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Abstract. In this paper, we continueto explore many-valueddisjunctive logic
programswith probabilisticsemantics.In particular, wenewly introducetheleast
modelstatesemanticsfor suchprograms.Weshow thatmany-valueddisjunctive
logic programsunderthe semanticsof minimal models,perfectmodels,stable
models,andleastmodelstatescanbe unfoldedto equivalentclassicaldisjunc-
tive logic programsunderthe respective semantics.Thus,existing technology
for classicaldisjunctive logic programmingcan be usedto implementmany-
valueddisjunctive logic programming.Using theseresultson unfolding many-
valuedness,we thengive many-valuedfixpoint characterizationsfor thesetof all
minimal modelsandtheleastmodelstate.We alsodescribean iterative fixpoint
characterizationfor theperfectmodelsemanticsunderfinite local stratification.

1 Intr oduction

In a previous paper[5], we introducedmany-valueddisjunctive logic programswith
probabilisticsemantics.In particular, we definedminimal, perfect,andstablemodels
for suchprograms,andshowed that they have the samepropertieslike their classical
counterparts.Forexample,perfectandstablemodelsarealwaysminimalmodels.Under
localstratification,theperfectmodelsemanticscoincideswith thestablemodelseman-
tics. Moreover, we alsoshowed that somespecialcasesof propositionalmany-valued
disjunctivelogic programmingunderminimal,perfect,andstablemodelsemanticshave
thesamecomplexity astheir classicalcounterparts.

In this paper, we continuethis line of researchon many-valueddisjunctive logic
programmingwith probabilisticsemantics.The central topic of the presentpaperis
to elaboratealgorithmsfor many-valueddisjunctive logic programming.Oneway of
obtainingsuchalgorithmsis to translatemany-valueddisjunctive logic programsinto
classicalformalisms,andto work with existingalgorithmsfor theclassicalformalisms.
Anotherway is to simplydevelopcompletelynew algorithms.

In this paper, we follow both directions.We first show that many-valueddisjunc-
tive logic programsunderminimal models,perfectmodels,stablemodels,and least
modelstatescanbe unfoldedto equivalentclassicaldisjunctive logic programsunder
therespective semantics.Thus,existing technologyfor classicaldisjunctive logic pro-
grammingcanbeusedto implementmany-valueddisjunctive logic programming.

Using theseresultson unfolding many-valuedness,we then develop new many-
valuedfixpoint characterizationsfor the semanticsof minimal models,least model
states,andperfectmodelsunderfinite local stratification.



It is importantto point out that our many-valueddisjunctive logic programshave
a probabilisticsemanticsin probabilitiesover possibleworlds.Furthermore,the truth
valuesof all clausesaretruth-functionallydefinedon the truth valuesof atoms.This
givesour many-valueddisjunctive logic programsboth nice computationalproperties
(comparedto purelyprobabilisticapproaches)anda niceprobabilisticsemantics.The
latteris expressedin thefactthatourmany-valueddisjunctivelogic programmingunder
the minimal modelandthe leastmodelstatesemanticsis an approximationof purely
probabilisticdisjunctive logic programming.

We showedin [6, 7] thatmany-valueddefinitelogic programmingwith this proba-
bilistic semanticshasa modelandfixpoint characterizationanda proof theorysimilar
to classicaldefinitelogic programming.Moreover, specialcasesof many-valuedlogic
programmingwith thissemanticswereshown to havethesamecomputationalcomplex-
ity astheir classicalcounterparts.Interestingly, our approachin [6, 7] is closelyrelated
to vanEmden’squantitativededuction[19], whichinterpretstheimplicationconnective
asconditionalprobability, while ourwork usesthematerialimplication.

Themaincontributionsof this papercanbesummarizedasfollows.

� We introducethe leastmodelstatesemanticsfor positive many-valueddisjunctive
logic programswith probabilisticsemantics.� We show thatmany-valueddisjunctive logic programsunderminimal model,per-
fectmodel,stablemodel,andleastmodelstatesemanticscanbeunfoldedto equiv-
alentclassicaldisjunctive logic programsundertherespectivesemantics.� Weprovidefixpoint characterizationsfor thesetof all minimalmodelsandtheleast
modelstateof positivemany-valueddisjunctive logic programs.� We describean iterative fixpoint characterizationfor the perfectmodelof many-
valueddisjunctive logic programsthathavea finite local stratification.

Notethatproofsof all resultsaregivenin theextendedpaper[8].

2 Preliminaries

In this section,we recallsomenecessarydefinitionsandresultsfrom [5].

2.1 Probabilistic Background

Let
�

be a first-ordervocabulary that containsa setof function symbolsanda setof
predicatesymbols(asusual,constantsymbolsarefunctionsymbolsof arity zero).Let�

bea setof variables.We definetermsby inductionasfollows.A termis a variable
from

�
or an expressionof the form �����	��

���
�

	����� , where � is a function symbolof

arity ����� from
�

and �	��

���
��
	��� areterms.We defineclassicalformulasby induc-
tion as follows. If � is a predicatesymbolof arity ����� from

�
and �	��

���
�

	��� are

terms,then �����	��
��
�
��
������ is a classicalformula (calledatom). If � and � areclassi-
cal formulas,thenalso  �� and ���"!#�$� . Literals,positive literals,andnegative literals
aredefinedasusual.We defineprobabilistic formulasinductively asfollows. If � is a
classicalformulaand % is a realnumberfrom & �'

(
) , then *,+.-'/0���$�1�2% is a probabilistic
formula (calledatomicprobabilistic formula). If � and � areprobabilisticformulas,



thenalso  �� and �3�"!4�$� . We use ���"5#�$� and ���768�$� to abbreviate  9�: ��7!# ��$�
and  9�3 ��7!#�$� , respectively, andadoptthe usualconventionsto eliminateparenthe-
ses.Termsandformulasaregroundif f they donotcontainany variables.Substitutions,
groundsubstitutions,andgroundinstancesof formulasaredefinedasusual.

A classicalinterpretation; isasubsetof theHerbrandbase<>=@? over
�

. A variable
assignmentA assignsto eachB$C � anelementfrom theHerbranduniverse<2DE? over�

. It is by inductionextendedto termsby AF�3�����	��
��
����
����G�	�IHJ����AF���	���K
��
���

	AF�����G��� for
all terms�����	��

�
����
����,� . Thetruth of classicalformulas� in ; underA , denoted;ML H>N4� ,
is inductively definedasfollows(wewrite ;OL HP� when � is ground):
� ;OL H>NE�Q���	�G

���
��
	���G� if f ���3AF���	���K

���
��
	AF�����,���9CR; .� ;OL H>N4 �� if f not ;ML H>N#� , and ;ML H>NS���T!S�$� if f ;OL H>NU� and ;OL H>NU� .

A probabilistic interpretation (or p-interpretation) V8HW�YXZ
	[\� consistsof a setX of
classicalinterpretations(calledpossibleworlds) anda discreteprobability function [
on X (that is, a mapping [ from X to the real interval & �'

(
) suchthat all []��;^� with
;�C�X sumup to 1 and that the numberof all ;�C�X with []��;^�2_`� is countable).
The truth valueof a formula � in a p-interpretationV undera variableassignmentA ,
denotedV N ���$� , is definedasthesumof all []��;^� suchthat ;ECEX and ;OL H>N4� (wewrite
V9���$� when � is ground).The truth of probabilisticformulas � in V under A , denoted
VaL H N � , is definedasfollows(wewrite VbL HP� when � is ground):

� VcL H>Nd*G+e-f/g���$�h�2% if f V N ���$�h�R% .� VcL H N  �� if f not VaL H N � , and VcL H N ����!S�$� if f VcL H N � and VcL H N � .

The probabilisticformula � is true in V , or V is a modelof � , denotedViL Hj� , if f
� is true in V underall variableassignmentsA . Thep-interpretationV is a modelof a
setof probabilisticformulask , denotedVcL Hlk , if f V is a modelof all �bCmk . A setof
p-interpretationsn is a modelof � (resp., k ), denotednoL Hi� (resp., npLHqk ), if f
everymemberof n is amodelof � (resp.,k ).

2.2 Positively Corr elatedProbabilistic Inter pretations

We restrictour attentionto the following kind of p-interpretations(that is, we assume
anotheraxiombesidestheaxiomsof probability).A positivelycorrelatedprobabilistic
interpretation(or pcp-interpretation) is ap-interpretationV suchthat

V9��ra!Ms#�tHTuwv.x��.V9��ry��
:V9�3s4��� for all r$
	s�CR<y=m? . (1)

Notethat thecondition V9��rT!2s4�EHzuwv{x\�.V9��r>�K
:VE��s4�	� is just assumedfor ground
atoms r and s . It brings probabilistic logics over possibleworlds closer to truth-
functionallogics.We do not assumethat (1) alwaysholdsin thepartof therealworld
that we want to model.The axiom (1) is simply a technical assumptionthat carries
us to a form of many-valuedlogic programmingthatapproximatesprobabilisticlogic
programming.It makes a global probabilisticsemanticsover possibleworlds match
with the truth-functionalitybehind logic programmingtechniques.Differently from
many other axioms,the axiom (1) is compatiblewith logical implication. Note that
pcp-interpretationsareuniquelydeterminedby thetruth valuesthey give to all ground
atoms[5], andthusthey canbeidentifiedwith mappingsfrom <>= ? to & �f

(
) .



A probabilisticformula � is apc-consequenceof asetof probabilisticformulask ,
denotedkiL HE|�}]� , if f eachpcp-interpretationthatis amodelof k is alsoamodelof � .

2.3 Many-ValuedDisjunctiveLogic Programs

We arenow readyto definemany-valueddisjunctive logic programs.Westartby defin-
ing many-valueddisjunctive logic programclauses,which arespecialatomicproba-
bilistic formulasthatareinterpretedunderpcp-interpretations.A many-valueddisjunc-
tive logic programclause(or mvd-clause) is a probabilisticformulaof thekind

*G+e-f/g��r>�]5�~�~
~�5SrI��6�s@��!�~
~�~�!Msy�c!2 F�9�]!�~�~
~�!2 F���'���z�F

where r>�G

�
����
	rI��
	sm��
��
���

	s>�4
��Z��
��
�
��
���� areatoms,��
���
��z��� , and %RC�& �f
�(�) is
rational.It is abbreviatedby ��r@��5M~
~�~�5#rE�\6�sm��
��
����
	s>�U
����G�g�Z�G

���
�

����G�g���f�
& %�
�(�) .
We call r>�y5c~
~�~05"rI� its head, s@��

�
���

�sy�4

�h���f�Z��
��
�
�


���G�'��� its body, and % its
truth value. It is positive(resp.,definite) if f �UH�� (resp., �,H"( and �UH�� ). It is called
an integrity clauseif f �,H�� , a fact if f �^_S� and �����zH�� , anda rule if f �g_2� and
�a�w��_c� . A many-valueddisjunctivelogic program(or mvd-program) � is afinite set
of mvd-clauses.A positive(resp.,definite) mvd-programis afinite setof positive(resp.,
definite)mvd-clauses.Given an mvd-program� , we identify

�
with the vocabulary� �:�@� of all functionandpredicatesymbolsin � . Denoteby <y=#� theHerbrandbase

over
� �:�@� , andby �,�	���g�h 1�:�@� the setof all groundinstancesof membersof � w.r.t.� �:�@� . Thesetof truth valuesof � , denoted¡I¢#�:�@� , is theleastsetof rationalnumbers£¥¤�^¦�� 
 ��g¦1� 

�
���

 �^¦1��^¦1�g§ that containsall the rational numbersin � , where �w�2¨ is a

naturalnumber. Denoteby ©�ª thesetof all pcp-interpretationsover <>=4� into ¡E¢w�:�@� .
The following result shows that the truth of a groundmvd-clauseundera pcp-

interpretationis a functionof thetruth valuesof thecontainedgroundatoms.

Theorem2.1. Let �«H���r � 5O~�~
~	5#r � 6�s � 

���
��
�s � 

�h���f� � 
��
�
��

�h���f� � ��& %�

(
) bea
groundmvd-clause, andlet V bea pcp-interpretation.Then,V is a modelof � iff

u­¬�®1��u­¬�®�K¯�°�¯±� V9�3r ° �K
]u­¬�®�K¯�°�¯�� V9�3� ° �	�²��%�³a(´�µuwv{x�¶¯h°�¯h� V9�3s ° �h�
We finally definequeriesandtheir correctandtight answers.A many-valuedquery

(or simply query) is an expression·1���$�
& �K
�(�) , where � is a groundclassicalformula
and � is a variableor a rationalnumberfrom & �'

(�) . Given the queries·1�3�$��& %�

(
) and
·1���$�
& B�

(�) to anmvd-program� , where %­Cl& �f
�(�) and BUC � , we definetheir desired
semanticsin termsof correctandtight answerswith respectto a set ¸¹�e�@� of mod-
els of � as follows. The correct answerfor ·1�3�$��& %�

(
) to � under ¸¹�º�@� is »h¼
½ if
%�¾Pv.xg¿ £ V´�3�$��L�VMCb¸j�e�@� § and ÀQ- otherwise.The tight answerfor ·1���$�
& B�

(
) to �
under ¸j�e�@� is thesubstitutionÁ4H £ B1Â�Ã § , where Ã4Hlv{xf¿ £ V��3�$��L�VMC$¸¹�º�@� § .

In therestof thissubsection,werecallminimal,perfect,andstablemodelsfrom [5]
assomewaysof describingthemeaningof anmvd-program.

Minimal Models. For pcp-interpretationsV and Ä , we say V is a subsetof Ä , denoted
V7Å�Ä , if f V9�3ry�9¾TÄQ��ry� for all rzC�<y=>? . We useVbÆTÄ asanabbreviationfor VaÅcÄ
and V�ÇH«Ä . A model V of anmvd-program� is a minimalmodelof � if f no modelof
� is apropersubsetof V . Denoteby ¸«¸��e�@� thesetof all minimal modelsof � .



Perfect Models. We first definethe two relations È and É on groundatoms.For an
mvd-program� , thepriority relation È andtheauxiliaryrelation É aretheleastbinary
relationson <y=4� with thefollowing properties.If �,�	���g�h 1�:�@� containsanmvd-clause
with theatom r in theheadandthenegative literal �����'� in thebody, then r�ÈP� . If
�G�	�G�g�� 1�Ê�@� containsanmvd-clausewith theatom r in theheadandthepositive literal
s in the body, then r�ÉJs . If �,�	���g�h h�:�@� containsan mvd-clausewith the atoms r
and rIË in thehead,then rJÉPrIË . If rJÈPs , then rJÉPs . If rJÉls and s�ÉP� , then
rJÉ«� . If r¥ÉÌs and s`ÈÌ� , then r¥È�� . If rJÈÌs and s�É�� , then r¥ÈÌ� . We
saythatthegroundatom s hashigherpriority thanthegroundatom r if f r«Ècs .

We next definethe preferencerelation Í on pcp-interpretationsas follows. For
pcp-interpretationsV and Ä , we sayV is preferableto Ä , denotedV�ÍÎÄ , if f VlÇHlÄ and
for eachr"C$<>=#� with V9�3ry�h_RÄQ��r>� thereis somes�C�<y=4� with ÄQ��s4�1_­V��3s4� and
r«Ècs . We write Vb¾º¾cÄ if f V²Í�Ä or V²H�Ä .

A model Ä of an mvd-program� is a perfectmodelof � if f no model of � is
preferableto Ä . We use n´¸¹�º�@� to denotethesetof all perfectmodelsof � .

Not everymvd-programhasaperfectmodel.We next definelocally stratifiedmvd-
programswithout integrity clauses,which alwayshaveaperfectmodel.

An mvd-program� without integrity clausesis locally stratified if f <>= � canbe
partitionedinto setsÏd��
	ÏwÐ,

�
��� (calledstrata) suchthatfor eachmvd-clause

��r � 5�~�~
~�5Mr � 6�s � 

���
��
�s � 

�h���f� � 
��
�
��

�h���f� � ��&e�G
�(�)\C��,�	���g�h h�:�@�h

thereexists an Ñ±�²( suchthatall r � 

���
��
�r � belongto Ï ° , all s � 
��
����
	s � belongto
Ï �EÒ ~�~
~ Ò Ï ° , andall � � 

�
���

¶� � belongto Ï �ZÒ ~�~
~ Ò Ï °�¦1� . For sucha partition
Ï � 
	Ï Ð 
��
��� of <y=4� (calleda local stratification of � ) andevery Ñ��²( , we use � ° to
denotethesetof all mvd-clausesfrom �,�	�G�g�� 1�Ê�@� whoseheadsbelongto Ï ° .
StableModels. An extendedmany-valueddisjunctivelogic programclause(or emvd-
clause) is anexpression�3r � 5�~
~
~�5Sr �gÓ Ãd6�s � 
��
����
	s � 
����G�g� � 

���
�

����G�g� � �
& %�
�(�) ,
wherer � 

�
���

�r � 
	s � 

�
����
	s � 
�� � 
��
����
�� � areatoms,��
	��
	�#�2� , %�C­& �'

(
) is rational,
and ÃEC­& �f

(
) . It is true in a pcp-interpretationV underavariableassignmentA if f

u­¬�®1��u­¬�®�K¯�°�¯±� V N �3r ° �K
Fu­¬�®�K¯�°�¯�� V N �:� ° ��
	Ã^�S�q%9³a(t�Ôuwv{x�K¯�°�¯�� V N �3s ° �h�
Thus,emvd-clausesmayalsocontaintruth-valueconstantsin their heads.

For anmvd-program� anda pcp-interpretationÄ , theexpression�mÂGÄ denotesthe
setof emvd-clausesthat is obtainedfrom �,�	���g�h 1�:�@� by replacingevery mvd-clause
��r � 5�~�~
~�5Sr � 6�s � 

�
���

�s � 

�h���f� � 
��
�
�


���G�'� � ��& %�

(
) by theemvd-clause

��r@�F5�~
~�~�5MrE� Ó u­¬�®�K¯�°�¯�� ÄQ�3��°Ê�t6�sm��

���
��
�sy�@��& %�
�(�) .
A pcp-interpretationÄ is a stablemodelof an mvd-program� if f Ä is a minimal

modelof �mÂGÄ . We use Õf¸��º�@� to denotethesetof all stablemodelsof � .

2.4 Example

We now give anillustrative example.Thefollowing mvd-program� is takenfrom [5]
( Ö , × , Ø , Ù , and % areconstantsymbols,and Ú , Û , Ü , and Ý arevariables):



��H £ �	�
Þ{��ß
à¶ 1��Ö��	5I�
Þ{��ß
à¶ ��:×��,6b�
&Y�âág
�(�)Ê
����	��ãä 1��Ö�
�Ø�
�Ù��,6a��&{� åf

(
):
����	��ã, \�3×ä
�Ù�
	%
�,6a��&{�çæ^

(
):

���	à¶ã,�¶èQ��Û�
	ÜU�t6é�	��ãä 1��Ú#
	Û�
	ÜU��

�h���\�
Þ{��ß
à¶ 1��Úm�	��&{� ê'

(�)Ê

���	à¶ã,�¶èQ��Û�
¶Ýy�]6ë�	à¶ã,�¶è���Û�
�ÜU�K
��	à¶ã,�¶èQ��Ü´
¶Ýy����&{� êf

(
) § �

Thesetof truthvaluesof � is givenby ¡I¢w�:�@�]H £ �f
��f�.(,
��
�
�K
�( § .
A queryto � maybegivenby ·����	à¶ã,�¶èQ��Ø�
�%
���
& ìZ

(�) , where ì is a variable.To de-

termineits tight answer, we mustspecifya setof modelsof � . SomemodelsV � , V Ð ,V�í , and VQî of � are shown in Table 1 (we assumeV ° ��r>�]Hl� for all unmentioned
r"C$<y=#� ). More precisely, the modelsV � , V Ð , V í , and V î aresomeminimal models
of � , whereasthe modelsV � and V Ð arethe only perfectandstablemodelsof the lo-
cally stratifiedmvd-program� . The tight answerfor ·1���	à¶ã,�¶è���Ø�
	%
�	��&âì9
�(�) to � under£ V � 
ÊV Ð 
ÊV�íG
:VQî § and

£ V � 
:V Ð § is givenby
£ ìEÂG� § and

£ ìEÂ��'� á § , respectively.

Table1. Somemodelsof themvd-programï
ð¶ñçò�ó�ôöõ'÷ºø�ù�ð¶ñçò�ó�ôöõ±÷�ú�ù�ûöòKü�õf÷ºø�ýÊþfýÊÿKù�ûöòKü�õ'÷�ú�ýöÿ
ý��Kù�ûöô�ü�ð��1÷ºþgýöÿ¶ù�û�ôöü�ð���÷ºÿ�ý��¶ù�û�ôöü�ð���÷ºþgý��Kù��� 0.5 0 0.8 0.7 0.7 0.6 0.5��� 0 0.5 0.8 0.7 0.7 0.6 0.5�
	 0 0.6 0.8 0.7 0.7 0 0�
� 0 0.7 0.8 0.7 0 0 0

3 Least Model States

Wenow defineleastmodelstatesfor positivemvd-programs,whichareageneralization
of their classicalcounterpartsby MinkerandRajasekar[12,4].

In the sequel,we use r
� to abbreviate atomicprobabilisticformulasof the form
*G+.-'/0�3ry�h���M� Givenanmvd-program� , thedisjunctiveHerbrandbasefor � , denoted� <>= � , is thesetof all disjunctionsof atomicprobabilisticformulas r ���� 5�~
~�~�5Sr ����
with pairwisedistinct groundatoms r@��
��
���

	r>�´CU<y= � , �F��
��
�
�

�����C�¡I¢w�:�@��� £ � § ,
and �>��( . A disjunctiveHerbrandstate(or state) � is a subsetof

� <>= � . A state� is
a modelstateof apositivemvd-program� if f

£�� C � <y=4�bL�� Ò ��L H |�} � § Å��S�
A model V of a state � is a minimal modelof � if f no modelof � is a propersubset
of V . Weusȩ�¸ë���]� to denotethesetof all minimalmodelsof � . Thecanonicalform
(resp.,expansion) of astate� , denoted�¶ã������t� (resp., à��! F���]� ), is definedby:

�¶ã������]�´H £�� C"�TL$# � Ë�C"��
 � Ë]ÇH �&%h£'� Ë § ÇL HM|
} � § 
à��! F���]�yH £�� C � <y=4�bLä· � ËGC"� %1£'� Ë § L HO|�} � § �
A state� is in canonicalform (resp.,expanded) if f �²H��¶ãG�Q���]� (resp.,�²H�à��( ����]� ).

The following theoremshows that the intersectionof a set of model statesof a
positivemvd-program� is alsoa modelstateof � .



Theorem3.1. Let � be a positivemvd-program, and let ) be a setof modelstates
of � . Then,theintersectionof all �aC*) is a modelstateof � .

Clearly, eachpositivemvd-program� hasthemodelstate
� <>= � . Thus,thereexist

modelstatesof � , andtheintersectionof all of themis theleastmodelstateof � .

Definition 3.2. Denoteby +-,t� theleastmodelstateof apositivemvd-program� .

Thefollowing resultshows that +-,t� is thesetof all disjunctions
� C � <y=#� that

arepc-consequencesof � . Moreover, it shows thatthis setcoincideswith thesetof all
disjunctions

� C � <>=#� thataretruein all minimalmodelsof � .

Theorem3.3. Let � bea positivemvd-program.Then,

(a) +-,t��H £'� C � <y=w�bL,��L HO|�} � § .
(b) +-, � H £'� C � <y= � LG¸«¸��e�@�IL H � § .

As shown in [6,7], definitemvd-programs� have a uniqueleastmodel ."ª . The
next theoremshows thatfor such � , themodel .7ª correspondsto �¶ã��F�/+0,´�Q� .
Theorem3.4. Let � bea definitemvd-program,andlet ."ª bethe leastmodelof � .
Then, �¶ã�����+-, � �'H1� ª where � ª H £ r
�@C � <>= � L2�wH3. ª �3ry� § .

We giveanillustrativeexample.

Example3.5. Considerthefollowing positivemvd-program� :

��H £ �	�
Þ{��ß
à¶ 1��Ö��	5I�
Þ{��ß
à¶ ��:×��,6b�
&Y�âág
�(�)Ê
����	��ãä 1��Ö�
�Ø�
�Ù��,6a��&{� åf

(
):
����	��ã, \�3×ä
�Ù�
	%
�,6a��&{�çæ^

(
):

���	à¶ã,�¶èQ��Û�
	ÜU�	5E��Þ.��ß
à¶ ���Úm�]6ë����ãä 1��Ú#
�Û�
	ÜU�	��&{� ê'

(�)Ê

���	à¶ã,�¶èQ��Û�
¶Ýy�]6ë�	à¶ã,�¶è���Û�
�ÜU�K
��	à¶ã,�¶èQ��Ü´
¶Ýy����&{� êf

(
) § �

Thesetof truth valuesof � is givenby ¡E¢#�:�@�tH £ �'
	�f�.(,
��
���K

( § . Thecanonicalform
of theleastmodelstate+-, � of � is givenasfollows:

�¶ã��F��+-,t���]H £ ��Þ{��ß
à�  ¤54 6 ��ÖG��5I��Þ{��ß
à�  ¤54 6 �3×��K
\�	��ãä  ¤$4 7 ��Ö�
	Ø�
�Ù���
1�	��ã,  ¤$4 8 �:×ä
�Ù�
�%
�K

�	à¶ã,�¶è ¤$4 8 �3Ø�
�Ù��	5Z��Þ{��ß
à�  ¤54 8 ��ÖG�K
��	à¶ã,�¶è ¤54 9 �3Ù�
�%
��5E�
Þ{��ß�à¶  ¤$4 9 �3×��K

�	à¶ã,�¶è ¤$4 6 �3Ø�
	%
�	5E��Þ.��ß
à¶  ¤54 8 ��ÖG��5y��Þ.��ß
à¶  ¤$4 9 �3×�� § �

4 Unfolding Many-Valuedness

In this section,we give translationsof mvd-programsunderthesemanticsof minimal
models,perfectmodels,stablemodels,andleastmodelstatesinto classicaldisjunctive
logic programsundertherespectiveclassicalsemantics.

4.1 Program Translations

Wenow formally definetranslationsof mvd-programsandpcp-interpretationsinto clas-
sicaldisjunctive logic programsandclassicalinterpretations,respectively.



Given an mvd-program� , the many-valuedalphabetfor � , denoted
� � ���$� , is

obtainedfrom
� ���$� by replacingeachpredicatesymbol � by thenew predicatesym-

bols � � with �dC�¡I¢4�Ê�@��� £ � § . Themany-valuedHerbrandbasefor � , denoted<>= � � ,
is theHerbrandbaseover

� � ���$� . For atomsrzHl�����	��
��
�
�

����G� and ��C ¡I¢4�:�@� , the
atom r:� over

� � ���$� is definedas�;�����	��

���
�

	���G� .
Every mvd-program� is translatedinto the following classicaldisjunctive logic

program<>=��3�$�]H?<>=¶�,���$� Ò <>=�Ðä���$� over
� � �3�$� (basedon Theorem2.1):

<>= � ���$�tH £ r:� � 5�~�~
~�5Sr
�� 6�sA@ �� 
��
�
�

	s @2B� 

�h���'�A�� 
��
���


�h���f�A�� L
��r@�F5�~
~�~�5SrE�\6�sm��

���
��
	s>�U
������f�Z�G

�
����

�h���f���'��& %�
�(�)\C2�9
C ��

���
�

 C �"C�¡I¢#�:�@�K
D��Hl%9³a(´�7uwv{x�� C ��

���
�

 C �@�h_2� § 
<>= Ð �:�@�tH £ r:�M6�r @ L�r:��
'r @ C$<y= � � 
E�GF C § �

Everypcp-interpretationV is translatedinto thefollowing classicalinterpretation:

<>=��{VF�]H £ r:�SC�<>= � � L�V9�3ry���H� § �
Thefollowing exampleillustratestheaboveprogramtranslation.

Example4.1. Themvd-program� givenin Section2.4 is translatedinto theclassical
disjunctive logic program<I=��:�@�tH?<I=����3�$� Ò <I=�Ðä�3�$� , where<>=K�G���$� is givenby:

<I= � �Ê�@�tH £ ��Þ.��ß
à¶  ¤54 6 ��ÖG��5y��Þ.��ß
à¶  ¤54 6 �3×��t6 Ó �	��ã,  ¤54 7 ��Ö�
	Ø�
¶Ù��]6 Ó �	��ãä  ¤$4 8 �:×,
¶Ù�
	%��]6 Ó
�	à¶ã,�¶è ¤$4 � ��Û�
	Ü#�'6`����ãä  ¤54 Ð ��Ú#
�Û�
	ÜU��

���G�\��Þ.��ß
à¶  ¤$4 � ��Úm� Ó
�	à¶ã,�¶è ¤$4 Ð ��Û�
	Ü#�'6`����ãä  ¤54 í ��Ú#
�Û�
	ÜU��

���G�\��Þ.��ß
à¶  ¤$4 Ð ��Úm� Ó �
��� Ó
�	à¶ã,�¶è ¤$4 J ��Û�
	Ü#�'6`����ãä  � �3Ú4
	Û�
	Ü4�K

�h���\�
Þ{��ß
à¶  ¤$4 J �3Úm� Ó
�	à¶ã,�¶è ¤$4 � ��Û�
¶Ýy�'6��	à¶ã,�¶è ¤$4 Ð ��Û�
	Ü4�K

��à�ãä��è ¤$4 Ð �3Üt
KÝI� Ó
�	à¶ã,�¶è ¤$4 � ��Û�
¶Ýy�'6��	à¶ã,�¶è ¤$4 Ð ��Û�
	Ü4�K

��à�ãä��è ¤$4 í �3Üt
KÝI� Ó
�	à¶ã,�¶è ¤$4 � ��Û�
¶Ýy�'6��	à¶ã,�¶è ¤$4 í ��Û�
	Ü4�K

��à�ãä��è ¤$4 Ð �3Üt
KÝI� Ó
�	à¶ã,�¶è ¤$4 Ð ��Û�
¶Ýy�'6��	à¶ã,�¶è ¤$4 í ��Û�
	Ü4�K

��à�ãä��è ¤$4 í �3Üt
KÝI� Ó ���
� Ó
�	à¶ã,�¶è ¤$4 J ��Û�
¶Ýy�'6��	à¶ã,�¶è � ��Û�
�Ü4��

�	à¶ã,�¶è � �3Üt
KÝI� § �

Notethat <>=¶�,���$� maybequitelarge.It generallyhasamanageablesizewhenthere
arefew truth valuesin ¡I¢#���$� andfew positive literalsin thebodiesof clausesin � .

4.2 Unfolding Results

Minimal Models. Thefollowing lemmashowsthateverymvd-program� isequivalent
to its translation<I=����$� , underall pcp-interpretationsinto ¡I¢#�:�@� .
Lemma 4.2. Let � beanmvd-program,andlet V bea pcp-interpretationinto ¡E¢w�:�@� .
Then,V is a modelof � iff V is a modelof <>=��Ê�@� .

Thenext lemmashowsthatpcp-interpretationsV into ¡I¢w�:�@� canbeidentifiedwith
their translation<>=��{VF� , concerningclassicaldisjunctive logic programsover <y= � � .

Lemma 4.3. Let � beanmvd-program.Let K bea classicaldisjunctivelogic program
over thealphabet

� � ���$� , andlet V bea pcp-interpretationinto ¡I¢4�:�@� . Then,V is a
modelof K iff <I=��{V]� is a modelof K .



The following theoremshows that <>= translatesmvd-programsundertheminimal
modelsemanticsinto equivalentclassicaldisjunctivelogic programsundertheminimal
modelsemantics.It canbeprovedusingthetwo lemmataabove.

Theorem4.4. Let � bean mvd-program,andlet V bea pcp-interpretation.Then,V is
a minimalmodelof � iff <>=��.VF� is a minimalmodelof <>=��:�@� .
Perfect Models. Thealphabet

� �¤ ���$� is obtainedfrom
� �3�$� by replacingeachpredi-

catesymbol � by thenew predicatesymbols�;� with �dC�¡I¢#�Ê�@� .
We slightly modify thetranslationof mvd-programsandpcp-interpretationsasfol-

lows.Every mvd-program� is translatedinto thefollowing classicaldisjunctive logic
program<>=�L^���$�]HM<I=��:�@� Ò <>= í �:�@� over

� �¤ ���$� :
<>= í �:�@�RH £ r ¤ 5Sr � 5Sr �^¦1� 6ëL�r"C$<>= � § Ò £ r ¤ 6ëL�r"C$<y= � § �

Everypcp-interpretationV is translatedinto thefollowing classicalinterpretation:

<>= L �{V]�]HM<I=��{VF� Ò £ r ¤ L�rzCR<y= � § �
Roughlyspeaking,the next lemmashows that pcp-interpretationsV into ¡I¢#�Ê�@�

canbeidentifiedwith their translation<>= L �{VF� .
Lemma 4.5. Let � beanmvd-program.Let K bea classicaldisjunctivelogic program
over thealphabet

� �¤ ���$� , andlet V bea pcp-interpretationinto ¡I¢4�:�@� . Then,V is a
modelof K iff <I= L �.VF� is a modelof K Ò <I= í �3�$� .

The following theoremshows that <I= L translatesmvd-programsunderthe perfect
modelsemanticsinto equivalentclassicalcounterparts.

Theorem4.6. Let � bean mvd-program,andlet V bea pcp-interpretation.Then,V is
a perfectmodelof � iff <>= L �{V]� is a perfectmodelof <>= L �Ê�@� .

Thefollowing theoremshowsthatthetranslation<>=��Ê�@� of a locally stratifiedmvd-
program� is alsolocally stratified.

Theorem4.7. Let � beanmvd-program.If � is locally stratified,thenalso <>=��:�@� .
The next theoremshows that <>= translateslocally stratifiedmvd-programsunder

theperfectmodelsemanticsinto equivalentclassicalcounterparts.

Theorem4.8. Let � bea locally stratifiedmvd-program,andlet V bea pcp-interpre-
tation.Then,V is a perfectmodelof � iff <I=��{VF� is a perfectmodelof <I=��:�@� .
Stable Models. For classicaldisjunctive logic programsK and classicalinterpreta-
tions ; , denoteby K9Â�; theclassicalGelfond-Lifschitztransformof K w.r.t. ; .

The next lemmashows that for mvd-programs� and pcp-interpretationsÄ , the
transform�IÂGÄ isequivalentto <>=��3�$�	Â�<I=���Ä1� , underall pcp-interpretationsinto ¡I¢4�:�@� .
Lemma 4.9. Let � be an mvd-program, and let V and Ä be two pcp-interpretations
into ¡E¢#�:�@� . Then,V is a modelof �mÂGÄ iff V is a modelof <I=��:�@��Â2<>=��3Ä�� .

The next theoremshows that <I= translatesmvd-programsunderthe stablemodel
semanticsinto equivalentclassicalcounterparts.

Theorem4.10. Let � beanmvd-program,andlet V bea pcp-interpretation.Then,V is
a stablemodelof � iff <>=��{VF� is a stablemodelof <>=��:�@� .



LeastModel States. Thefollowing lemmashowsthateverymvd-program� is equiv-
alentto its translation<>=��3�$� , concerningdisjunctiveHerbrandstates.

Lemma 4.11. Let � beanmvd-program,andlet � bea state. Then,� is a modelstate
of � iff � is a modelstateof <I=����$� .

The following theoremshows that <>= translatesan mvd-programinto a classical
counterpartthathasthesameleastmodelstate.

Theorem4.12. Let � be an mvd-program,and let � be a state. Then, � is the least
modelstateof � iff � is theleastmodelstateof <I=����$� .
5 Fixpoint Characterizations

In this section,we providemany-valuedfixpoint characterizationsfor thesemanticsof
minimal models,leastmodelstates,andperfectmodelsunderfinite local stratification.

5.1 Minimal Models for PositivePrograms

We now give a fixpoint characterizationfor thesetof all minimal modelsof a positive
mvd-program,which is ageneralizationof theclassicalcounterpartgivenin [3, 18].

In thesequel,let � bea positive mvd-program.Thecanonicalform (resp.,expan-
sion) of asetof pcp-interpretationsn , denoted�¶ãG�Q�:nS� (resp., à��( ��:n2� ), is definedby:

�¶ã����3n2�]H £ V7CRnjLG F·gÄ4Cmn % ÄRÆ"V § 
à��( ��3n2�EH £ V7C2©�ª�LG·gÄ$C$n % Ä�Å²V § �
We say n is in canonicalform (resp.,expanded) if f nÌHc�¶ã����3n2� (resp.,nÌHaà��( ]�3nS� ).

Thefixpoint operatoris definedon the completelattice �ONt
5PI� , where N is the set
of all expandedsetsof pcp-interpretations,and nQP-R if f RTS�n for all n�
UR«CVN .
The bottomelement W is the setof all pcp-interpretations,andthe top elementX is
the emptyset.The greatestlower boundof any subsetof elementsis the unionof the
elementsin theset,andtheleastupperboundis theintersectionof theelements.

TheoperatorY:Z� on expandedsetsof pcp-interpretationsn is definedby:

Y:Z� �3nS�RH\[ £^] �� äà�Þâß(_��ößK�ÊãG�Êà,�´�.VF���EL
V7CRn § 

where ßK�öã��öà � and

] �� äà�Þâß _ aregivenasfollows:

ßK�öã��öà � �{VF� H £ r:� � 5O~�~
~¶5�r:�� Lf�3r>�
5S~
~
~�5FrE�,68sm��
��
���

	s>�@��& %�

(
):C\�,�	���g�h 1�:�@��
��Hl%�³�(��«uwv{x��{V9��s � �K

���
��
:V9��s � ���h_R� § 
] �� äà�Þçß(_\���]�2H £ Ä2CR©
ª�L�Ä�L H`��
'Ä�S²V § �
Thenext lemmashowstheimmediateresultthat Y
Z� is monotonic.

Lemma 5.1. Y
Z� is monotonic.



Wenow definethepowersof Y:Z� . For everyexpandedsetof pcp-interpretationsn :

Y
Z�ba ���3n2�tH
cde df n if ��Hl� ;Y
Z� �gY:Z� a ���t³U(����:nM�	� if �O_R� is a successorordinal;h £ Y:Z� a C �3n2�ZL C FH� § if �O_R� is a limit ordinal.

As usual,weuseY
Z�ba � to abbreviate Y:Z�ba �´�iW2� .
Thefollowing lemmashows that theoperatorY:Z� is not continuous.This resultis

immediateby thefactthattheclassicalcounterpartof Y Z� is notcontinuous[18].

Lemma 5.2. Y
Z� is notcontinuous.

EventhoughtheoperatorY:Z� is not continuous,its leastfixpoint is attainedat the
first limit ordinal.Thisis shown by thefollowing theorem,whichfollowsfrom asimilar
resultfor classicaldisjunctive logic programs[18].

Theorem5.3. Þ j� ]�OY Z� �]H&Y Z� alk .

Thenext theoremshowsthatthesetof minimalmodelsof � is givenby thecanon-
ical form of theleastfixpoint of Y:Z� .

Theorem5.4. ¸«¸��º�@�tHJ��ãG�Q��Þ j� t�OY:Z� ��� .
5.2 LeastModel Statesfor PositivePrograms

We now give a fixpoint characterizationfor the leastmodelstateof a positive mvd-
program,which is ageneralizationof theclassicalcounterpartgivenin [12,4].

In thesequel,let � bea positive mvd-program.We now identify every disjunction� C � <y=#� with thesetof all containedatomsr:�mCU<y= � � .
TheoperatorY:m� on expandeddisjunctiveHerbrandstates� is definedby:

Y:m� ���]�RH à��! F� £ r:� � 5O~�~
~¶5�r:�� 5 � � 5M~
~
~¶5 � � L � � 
��
�
��
 � � C � <>=4�t
�3r � 5M~
~
~¶5�r � 6�s � !�~
~�~�!Ss � ��& %�

(
)\CR�G�	�G�g�� 1�Ê�@�K

s"@ �� 5 � � 

���
��
	s @2B� 5 � � Cn��
o�­H�%�³�(Q�«uwv.x\� C � 
��
����
 C � ��_E� § �1�

The following lemmashows that the modelstatesof � correspondexactly to the
pre-fixpointsof theoperatorY:m� .

Lemma 5.5. Let � beanexpandedstate. Then,� is a modelstateof � iff Y:m� ���]��ÅH� .

Thenext lemmashows that theoperatorY:m� is continuous.This resultfollows im-
mediatelyfrom thecontinuityof theclassicalcounterpartof Y:m� [12].

Lemma 5.6. Y
m� is continuous.

Thepowersof Y
m� aredefinedasusual:For all Herbrandstates� , defineY:m�IaDk ���t�
astheunionof all Y
m� a �]���]� with �1F k , whereY:m� a �'���]�]HM� and Y:m� a ���w�T(������]�]HY:m� �OY:m��a �]���t��� for all �pF k . We useY
m��aDk to abbreviate Y
m��alk ��q,� .

Thefollowing theoremshowsthattheleastmodelstateof � coincideswith theleast
fixpoint of Y:m� , andthattheleastfixpoint is attainedat thefirst limit ordinal.This result
follows immediatelyfrom Lemmata5.5and5.6.



Theorem5.7. +-,t��H Þ j� ]�OY:m� �]H?Y:m� aDk .

We giveanillustrativeexample.

Example5.8. Consideragainthe positive mvd-program� given in Example3.5. Its
leastmodelstate+-,´� is givenby Y
m� alk H&Y
m� asr :
�¶ãG�Q�gY m� a (��]H`� � H £ ��Þ.��ß
à¶  ¤$4 6 ��ÖG�	5E��Þ.��ß
à¶  ¤$4 6 �3×���
��	��ã,  ¤$4 7 ��Ö�
	Ø�
�Ù
�K
��	��ã,  ¤54 8 �3×ä
�Ù�
�%
� § 
�¶ãG�Q�gY:m� a ¨,�]H`� Ð HM� ��Ò £ �	à¶ã,�¶è ¤$4 8 �3Ø�
�Ù��	5Z��Þ{��ß
à�  ¤54 8 ��ÖG�K
��	à¶ã,�¶è ¤54 9 �3Ù�
�%
��5Z�
Þ{��ß�à¶  ¤54 9 �3×�� § 
�¶ãG�Q�gY:m� asr �]H`� í HM��Ð Ò £ �	à¶ã,�¶è ¤$4 6 �3Ø�
	%
�	5Z��Þ{��ß
à�  ¤54 8 ��ÖG�	5I�
Þ{��ß
à¶  ¤$4 9 �:×�� § �
5.3 Perfect Modelsunder Finite Local Stratification

We now give an iterative fixpoint characterizationof perfectmodelsof mvd-programs
with finite local stratification.It generalizestheclassicalcounterpartin [18].

For setsof emvd-clauses� andsetsof expandedinterpretationsn , we define:

Y Z � �3nS�2Ht[ £�] �� ,à
Þâß _ � ß¶�öã��öà � �{VF�	�EL�VbC2n § 

where

] �� ,à
Þâß _ is definedasin Section5.1and ßK�öã��öà � is givenby:

ßK�ÊãG�Êà � �.VF�2H £ r:� � 5M~
~
~¶5Fr:�� Lf��r>��5M~
~�~�5�rE� Ó Ã�6�s@��

���
�

�sy�@��& %�
�(�)�C��G�����g�� h�Ê�@�h
��Hl%�³�(Q�«uwv.x\�{V9�3s � �K
��
���

:V��3s � ���1_SÃ § �
Thefollowing theoremformulatestheiterativefixpoint characterization.

Theorem5.9. Let � beanmvd-programandlet Ï � 
�Ï Ð 

���
��
	Ï � bea finitelocal strat-
ificationof � . For pcp-interpretationsV , wedefine:

�Q°	�.VF�tH��Q°ÊÂ
V Ò £ r � 6ÌL�r � Cm<>= � � 
,V9��r>�h��� § .

Then,thesetof perfectmodelsof � is givenas nM� , where

n � H �¶ã��F�OY
Zª � aDk � ,
nO°QH`[ £ �¶ã���� Y Zª^u�vw_^x aDk �ZL
V7CRnS°�¦�� § for all Ñ±C £ ¨g

���
��
	� § .

6 Summary and Outlook

We introducedleastmodelstatesfor many-valueddisjunctive logic programs.We then
showedhow to unfoldmany-valuednessunderthesemanticsof minimalmodels,perfect
models,stablemodels,andleastmodelstates.Thus,existing technologyfor classical
disjunctivelogic programmingcanbeusedto implementmany-valueddisjunctivelogic
programming.Usingtheseresults,we gave many-valuedfixpoint characterizationsfor
thesetof all minimalmodelsandtheleastmodelstate.Wealsogaveaniterativefixpoint
characterizationfor theperfectmodelsemanticsunderfinite local stratification.

An interestingtopic of future researchis to elaborateother semanticsfor many-
valueddisjunctive logic programs,for example,to definepartialstablemodels.More-
over, it would bevery interestingto work out fixpoint characterizationsfor stable(and



partialstable)models.This maybedoneby generalizingtheevidential transformation
in [2] or the 3-S transformationin [17]. Finally, anothertopic of future researchis to
elaborateproof theoriesfor thevarioussemantics.
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