS(PS,WM0) is a (Prop ∪ L)-

labeled tree(T, V ) such that the root ofT is 0, V (0) = WM0, and for each node
n ∈ T and every ruler that is fireable in the working memoryWM = V (n) ∩ Prop,
there is a child noden′ ∈ T of n such thatV (n′) = WM ′ ∪ {r}, with WM ′ =
WM ∪ ψaddr \ ψremover . There are no other nodes inCTPSWM0

.

Note that the rule labelr in the label of each node represents the rule that has been
fired to obtain the current node from the parent. Note also that CTPSWM0

is unique up to
isomorphisms, and so we may speak aboutthecomputation tree of a CPS. Arun of a
CPS is a branch inCTPSWM0

. A run is terminatingif it is finite.

In the remainder of this section we present an axiomatization of production systems
in µ-calculus and show how this can be used for static analysis.

4.1 Axiomatization

The existence of a formal description of any language is a prerequisite to any rigor-
ous method of proof, validation, or verification. Here we present an axiomatization of

2 Note that we assume here a simple conflict resolution strategy, namely a rule is only fired if it
brings about a change in the working memory.
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production systems inµ-calculus. In the following subsections we will show how this
axiomatization can be used for reasoning about production systems.

In the following, letPS = (Prop, L,R) be a generic production system and let
WM0 be a working memory. We first define the necessary components of the formula
comprising the axiomatization. These components encode the constrains and require-
ments in the relation between one state and its successors depending if it is an inter-
mediate state in the execution of the PS, or a state representing the end of a run. A
greatest fix point composed of these components restricts the models to the ones which
are bisimilar to a computation tree (CT). The states in the models of the axiomatiza-
tion can be seen as nodes in the computation tree. We assume that b does not appear in
Prop ∪ L.

Root The current state represents the root of the CT.

b ∧
∧
r∈L¬r

RApp Rule application.
(
∧
r∈L(r → ψr))

Appl If a rule is applied, it must be applicable.

(
∧
r∈L♦r → φr ∧ ¬ψr)

Frame Frame axiom: ifq holds, it holds in the next state unlessq is removed and if¬q
holds,¬q holds, unlessq is added.

(
∧
q∈Prop(q → �(q ∨ (

∨
r∈L.q∈ψremove

r

r)))∧

(¬q → �(¬q ∨ (
∨
r∈L.q∈ψadd

r

r))))

NoFireable No rule is fireable and there is no successor.

[(
∧
r∈L(φr → ψr)) ∧ (� ⊥]

Fireable At least one rule is fireable and there is a successor.

(
∨
r∈Lφr ∧ ¬(ψr)) ∧ ♦⊤

Complete If a rule is fireable, it is applied in some successor states.

(
∧
r∈L(φi ∧ ¬(ψr))→ ♦r)

1Rule Exactly one rule is applied.

(
∨
r∈Lr ∧ (

∧
r∈L(r → ¬

∨
r′∈L&r′ 6=rr

′)))

WM (Optional) The initial working memory holds.

∧
q∈WM0

q ∧
∧
q∈Prop\WM0

¬q
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The axiomRoot captures the root of the computation tree. We now define the axioms
which capture intermediate and end (i.e., leaf) nodes.

Intermediate = RApp ∧ 1Rule∧ Appl ∧ Frame∧ Fireable∧ Complete∧ ¬b
End = RApp ∧ 1Rule∧ Frame∧NoFireable∧ ¬b

We now define theµ-calculus formula that captures the production systemPS:

ΦPS = [(Root∧ NoFireable) ∨ (Root∧ Appl ∧ Frame∧

Complete∧ Fireable∧�(ν.X.(Intermediate ∨ End) ∧�X)))]

We now proceed to prove bisimilarity between the models ofΦPS and the computation
trees ofPS. We will exploit this result later for reasoning aboutPS.

A bisimulationbetween two pointed Kripke structures,K = ((S,R, V ), s0) and
K ′ = ((S′, R′, V ′), t′0) is a relationZ ⊆ S × S′ such that:
– (s0, t

′
0) ∈ Z

– if (si, t
′
i) ∈ Z, thenp ∈ V (si) iff p ∈ V ′(t′i), for every propositionp,

– if (si, t
′
i) ∈ Z and(si, s

′) ∈ R implies that there is at′ ∈ S′ such that(t′i, t
′) ∈ R′

and(s′, t′) ∈ Z
– if (si, t

′
i) ∈ Z and(ti, t

′) ∈ R′ implies that there is as′ ∈ S such that(si, s′) ∈ R
and(s′, t′) ∈ Z

We view a computation tree(T, V ), with 0 being the root, also as a Kripke structure
K = (T,R, V ′), whereV ′(0) = V (0)∪{b},V ′(n) = V (n) for n 6= 0, and(n, n′) ∈ R
iff n.n′ ∈ T .

Theorem 1. Given a Production systemPS = (Prop, L,R), a starting working mem-
oryWM0, and the formulaΦPS .

1. A Kripke structureK = (S,R, V ) is a model ofΦPS iff there is a working memory
WM for PS such that there is ans ∈ S and(K, s) is bisimilar to(CTPSWM , 0)

2. A Kripke structureK = (S,R, V ) is a model ofΦPS ∧WM iff there is ans ∈ S
such that(K, s) is bisimilar to(CTPSWM0

, 0).

Proof (Sketch).We start with 2. IfK = (S,R, V ) is a model ofΦPS ∧WM then there
is at least a nodes0 s.t.K, s0 |= Root∧WM . We start defining the bisimulationZ:
(s0, 0) ∈ Z. Now we have to define bisimulation in such a way that(si, xi) ∈ Z iff
(sj , x) ∈ Z andsi successor ofsj , x.i is the successor ofx, andsi, x.i agree on the
proposition constants. Let’s take a nodesi successor ofsj such that(sj , x) ∈ Z and
V (sj) = V (x). By Complete we know that there is at least one successor for each
applicable rule insj , and byRApp andFrame, we know that the label of the successor
is just the result of the rule application. ByFireable we know that the precondition of
every successor hold, therefore, for each successor ofsj in K, we have a successor of
x in CTps (note it can be many-to-one) with the same label, so(si, xj) ∈ Z for every
si and somexj which is determined by the rule label. The other direction isanalogous.

Now, the proof of 1 is straightforward: if we have a model K ofΦPS where some
states0 (as defined above) is the set of propositionWM , we know that PS withWM

as the initial working memory is bisimilar toK by point 2. The converse is analogous.
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4.2 Deciding Properties of Production Systems

Typical properties of production systems one would like to check are termination and
confluence of the system. However, one could imagine additional properties of inter-
est, e.g., redundancy of rules (useful in the design of the system). In this section we
showcase a number of properties that we feel might be of interest, and that can be re-
duced toµ-calculus satisfiability or entailment checking, using theaxiomatization of
the previous section.

The properties stated below are defined for both generic and concrete production
systems.PEi are the properties that can be decided by checking entailment . With φPEi

we denote the formula associated withPEi.

PE1 All runs are finite (i.e., Termination)

(µ.X.�X)

PE2 All runs terminate with the same working memory (Confluence)∧
qi∈Prop

(µ.X.(� ⊥ ∧qi) ∨ ♦X)→ (ν.X.(� ⊥→ qi) ∧�X)

PE3 There is a fireable rule in the initial working memory

(
∨
r∈R φr)

PE4 A propositionp eventually holds in some run.

(µ.X.(p ∧ (ν.Y.p ∧ ♦Y )) ∨ ♦X)

PE5 A propositionp eventually holds for ever in every run.

(µ.X.(p ∧ (ν.Y.p ∧�Y )) ∨�X)

PE6 Some ruler is never applied

¬(µ.X.♦X ∨ r)

PE7 All rules are applied in every run
∧
ri∈R

(µ.Z.ri ∨�Z ∧ ♦⊤)

We now show how deciding the above properties can be reduced to µ-calculus en-
tailment checking, by exploiting Theorem 1.

Theorem 2. A propertyPEi, for i ∈ {1, . . . , 7} holds for a generic production system
PS iff ΦPS entailsPEi andPEi holds for a concrete production system(PS,WM0)
iff WM ∧ ΦPS entailsφPEi.

Note that when considering concrete production systems, some of the mentioned
properties (e.g.,PE3) can be decided by simply running the system. However, certain
other properties (e.g., termination) cannot.

From the fact thatΦPS is polynomial in the size ofPS and the fact thatµ-calculus
entailment can be decided in exponential time, we immediately obtained the following
complexity results.

Proposition 1. The propertiesPE1-7 can be decided in exponential time, both on generic
and concrete production systems.
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5 First Order Production Systems

We now consider the case of production systems with variables.

Definition 3. A Generic FO-Production Systemis a tuplePS = (τ, L,R), where
– τ = (P,C) is a first-order signature, withP a set of predicate symbols, each with
an associated nonnegative arity, andC a nonempty (possibly infinite) set of constant
symbols,
–L is a set of rule labels, and
–R is a set of rules, which are statements of the form

r : if φr(x) thenψr(x)

wherer ∈ L, φr is an FO formula with free variablesx andψr(x) = (a1 ∧ · · · ∧ ak ∧
¬b1 ∧ · · · ∧ ¬bl), wherea1, . . . , ak, b1, . . . , bl are atomic formulas with free variables
amongx, such that noai and bj share the same predicate symbol, each rule has a
distinct label andL ∩ Prop = ∅. We defineφaddr = {a1, . . . , ak} and φremover =
{b1, . . . , bl}.

In the following, letPS = (τ, L,R) be an FO-production system. WithAT we denote
the set of equality-free ground atomic formulas (atoms) ofτ . A working memoryWM

for PS is a subset ofAT . As an abuse of notation, we useWM to denote both the
working memory and the first-order structure induced by the working memory, i.e., the
domain ofWM isC, cWM = c, for anyc ∈ C, andc ∈ pWM iff p(c) ∈ WM for any
p(c) ∈ AT .

A variable substitutionS is a mapping from variables to constants inC. The ap-
plication of a variable substitution to a term or formulaϕ, writtenS(ϕ), is defined in
the usual way. A rule isfireablein a working memoryWM using a substitutionS if
WM |= S(φr) andWM ′ = WM ∪ S(ψaddr ) \ S(ψremover ) 6= WM .

A concrete FO-production systemis a pair(PS,WM0), whereWM0 is a working
memory. We view rule labelsr ∈ L also asn-ary predicates, wheren is the num-
ber of free variables in the conditionφr; with AL we denote the set of ground atoms
constructed from the predicate symbols inL and the constants inC.

Definition 4. A computation treeCTPSWM0
for a (PS,WM0) is an(AT ∪AL)-labeled

tree (T, V ) such that the root ofT is 0, V (0) = WM0, and for each noden ∈ T ,
every ruler, and every variable substitutionS such thatr is fireable in the working
memoryWM = V (n) ∩ Prop usingS, there is a child noden′ ∈ T of n such that
V (n′) = WM ′ ∪ {S(r(x))}, withWM ′ = WM ∪ S(ψaddr ) \ S(ψremover ). There are
no other nodes inCTPSWM0

.

A run of (PS,WM0) is a branch ofCTPSWM0
. A run is terminatingif it is finite.

In the remainder of this section we discuss special cases of FO production systems
that can be reduced to propositional production systems, wepresent an axiomatization
of general FO production systems in fixed-point logic (FPL),and show how static anal-
ysis can we reduced to reasoning with FPL. This axiomatization will be a starting point
for future investigation of decidable fragments.
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5.1 Grounding FO Production Systems

Thegroundingof an FO production systemPS = (τ, L,R), denotedgr(PS), is ob-
tained fromPS by replacing each ruler : if φr(x) thenψr(x) with a set of rules
S(r(x)) : if S(φr(x)) thenS(ψr(x)), for every substitutionS of variables with con-
stants inC.

Clearly, for any working memoryWM , the computation trees of(PS,WM) and
(gr(PS),WM) are the same. Also, if the rules inPS are quantifier-free,gr(PS) can
be seen as a propositional generic production system – in theabsence of variables,
atomic formulas are essentially propositions. This allowsus to apply some of the results
for the propositional case to FO production systems.

We first exploit the fact that if the set of constantsC is finite, the groundinggr(PS)
is finite, and its size exponential in the size ofPS.

Proposition 2. LetPS = (τ, L,R) be an FO production system such thatR is quantifier-
free andC is finite, and letWM be a working memory.3 Then, the propertiesPE1-7
can be decided in double exponential time, on bothPS and(PS,WM).

When considering concrete FO production systems, i.e., theinitial working memory
is given, we can also exploit grounding, provided the conditions in the rules aredomain-
independent(cf. [16]): a first-order formula withn free variablesφ(x) is domain-
independent iff wheneverM = 〈∆, ·M〉 andM′ = 〈∆, ·M

′

〉 are structures,M is
a substructure ofM′, and the interpretations functions are identical (·M

′

= ·M), then
for all a1 ∈M′, . . . , an ∈M′:

M′ |= φ(a1 . . . an)↔ a1 ∈ M∧ · · · ∧ an ∈M∧M |= φ(a1 . . . an)

If all conditions are domain-independent and the initial working memoryWM0 is
given, one only needs to consider grounding with the constants appearing in(PS,WM0).
Examples of domain-independent formulas are conjunctionsof literals such that each
variable occurs in a positive literal.

Proposition 3. LetPS = (τ, L,R) be an FO production system such thatR is quantifier-
free and for every ruler ∈ R holds thatφr(x) is domain-independent, and letWM be
a working memory. Then, the propertiesPE1-7 can be decided in double exponential
time, on(PS,WM).

5.2 Axiomatizing FO Production Systems

In the remainder we assume that the signature of each of the production systems con-
tains a countably infinite set of constant symbols. In ourµ-calculus axiomatization for
the propositional case the structure of the computation tree was reflected in the acces-
sibility relation of the Kripke models. Interpretations inFPL are first-order structures;
therefore, we capture the structure of the computation treeusing the binary predicateR,

3 Note that ifC is finite, the existential quantifier could be replaced with adisjunction of all pos-
sible ground variable substitutions; analogous for universal quantifier. In this case, the ground-
ing would be double exponential.
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and we divide the domain into two parts: the nodes of the tree,i.e., the states (A), and the
objects in the working memories (U ). The arity of the predicates inP ∪ L is increased
by one, and the first argument of each predicates will signifythe state;p(y, x1, . . . , xn)
intuitively means thatp(x1, . . . , xn) holds in statey.

In the remainder, letPS = (τ, L,R) be a generic FO production system and let
WM0 be a working memory. We first define thefoundational axioms, which encode
the basic structure of the models and the tree shape ofR.

We assume that the unary predicatesB (signifying the start state),U andA and the
binary predicateR are not inP ∪ L.

Structure Partitioning of the domain.

∀x : A(x)↔ ¬U(x) ∧ (
∧
p∈P∪L∪{B}∀y,x : p(y,x)→ A(y) ∧ U(x1) ∧ · · · ∧

U(xn)) ∧ (∀x, y : R(x, y)→ A(x) ∧A(y))

Tree The predicateR encodes a tree.

∀x∃≤1y : A(x)→ R(y, x) ∧ ∃≤1x : ∀y : A(y)→ (¬R(y, x)∧

(µ.W.x, y.R(x, y)→W (x, y) ∧ (∃z : W (x, y) ∧R(y, z)→W (x, z)))(x, y))

We denote the set of foundational axioms withΣfound = {Structure,Tree}. We now
turn to the axioms that encode the behavior of the productionsystem. We omit expla-
nations of axioms that are simply extensions of the propositional case.

Root B(y) ∧
∧
r∈L∀x : ¬r(y, x)

RApp (
∧
r∈L∀x : r(y,x)→ ψr(x))

Appl (
∧
r∈L∀x : ∃w(R(y, w) ∧ ri(w,x))→ φr(y,x) ∧ ¬ψr(y,x))

Frame
∧
p∈P∀x1, . . . , xn([p(y, x1, . . . , xn)→ (∀w : R(y, w)→

p(w, x1, . . . , xn)∨(
∨
r∈L.ψr(z)=...¬p(t1,...,tn)∧...∃z : r(y, z)∧x1 = t1∧· · ·∧xn =

tn))] ∧ [¬p(y, x1, . . . , xn)→ (∀w : R(y, w)→ ¬p(w, x1, . . . , xn) ∨
(
∨
r∈L.ψr(z)=...p(t1,...,tn)∧...∃z.r(y, z) ∧ x1 = t1 ∧ · · · ∧ xn = tn))])

NoFirable (
∧
r∈L∀x : φr(y,x)→ ψr(y,x)) ∧ (∀w : ¬R(y, w)))

Firable (
∨n

i=1∃x : φri
(y,x)) ∧ ∃w : R(y, w)

Complete If a rule is fireable, it is applied once.∧
r∈L∀x(φr(y,x) ∧ ¬ψr(y,x)→ ∃=1w(R(y, w) ∧ r(w,x)))

1Rule (
∨
r∈L ∃x : r(y,x)) ∧ (

∧
r∈L(∃z : r(y, z)→ ¬

∨
r′∈L&r′ 6=r ∃x : r′(y,x)))

WM
∧
p∈P ∀x1 . . . xn(p(y, x1 . . . xn)↔∨
{x1 = c1 ∧ · · · ∧ xn = cn | p(c1, . . . , cn) ∈WM0})

Only A rule can not be applied twice in the same state.
(
∧
r∈L∀x : r(y,x)→ ∃=1

z : (r(y, z))
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Intermediate = RApp∧1Rule∧Only∧Appl∧Frame∧Firable∧Complete∧¬B(y)
End = RApp ∧ 1Rule∧Only ∧ Frame∧ NoFirable ∧ ¬B(y)

Analogous to the propositional case, we defined a formula that captures the behavior
of PS:

ΦPS = (∃y : (Root∧ NoFirable) ∨ (Root∧ Appl ∧ Complete∧ Firable∧

∀w(R(y, w)→ (ν.X.y.(Intermediate ∨ End) ∧ ∀w(R(y, w)→ X(w)))(w))))

The most notable difference with the propositional axiomatization is in theComplete
axiom. In the propositional case, we could require that a fireable rule is applied at least
once, but it could be applied several times. In the first-order case, we can require a fire-
able rule to be applied exactly once. We can therefore obtaina stronger correspondence
between computation trees and Kripke models: they are essentially isomorphic.

Definition 5. LetPS be an production system,WM0 the working memory,M a model
of Σfound, andCTPSWM0

= (T, V ) the computation tree of(PS,WM0). Then, we
say thatCTPSWM0

andM = (∆, ·M) are isomorphic if there is a bijective function
f : V 7→ AM such that:

1. x.i ∈ TCT iff (f(x), f(x.i)) ∈ (R)M,
2. for everyx ∈ T , everyn-ary p ∈ P ∪ L, and everyc ∈ Cn, p(c1 . . . cn) ∈ V (x)

iff (f(x), c1 . . . cn) ∈ pM,
3. (z, w) ∈ (R)M iff f−1(w).f−1(z) ∈ TCT , and
4. for everyx ∈ AM, everyn-ary p ∈ P ∪L, and everyc ∈ Cn, (x, c1 . . . cn) ∈ pM

iff p(c1 . . . cn) ∈ V (f−1(x)).

Theorem 3. Given an FO production systemPS = (τ, L,R), a starting working mem-
oryWM0, and the formulaΦPS ,

1. a modelM ofΣfound is a model ofΦPS iff there is a working memoryWM for
PS s.t.M is isomorphic toCTPSWM , and

2. a modelM ofΣfound is a model ofΦPS ∧WM iffM is isomorphic toCTPSWM0
.

Proof (Sketch).We start with 2. We construct a mappingf ; one can verify that it satis-
fies conditions 1–4 from Definition 5.

We takey0 ∈ C s.t. Root(y0) ∧ WM (y0) holds. ByWM we know that0 ∈ T

andyM0 ∈ AM “share” the same predicates. Therefore we can definef(0) = y0. We
proceed by induction.

For everyx.i in CTPSWM0
, s.t.f(x) = y, (recall thatx is a predecessor ofx.i by

definition) for somey ∈ AM, the nodex and the statey share the same predicates
in the sense of definition 5. We have thatr(c) ∈ V (x.i) for somer ∈ L. We define
f(x.i) = z, where(y, z) ∈ RM and (z, c) ∈ rM. There is such a uniquez, by
satisfaction ofComplete, Firable, andAppl . This establishes satisfaction of condition
1. Satisfaction of condition 3 is established analogously.

Satisfaction of conditions 2 and 4 is established by induction and satisfaction of
1Rule andOnly (for p ∈ L) and by satisfaction ofRApp andFrame (for p ∈ P ).
Satisfaction of condition 4 is established analogously. The first part of the theorem is
proved analogously.
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The following result follows immediately from the undecidability of first-order
logic and the fact thatφr is an arbitrary first-order formula.

Theorem 4. The satisfiability problem forφPS underΣfound is undecidable.

Using Theorem 3 it is straightforward to verify that finiteness of all runs can be reduced
to checking entailment of

∀y : A(y)→ (µ.X.∀w(R(y, w)→ X(w)))(y)

and confluence can be reduced to checking entailment of

∧

p∈P

(∃y,x : A(y)∧(∀z : A(z)→ ¬R(y, z))∧p(y,x)→ (∀w : A(w)∧(∀z : A(z)→

¬R(w, z))→ p(w,x))

Even in the very expressive logics we consider in this paper,there are properties
that might be of interest, but cannot be expressed. For example: every run of the system
has the same length. This particular property cannot be expressed in FPL, or even in
monadic second-order logic over countable trees [17], for that matter.

6 Conclusions and Future Work

In this paper we presented an embedding of propositional production systems intoµ-
calculus, and first-order production systems into fixed-point logic. We exploited the
fixpoint operator in both logics to encode properties of the system over time. One of the
advantages of our encodings is the strong correspondence between the structure of the
models and the runs of the production systems, which enablesstraightforward modeling
of properties of the system in the logic.

We have illustrated the versatility of our approach by encoding a number of proper-
ties discussed in the literature [12,14], as well as a numberof other properties that have
not been previously considered. Another possible application of our encodings is the
optimization of production systems. We have already shown how one can check that a
particular rule is never applied (cf. propertyPE6), and thus may be discarded. Deciding
equivalence of production systems can be reduced to entailment inµ-calculus and FPL.
Equivalence can be exploited for optimization by replacinga production system with
an equivalent system that is potentially easier to execute.

We plan to extend the work presented in this paper in a number of directions. We
plan to extend both the propositional and first-order case with additional conflict resolu-
tion strategies, e.g., based on rule priorities. We plan to extend the first-order case with
object invention, i.e., the rules may assert information about new (anonymous) objects;
this is strongly related to existential quantification in logic. Another topic we plan to
address are new decidable fragments of our first-order encoding, in particular restrict-
ing the conditions and possibly the working memory, and conflict resolution strategies
in order to exploit the guarded fragment of FPL [4], as well astranslations to monadic
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second-order logic over trees; both fragments are known to be decidable. Finally, we
plan to investigate the combination of production systems with languages for describing
background knowledge, in the form of description logic ontologies.
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