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Abstract. In this paper we present an embedding of propositional ptooiu
systems intqu-calculus, and first-order production systems into fixedpogic,
with the aim of using these logics for the static analysis midpction systems
with varying working memories. We encode properties sucteamination and
confluence in these logics, and briefly discuss which onesatdre expressed,
depending on the expressivity of the logic. We show how thbezidings can be
used for reasoning over the production system, and use knesufts to obtain
upper bounds for special cases. The strong correspondehgedn the structure
of the models of the encodings and the runs of the produciistesis enables
the straightforward modeling of properties of the systerthalogic.

1 Introduction

Production systems (PS) are one of the oldest knowledgeseptation paradigms in
artificial intelligence, and are still widely used tocﬁ@uch a system consists of a set of
rulesr of the form “if condition. thenaction.”, a working memaory, which contains the
current state of knowledge, and a rule interpreter, whigtetes the rules and makes
changes in the working memory, based on the actions in tles.rul

In general rule-based systems are administered and eddougedistributed envi-
ronment where the rules are interchanged using standdrdikelanguages, e.g. RIF,
RuleML, SWRL. The new system obtained from adding (or remgythe interchanged
rules need to be consistent, and some properties be prdsergetermination. In this
work we address the static analysis of such productionsystehich means deciding
properties like termination and confluence. We proposegusigics and their reason-
ing techniques from the area of software specification andicegion, in particular
u-calculus[[1] and fixed-point logic (FPLYI[2].

In this work we consider rules in which conditions are firetler logic (FOL) for-
mulas with free variables and the actions adalitionsand removalsof atomic for-
mulas. We also consider the special case of variable-fiee propositional rules. We
note here that in case a limited number of constant symbaigaigable and the rules
are quantifier-free, the first-order case can be reducectpribpositional case through
grounding, i.e., replacing each rule with all possible gréuariable substitutions.

Lhttp://WwWw.jessrules.com/ nhttp://clipsrules.sourceto rge.net/
http://www.ilog.com/products/jrules/
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2 A Logic Based Approach to the Static Analysis of Productiyistems

The working memory of a production system is a set of faots, ground atomic
formulas. Given a working memory, the rule interpreter &sptules in three steps:
(1) pattern matching(2) conflict resolution and (3)rule executionIn the first step,
the interpreter decides — nowadays typically using the REIg&rithm [3] — for each
rule r; and for each variable substitutier) whetherr; can be applied in the working
memory usingr;, i.e., whether the working memory satisfiegcondition., ). This step
returns all pairgr;, o;) such that; can be applied using; ; this set is called the conflict
resolution set. In step (2), the interpreter non deternigaly chooses a pair from the
conflict resolution set; in case the set is empty the systemitates. In the last step,
the working memory is updated following the additions andagals in the action part
of the selected rule. The interpreter then starts againstéip (1).

We note here that the choice of conflict resolution stratéfpets certain properties
of the production system — for example, if one chooses a coméisolution strategy
that allows each rule to be executed at most once, the systguaranteed to terminate.
Therefore, the conflict resolution strategy of a productigstem must be known when
performing static analysis. In the present paper we assusirege conflict resolution
strategy: the rule interpreter arbitrarily selects one f1gj o;) from the resolution sets
such that applying; (action,,) to the working memory yields an updated working
memory that is different from the current one. We leave adersition of further conflict
resolution strategies for future work.

The operational semantics of production systems make€idudi to analyze their
behavior. Therefore, it is desirable to use a formalism witeclarative semantics for
static analysis. In addition, we are interested in decigirgperties of production sys-
tems for which the initial working memory varies — e.g., weniveb be able to decide
whether the execution of a set of rules terminates: no mattet the start state is. We
use two well-known logics that are frequently used in th@arfesoftware verification.
For the analysis of propositional systems we usglculus, which is a modal logic ex-
tended with the least and greatest fixpoint operators, angta@h common reasoning
tasks, such as entailment, are decidable in exponential #ar the first-order systems
we use fixed-point logic (FPL), an extension of FOL with least greatest fixpoint
operators. Even though reasoning with FPL is not decidabiee general case, there
are decidable subsefs [4].

Our main contributions with this paper are as follows. Wespr# an embedding of
propositional production systems intecalculus and show how this embedding can
be used for the static analysis of production systems. We phesent an embedding
of first-order production systems in fixed-point logic, shioew the embedding can be
used for reasoning over the production system, and disausddcidable cases.

We use properties of these logics to derive (un)decidgtahid complexity results
for deciding properties such as termination and confluefipeaaluction systems. The
embedding of first-order production systems into FPL seagsa starting point for
investigating further decidable subsets (e.g., basedeguhrded fragmeriil[4]), in par-
ticular when considering further strategies that limittheice in the conflict resolution
step (2) of the rule application — for example, such straegiay guarantee termina-
tion, and thus finite models of the embedding.
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The papers is further structured as follows. We review eelatork in Sectiofil2 and
give preliminary definitions in Sectidd 3. We present our edtting of propositional
production systems ip-calculus and show how it can be used for static analysis in
Sectior¥. In Sectiohl5, we present our embedding of firsgiosgistems in FPL. We
conclude and discuss future work in Secfidn 6.

2 Related Work

We consider two streams of related wosction languages and plannirandrules in
active databases

The situation calculug[5] is one of the classic formalismsrepresenting action
and change in artificial intelligence. One might thus coesitlan alternative formal-
ism that may also be used for capturing production systendis#nguishing feature
between situation calculus, on the one hand, arghlculus and our use of FPL, on
the other, is that in the former there is a notion of situati@ssentially a term captur-
ing the history of the actions — and in the latter there is daomobf state — essentially
a collection of all the facts that hold at a given point in tirdgguably, the latter are
conceptually a better match with the notion of working meyrinrproduction systems.
Nonetheless, the situation calculus has been used in thextarf production systems
by [6]. Specifically, [6] used logic programs with the stabledel semantics and situ-
ation calculus notation for characterizing productionteyss, and deciding properties
such as confluence and termination. A notable differenced®sst our approach and the
one base on stable model semantics, is that, in general,lowe e initial working
memory to vary — we can do that singecalculus and FPL allow reasoning over all
possible models.

In the planning domain and STRIP-like languages, one assanset of operators
with preconditions and actions, an initial database anda. de planning problem
is to find a sequence of operations that updates the initi@bdse so that the goal
holds. One might reuse planning results for the static &mbf production systems by
considering properties of systems as goals and finding amlatving rule applications
as atomic actions (for example = p meaning thap eventually holds). This problem
has been approached from the logic point of view in many wangsy of them (that we
are aware of) started withl[7] approaching planning as af&alility problem. Reiter
[B] allows first order sentences for the goal, which makespttmblem undecidable.
In [9I10], the authors address the propositional case with. The main problem in
trying to apply these works to PS, is that in the planning i they need to findne
sequence which satisfies the goal, or élhsencef a sequence. This lead the research
to linear temporal logic, where basic properties like caatfice can be expressed in
a first order extension (but maybe encoded in the propositicese) and some other
properties, likgPE5] in SectioZP can not be neither expressed nor encoded.€On th
other hand, if we consider the operators as the PS’s ruleg@résent work can be used
to solve to planning problem usif§E4] (in SectiodZP) and replacingby the Goal.

In [11], the authors present a new logi®Z FR) which is an extension of PDL
that can encode propositional situation calculus. Thegemea formal framework for
modeling, and reasoning about actions. Consequently, gaticular problem has to
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be modeled ad-hoc. In the present work we model not just thditons and effect of
an action, but several specific features of Production systike strategies, constrains,
and the behavior of the system in time. We provide an axicrattin of PS (Sectidd 4),
and a formal proof of the correspondence with the set of rifiasRS, and the models
of our axiomatization (Theorefd 1). This link is required to fdrmal verification of
properties of PS, using the models of the axiomatizatiore @hoice ofu-calculus
over DZFR for modeling has been based on two points: First, certaipgitaes of
interest, like finiteness of runs (among others), cannotdpeessed iIMDZFR, while
they can be expressed jncalculus (see Sectidn2.2). Second, in Sedilon 5 we extend
the propositional case, and we model PS with variables, Bider Production Systems
(FO-P9S. This model is in Fix Point Logic, which can be seen as a firdeoextension
of u-calculus, therefore the choice pfcalculus makes the path from the propositional
PS to FO-PS more understandable.

Rules in active databases are strongly related to produaties. While production
rules are condition-action rules, active databases aoetant-condition-action rules;
there are external events that may trigger firing of rulee fthniques we are aware
of that have been proposed for the static analysis of suels (12, 18,714]) are based on
checking properties of graphs, where nodes are rules, aedgas between; andr,
means that the action of can trigger the firing of.. The general problem, where con-
ditions are arbitrary SQL queries, is (unsurprisingly) Wmao be undecidablé&[15]; an
analogous result for our case is stated in Theddem 4. 1n [13], and [12] the authors
study sufficient conditions for deciding termination andfteence. In contrast, our em-
beddings inu-calculus and FPL are used to find sufficient aedessargonditions for
deciding these and other properties for classes of pramustistems.

3 Preliminaries

p-Calculus Let Var be a (infinite) set of variable names, typically writt¥nZ . . .
and letProp be a set of atomic propositions, typically writteng. p-calculus extends
propositional logic with the modal operatorand with formulas of the form.Z.¢(Z),
whereg(Z) is api-calculus formulain which the variabl occurs positively, i.e., under
an even number of negations.

As usual[J¢ is short for-0—¢ andv.Z.¢(7) is short for-u.Z.—~¢(—2).

A Kripke structureis a tupleK = (S, R,V), whereS is a non-empty (possibly
infinite) set of statesk C S x S a binary relation ove$, andV : S — 2777 assigns
to each propositiop € Prop a (possibly empty) set of states.

A valuationV : S — 2V ar assigns to each variable a set of states. For a valuation
V, a variableY” and a sef5, we denote by’ [Y" « S] the valuation obtained frod by
assigningSto Y.

Given a Kripke structurdX = (5, R, V'), we define the set of states satisfying a
formulag, relative to a valuatiow, denotedp’ (1), as follows:

-pE (V) ={s € S| pe V(s)} for propositiony, Y X (V) = V(Y) for variablesy’,
—(¢1 A 62)" (V) = (¢1) (V) N (62)" (V),
—(=0)* (V) = S\(®)* (V)
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—(0)E (V) ={s€ S |3s' € p%(V).(5,5) € R,and
(1 2.9(2))5 (V) ={S' € 5| o"(V[Z « &) € 5"}

A p-calculus formulap is satisfiabléff there exists a structur& s.t. ()% (V) # 0,
for every valuatiorV; in this casek is amodelof ¢. A formula¢ entailsa formulay
iff (¢ A =) is not satisfiable.

Fixed Point Logic Fixed Point Logics FPL]4]) extend standard first order lagiith
equality and without function symbols) with least fixed4poformulas of the form
[uW.z.p(W, x)](x), whereW is a k-ary relation symbol (a second order variable),
(W, ) contains only positive occurrence Bf and its free first-order variables are in
x. As usual, the greatest fixed-point form{udV.x.« (W, x)](x) is short for

[uW.a. (=W, @))(x).

In order to obtain the necessary correspondence with thetaots employed in the
production system, we assuratandard named_et C' be the set of constants. Then,
all interpretations are of the forsvt = (C,-*) and we have that™ = c, for every
ceC.

Given a structureM = (A, -M) providing interpretations for all the free second
order variables in), excepti, the formulay (W, ) defines an operator drary rela-
tionsW C AK:

MW s pMW) i= {a € AV M (W, a)}

SincelV occurs only positively iny, this operator is monotone and therefore has a least
fixed pointL F'P(y*). We then define

M, B = [uW.x.ap(W, x)|(z) iff B(x) € LEP(yp™)

for interpretationM and first-order variable assignmeit
Satisfaction and entailment are then defined in the usual way

4 Propositional Production Systems

An intensively investigated area of temporal logic is auttimverification of propo-
sitional temporal logic properties of finite state systeis.is well known, semantic
properties of programs written in Turing-complete langggmgre undecidable, thus a
full verification of such a program intrinsically includeard work. However, there are
many applications from components of microprocessors tongonication protocols,
which work with finite data domains, and which can be reprieskhy finite state tran-
sition systems. Even if a system is by nature infinite, somesithe possibility exists
to abstract from infinitary aspects and obtain a finitary @spntation of the relevant
aspects of the behavior. Propositional logic succeedsdoifypthe static properties of
finite state systems, i.e. the properties of the states. dereif we have finite state
systems on the one hand, and propositional temporal logécgpropositional logics
amalgamated with temporal constructs, on the other haed, dlatomatic verification
is possible. This means, there exist programs taking a igéiscr of a finite state sys-
tem and a propositional temporal specification as input ahdm as result, whether the
system satisfies the temporal property.
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We first present formal definitions of propositional prodoctsystems.

Definition 1. A Generic Production SystefGPS) is a tuplePS = (Prop, L, R),
where

— Prop is afinite set of propositions, representing the set of pakfacts,

— L is a set of rule labels, and

— R is a set ofrules which are statements of the form

r: if ¢, theny,

wherer € L, ¢, is a propositional formula, andy,, = a3 A--- Aag A—by A--- A =by,

with a; # b; (a;,b; € Prop) signifying the propositions added, respectively removed
by the rule, such that every rule has a distinct label dnch Prop = 0. We define
29 = {ay, ..., a;} andgremeve = {by, ... b}.

In the following, letPS = (Prop, L, R) be a production system. YWorking Memory
WM C Prop for PS is a set of propositions. As an abuse of notation, welisg for
both the working memory and the propositional valuatioruicet by it (i.e. WM = p
iff p e WM).

Arule r is fireablein a working memoryV M if WM = ¢, andWM' = WM U
,(/}gdd \ ,l/);"-emove 7& WME

A concrete production syste(@PS) is a paif P.S, W M), wherelV M, is a work-
ing memory. For a set of symbols, a >'-labeled treeis a pair(T, V'), whereT' C N+
is such that ifz.c € T, then alsar € T andV : T — 2¥ maps each node to a set of
symbols in}.

Definition 2. A computation tree\‘.C’TVIf,?M0 for a CPS(PS,WM,) is a (Prop U L)-
labeled tree(T, V) such that the root of" is 0, V(0) = W M,, and for each node
n € T and every rule that is fireable in the working memoiy M = V' (n) N Prop,
there is a child node.’ € T of n such thatV(n') = WM’ U {r}, with WM’ =
WM U gdd\ yremeve There are no other nodes G775, -

Note that the rule label in the label of each node represents the rule that has been
fired to obtain the current node from the parent. Note alsbmiafﬁ% is unique up to
isomorphisms, and so we may speak alibetcomputation tree of a CPS. Aun of a

CPS is a branch i'T}} 5, . A run isterminatingif it is finite.

In the remainder of this section we present an axiomatimatigroduction systems
in p-calculus and show how this can be used for static analysis.

4.1 Axiomatization

The existence of a formal description of any language is aeprésite to any rigor-
ous method of proof, validation, or verification. Here weganet an axiomatization of

2 Note that we assume here a simple conflict resolution siyategnely a rule is only fired if it
brings about a change in the working memory.
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production systems ip-calculus. In the following subsections we will show howsthi
axiomatization can be used for reasoning about producistess.

In the following, letPS = (Prop, L, R) be a generic production system and let
W My be a working memory. We first define the necessary componétiie formula
comprising the axiomatization. These components encaeledhstrains and require-
ments in the relation between one state and its successpesdiag if it is an inter-
mediate state in the execution of the PS, or a state repnegeaht end of a run. A
greatest fix point composed of these components restrietmtdels to the ones which
are bisimilar to a computation tree (CT). The states in thel@l®of the axiomatiza-
tion can be seen as nodes in the computation tree. We assathelties not appear in
Prop U L.

Root The current state represents the root of the CT.

bAN,cLT

RApp Rule application.
(/\reL(r - %))

Appl If arule is applied, it must be applicable.

(/\reLor — ¢r A ﬁwr)

Frame Frame axiom: ify holds, it holds in the next state unless removed and ifg
holds,—q holds, unlesg is added.

(Ageprop(@ = 0@V (V,epgeyremoneT)))A
(ﬁq - D(ﬁq \ (vreL,qequddr))))

NoFireable No rule is fireable and there is no successor.

[(/\7'EL(¢T - 7/}7")) A (D J—]

Fireable At least one rule is fireable and there is a successor.

(VreL¢7' A ﬁ("/’7)) A <>T

Complete If arule is fireable, it is applied in some successor states.

(/\7'€L(¢i A =(9r)) — Or)

1Rule Exactly one rule is applied.

(Vierr A Ner(r = Vyergmzr)))

WM (Optional) The initial working memory holds.

/\qE W Mo q A /\qe Prop\W My -q
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The axiomRaoal captures the root of the computation tree. We now define thmrex
which capture intermediate and end (i.e., leaf) nodes.

Intermediate = [RApp| A IRUE A [Appl] A [Eramé A [Eireabld A [Completg A —b
End = [RApp] AMRuld A [Eramé A [NoFireabld A —b

We now define the:-calculus formula that captures the production systesh

®ps = |(Ro0l A NoFIeanls) \ (Baol A Appl] A Eramen
[Completd A Eireabld A O(v. X . (Infermediafel v End) A 0X)))]

We now proceed to prove bisimilarity between the model8e§ and the computation
trees ofP.S. We will exploit this result later for reasoning abab.
A bisimulationbetween two pointed Kripke structurels, = ((S, R, V), so) and

K'=((S',R,V'),t,) is arelationZ C S x S’ such that:

(SO, 7 ) ez
—if (sz, 1) € Z,thenp € V(s;) iff p € V/(t}), for every propositiom,
—if (s4,1}) € Z and(s;,s’) € R implies that there is & € S’ such thaf(t/,t') € R’
and(s',t') €
—if (s4,}) € Z and(¢;,t') € R’ implies that there is @ € S such that(s;,s’) € R
and(s',t') €

We view a computation tre@, V'), with 0 being the root, also as a Kripke structure
K = (T,R,V’"),whereV’(0) = V(0)U{b}, V'(n) = V(n) forn # 0,and(n,n’) € R
iff n.n’ €T.

Theorem 1. Given a Production systeS = (Prop, L, R), a starting working mem-
ory WMy, and the formulabpg.

1. AKripke structurek = (S, R, V') is a model ofp ps iff there is a working memory
WM for PS such that there is as € S and (K, s) is bisimilar to (CTE3,,0)

2. A Kripke structureX = (S, R, V) is a model ofbpg AMNMIiff there is ans € S
such that(K, s) is bisimilar to (CT{{3,,, 0).

Proof (Sketch)we start witHP. IfK = (S, R, V) is a model ofp ps ANMIthen there
is at least a nodey s.t. K, sp = [Rool AMVMI We start defining the bisimulatiof:
(s0,0) € Z. Now we have to define bisimulation in such a way thatzi) € Z iff
(sj,x) € Z ands; successor of;, z.i is the successor af, ands;, z.i agree on the
proposition constants Let's take a nogesuccessor of; such that(s;,z) € Z and
V(s;) = V(x). By [Completg we know that there is at least one successor for each
appllcable rule ins;, and byRApp|andEramé, we know that the label of the successor
is just the result of the rule application. Eyreabld we know that the precondition of
every successor hold, therefore, for each successgriof X', we have a successor of
x in C'T,s (note it can be many-to-one) with the same label(ssoxj) € Z for every
s; and somexj which is determined by the rule label. The other directioarialogous.
Now, the proof oflL is straightforward: if we have a model Kdfs where some
states, (as defined above) is the set of propositidi/, we know that PS withV/ M
as the initial working memory is bisimilar t&” by pointl2. The converse is analogous.
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4.2 Deciding Properties of Production Systems

Typical properties of production systems one would like heak are termination and
confluence of the system. However, one could imagine acdditiproperties of inter-
est, e.g., redundancy of rules (useful in the design of tiséesy). In this section we
showcase a number of properties that we feel might be ofdsteand that can be re-
duced tou-calculus satisfiability or entailment checking, using gxéomatization of
the previous section.

The properties stated below are defined for both generic andrete production
systemsPE; are the properties that can be decided by checking entailnvéith ¢pg;
we denote the formula associated wita;.

PE1 All runs are finite (i.e., Termination)
(n.X.0X)
PE2 All runs terminate with the same working memory (Confluence)
Ngieprop(-X.(O L Agi) vV OX) — (v.X.(0 L— ¢;) ANOX)
PE3 There is a fireable rule in the initial working memory

(Vrer or)

PE4 A propositionp eventually holds in some run.

(uX.pA@YpAQY))VOX)
PES5 A propositionp eventually holds for ever in every run.

(uX.(pA(wYpAOY))vOX)
PE6 Some ruler is never applied

PE7 All rules are applied in every run

/\7'7;ER(M'Z'Ti vz AQT)

We now show how deciding the above properties can be redogedalculus en-
tailment checking, by exploiting Theordth 1.

Theorem 2. A propertyPEs, for i € {1,...,7} holds for a generic production system
PS iff pg entailsPEi and PE; holds for a concrete production systéi.S, W M)
iff MM\ @ ps entailsopg;.

Note that when considering concrete production systemmesuf the mentioned
properties (e.gPE3) can be decided by simply running the system. However, icerta
other properties (e.g., termination) cannot.

From the fact tha® pg is polynomial in the size oP.S and the fact thati-calculus
entailment can be decided in exponential time, we immelgiatatained the following
complexity results.

Proposition 1. The propertie®E1-7 can be decided in exponential time, both on generic
and concrete production systems.
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5 First Order Production Systems

We now consider the case of production systems with vargable

Definition 3. A Generic FO-Production Systeisia tupleP.S = (7, L, R), where

—71 = (P,C) is afirst-order signature, withP a set of predicate symbols, each with
an associated nonnegative arity, antla nonempty (possibly infinite) set of constant
symbols,

— L is a set of rule labels, and

— R is a set of rules, which are statements of the form

r: if ¢.(x) theny,(x)

wherer € L, ¢, is an FO formula with free variables andv,.(x) = (a1 A+ A ax A

—by A+ A -by), whereaq, ..., ag, b1, ..., b are atomic formulas with free variables
amongzx, such that naz; and b; share the same predicate symbol, each rule has a
distinct label andL N Prop = 0. We defines??? = {a,...,a;} and ¢remove =

(br,.... b},

In the following, letP.S = (7, L, R) be an FO-production system. Withi” we denote
the set of equality-free ground atomic formulas (atoms).& working memoryivV M
for PS is a subset ofAT. As an abuse of notation, we u$€M to denote both the
working memory and the first-order structure induced by tbeking memory, i.e., the
domain of W M is C, "M = ¢, for anyc € C, ande € p"WM iff p(c) € WM for any
p(c) € AT.

A variable substitutior§ is a mapping from variables to constants(in The ap-
plication of a variable substitution to a term or formylawritten S(y), is defined in
the usual way. A rule isireablein a working memoryiV’ M using a substitutioss if
WM | S(¢,) andW M’ = WM U S(yp29) \ S(premeve) £ WM.

A concrete FO-production systeisa pair(P.S, W M), whereW M, is a working
memory. We view rule labels € L also asn-ary predicates, where is the num-
ber of free variables in the conditiaf).; with AL we denote the set of ground atoms
constructed from the predicate symboldimnd the constants ifi.

Definition 4. A computation treé)TVIf,%o fora(PS,WM,)isan(AT UAL)-labeled
tree (T, V') such that the root of" is 0, V(0) = W M,, and for each node. € T,
every ruler, and every variable substitutiofi such thatr is fireable in the working
memoryW M = V(n) N Prop usingS, there is a child node’ € T of n such that
V(n') = WM U{S(r(z))}, with WM’ = WM U S(29) \ S(yremeve). There are
no other nodes iICT}5,. .

A runof (PS, W My) is a branch o T3, . A run isterminatingif it is finite.

In the remainder of this section we discuss special case®grbduction systems
that can be reduced to propositional production system@resent an axiomatization
of general FO production systems in fixed-point logic (FRiog show how static anal-
ysis can we reduced to reasoning with FPL. This axiomatinatiill be a starting point
for future investigation of decidable fragments.



A Logic Based Approach to the Static Analysis of Productigst&ms 11

5.1 Grounding FO Production Systems

The groundingof an FO production syster®S = (1, L, R), denotedyr(PS), is ob-
tained fromPS by replacing each rule : if ¢,.(x) theny, (x) with a set of rules
S(r(zx)) : if S(¢r(x)) thenS(y,.(x)), for every substitutiors of variables with con-
stants inC.

Clearly, for any working memory¥’ M, the computation trees ¢S, W M) and
(gr(PS), WM) are the same. Also, if the rules IAS are quantifier-freegr(PS) can
be seen as a propositional generic production system — imtitkence of variables,
atomic formulas are essentially propositions. This allag/$o apply some of the results
for the propositional case to FO production systems.

We first exploit the fact that if the set of constadtss finite, the groundingr(PS)
is finite, and its size exponential in the sizer§.

Proposition 2. LetPS = (r, L, R) be an FO production system such ttiis quantifier-
free andC is finite, and letW M be a working memoE/.Then, the propertieRE1-7
can be decided in double exponential time, on Bfand (P.S, W M).

When considering concrete FO production systems, i.einiti@ working memory
is given, we can also exploit grounding, provided the caadg in the rules ardomain-
independen(cf. [16]): a first-order formula withn free variablesp(x) is domain-
independent iff whenevett = (A, M) and M’ = (A,-M') are structuresM is
a substructure aiM’, and the interpretations functions are identioé(l/(: M), then
foralla; e M',...,a, e M":

M Edlar...an) = ar EMA---Nap E MAME ¢(ay...ay)

If all conditions are domain-independent and the initialrkimg memory W M, is
given, one only needs to consider grounding with the cotstgrpearing ifP.S, W My).
Examples of domain-independent formulas are conjunctdititerals such that each
variable occurs in a positive literal.

Proposition 3. LetPS = (1, L, R) be an FO production system such ttiais quantifier-
free and for every rule € R holds that, () is domain-independent, and 8t M/ be

a working memory. Then, the propertieg1-7 can be decided in double exponential
time, on(PS, WM).

5.2 Axiomatizing FO Production Systems

In the remainder we assume that the signature of each of ttiption systems con-
tains a countably infinite set of constant symbols. In gwalculus axiomatization for
the propositional case the structure of the computatianwas reflected in the acces-
sibility relation of the Kripke models. Interpretationsk#PL are first-order structures;
therefore, we capture the structure of the computatiornuseey the binary predicaie,

% Note that ifC is finite, the existential quantifier could be replaced wittisiunction of all pos-
sible ground variable substitutions; analogous for usigequantifier. In this case, the ground-
ing would be double exponential.
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and we divide the domain into two parts: the nodes of the tieethe states4), and the
objects in the working memaorie#’|. The arity of the predicates iR U L is increased
by one, and the first argument of each predicates will sighi#statep(y, ©1,...,zy)
intuitively means thap(z1, . . ., z,,) holds in statey.

In the remainder, lePS = (7, L, R) be a generic FO production system and let
W M, be a working memory. We first define tii@eundational axiomswhich encode
the basic structure of the models and the tree shape of

We assume that the unary predicateésignifying the start state}]] and A and the
binary predicatd? are not inP U L.

Structure Partitioning of the domain.

Va1 A(z) < ~U(x) A (Apeporoisy 79 @ - p(y, @) — A(y) AU(z1) A-o A
U(zn)) A (Vo y : R(z,y) — A(z) A A(y))

Tree The predicateR encodes a tree.

veISly - A(z) — R(y,x) A3S'x - Vy : A(y) — (~R(y, z)A
(u-We,y.R(x,y) — W(z,y) A Bz : Wz, y) A Ry, 2) — W(z, 2)))(z,y))
We denote the set of foundational axioms with,..,; = {[Siructurel [fred}. We now

turn to the axioms that encode the behavior of the produstystem. We omit expla-
nations of axioms that are simply extensions of the projuusit case.

Root  B(y) A N\,c Ve : —r(y, x)

RAPD  (Aep Ve : 7(y, &) — v ()

AP (A ep ¥ : Fw(R(y, w) ATs(w,2) — 6 (5,) A~ (3, 2)

Frame A,cpVar,...,2u([p(y, z1,. .., 20) — (Vw : R(y,w) —
W, 1, Tn)V(Vier g (2)=p(tr,tmn. 3% T Z)ATL = T A+ Aap =
tn))] A [_‘p(yv:rlv s ,SEn) - (VU} : R(va) - _‘p(w,l'l, s ,SEn) v
(Vier o (z)=pltrrtmyn. 32T W 2) NTL =T A - AT = 10))])

NoFirable (A,c vV : ¢r(y, ) — ¥r(y,x)) A (Yw : =R(y, w)))

Firable (\/!'_,3z : ¢r,(y,)) A Jw : R(y,w)

Complete If arule is fireable, it is applied once.
Aver V(0 (y, @) A = (y, ) — T w(R(y, w) Ar(w,z)))

1Rule (V,cp 3 :7(y,2)) A (Ner(32 7Y, 2) = = Ve L g 32 7 (4, @)

WM /\pGval ,Tn(p(y’xl xn) PN
Vi{izi=ca A Nay =cq | pler, ..., cn) € WMp})

Only A rule can not be applied twice in the same state.
AyerVe :r(y,z) — Iz (r(y, 2))
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Intermediate = [RApp|\IRulENOnly]\Appl\Erama/Erablel\Completg\—~B(y)
End = |RApp| A IRulé A [Only] A [Eramd A INoFirable A - B(y)

Analogous to the propositional case, we defined a formutactdyzures the behavior
of PS:

Pps = (Jy : (Roal A [NoFirable) v (Raal A Appl] A [Completd A [Eirablel
Yw(R(y,w) — (v.X.y.(Intermediate V End) A Vw(R(y, w) — X (w)))(w))))

The most notable difference with the propositional axideeion is in thgCompletg
axiom. In the propositional case, we could require that alffilerule is applied at least
once, but it could be applied several times. In the first-ocdse, we can require a fire-
able rule to be applied exactly once. We can therefore oltatronger correspondence
between computation trees and Kripke models: they are galisomorphic.

Definition 5. Let P.S be an production systeri/ M, the working memoryM a model
of ¥¢ound, and C‘Tvﬂ'ﬁwU = (T,V) the computation tree ofP.S, W M,). Then, we
say thatCTy5, and M = (A,-M) are isomorphic if there is a bijective function
f:V — AM such that:

1. wd € TCT iff (f(z), f(z.1)) € (R)M,

2. foreveryz € T, everyn-aryp € PU L, and everye € C™, p(cy ...cp) € V(z)
iff (f(z),c1...cn) € pM,

3. (z,w) € (RYMff f~H(w).f1(2) € T°T, and

4. foreveryr € AM, everyn-aryp € PUL,andevent € C", (z,c; ...c,) € pM
iff p(c1...cn) € V(f(x)).

Theorem 3. Given an FO production syste®S = (7, L, R), a starting working mem-
ory W My, and the formulabpg,

1. a modelM of X,unq is @ model ofbpg iff there is a working memoriy’ M for
PS s.t. M is isomorphic taCTE 5, and
2. amodelM of Xfyunq is @ model ofb ps ABNMIIff M is isomorphic toCTV{}iIO.

Proof (Sketch)We start witHR. We construct a mappirigone can verify that it satis-
fies conditions 1—4 from Definitidd 5.

We takey, € C s.t.[Rodl(yo) A MM yo) holds. ByBVMI we know thatd € T
andyy! € AM “share” the same predicates. Therefore we can defifig = yo. We
proceed by induction.

For everyz.i in CTVI;%O, s.t. f(z) = y, (recall thatz is a predecessor af.i by
definition) for somey € AM, the nodexr and the state share the same predicates
in the sense of definitiod 5. We have thdt) € V(z.i) for somer € L. We define
f(z.i) = z, where(y,z) € R™ and(z,¢) € r™. There is such a unique, by
satisfaction ofCompletg andAppl] This establishes satisfaction of condition
1. Satisfaction of condition 3 is established analogously.

Satisfaction of conditions 2 and 4 is established by inductind satisfaction of
andOnly] (for p € L) and by satisfaction RApp| andEramd (for p € P).
Satisfaction of condition 4 is established analogousle fitst part of the theorem is
proved analogously.
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The following result follows immediately from the undedudligty of first-order
logic and the fact thap,. is an arbitrary first-order formula.

Theorem 4. The satisfiability problem fop pg underX's,,,q is undecidable.

Using Theoreriil3 it is straightforward to verify that finitesef all runs can be reduced
to checking entailment of

Yy : A(y) = (X Vw(R(y, w) — X (w)))(y)

and confluence can be reduced to checking entailment of

/\ (Fy,x : A(y)A(Vz : A(z) — Ry, 2))Ap(y, ) — Yw : A(w)A(Vz : A(z) —
—R(w,z2)) = p(w, z))

Even in the very expressive logics we consider in this papere are properties
that might be of interest, but cannot be expressed. For ebeaeery run of the system
has the same length. This particular property cannot beeegpd in FPL, or even in
monadic second-order logic over countable trées [17] Hat matter.

6 Conclusions and Future Work

In this paper we presented an embedding of propositionaymtion systems intg-
calculus, and first-order production systems into fixediptmgic. We exploited the
fixpoint operator in both logics to encode properties of tstesm over time. One of the
advantages of our encodings is the strong correspondehgedrethe structure of the
models and the runs of the production systems, which enafsbaghtforward modeling
of properties of the system in the logic.

We have illustrated the versatility of our approach by emegd number of proper-
ties discussed in the literatufe [12,14], as well as a nurobether properties that have
not been previously considered. Another possible appticaif our encodings is the
optimization of production systems. We have already showm tne can check that a
particular rule is never applied (cf. propeR¥6), and thus may be discarded. Deciding
equivalence of production systems can be reduced to emtailim;-calculus and FPL.
Equivalence can be exploited for optimization by replacngroduction system with
an equivalent system that is potentially easier to execute.

We plan to extend the work presented in this paper in a numbdirections. We
plan to extend both the propositional and first-order casie additional conflict resolu-
tion strategies, e.g., based on rule priorities. We planterel the first-order case with
object invention, i.e., the rules may assert informatioouamew (anonymous) objects;
this is strongly related to existential quantification igilm Another topic we plan to
address are new decidable fragments of our first-order émgod particular restrict-
ing the conditions and possibly the working memory, and ecriésolution strategies
in order to exploit the guarded fragment of FPL [4], as weltrasslations to monadic
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second-order logic over trees; both fragments are knowretddtidable. Finally, we
plan to investigate the combination of production systeritis languages for describing
background knowledge, in the form of description logic dogges.
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