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Abstract. In this paper we continueto explore mary-valueddisjunctive logic
programswith probabilisticsemanticsln particular we newly introducetheleast
modelstatesemanticgor suchprogramsWe shav thatmary-valueddisjunctive
logic programsunderthe semanticof minimal models,perfectmodels,stable
models,andleastmodel statescan be unfoldedto equivalent classicaldisjunc-
tive logic programsunderthe respectie semanticsThus, existing technology
for classicaldisjunctive logic programmingcan be usedto implementmary-
valueddisjunctie logic programming.Using theseresultson unfolding mary-
valuednessye thengive mary-valuedfixpoint characterizationfor the setof all
minimal modelsandthe leastmodelstate.We alsodescribean iterative fixpoint
characterizatioffor the perfectmodelsemanticsinderfinite local stratification.

1 Intr oduction

In a previous paper[5], we introducedmary-valueddisjunctive logic programswith
probabilisticsemanticsin particular we definedminimal, perfect,and stablemodels
for suchprogramsand shaoved thatthey have the samepropertiedik e their classical
counterpartg-or example perfectandstablemodelsarealwaysminimalmodelsUnder
local stratification the perfectmodelsemanticgoincideswith the stablemodelseman-
tics. Moreover, we alsoshaved that somespecialcasesof propositionalmary-valued
disjunctivelogic programmingindeminimal, perfectandstablemodelsemantichave
thesamecompleity astheir classicakounterparts.

In this paper we continuethis line of researcton mary-valueddisjunctive logic
programmingwith probabilistic semanticsThe centraltopic of the presentpaperis
to elaboratealgorithmsfor mary-valueddisjunctive logic programming.One way of
obtainingsuchalgorithmsis to translatemary-valueddisjunctive logic programsinto
classicaformalisms,andto work with existing algorithmsfor the classicaformalisms.
Anotherway is to simply developcompletelynew algorithms.

In this paper we follow both directions.We first shav that mary-valueddisjunc-
tive logic programsunderminimal models,perfectmodels,stablemodels,and least
modelstatescanbe unfoldedto equivalentclassicaldisjunctive logic programsunder
therespectie semanticsThus, existing technologyfor classicaldisjunctive logic pro-
grammingcanbe usedto implementmary-valueddisjunctive logic programming.

Using theseresultson unfolding mary-valuednessywe then develop new mary-
valued fixpoint characterizationgor the semanticsof minimal models,leastmodel
statesandperfectmodelsunderfinite local stratification.



It is importantto point out that our mary-valueddisjunctive logic programshave
a probabilisticsemanticsn probabilitiesover possibleworlds. Furthermorethe truth
valuesof all clausesare truth-functionallydefinedon the truth valuesof atoms.This
givesour mary-valueddisjunctie logic programshoth nice computationaproperties
(comparedo purely probabilisticapproachesanda nice probabilisticsemanticsThe
latteris expressedn thefactthatour mary-valueddisjunctivelogic programmingunder
the minimal modelandthe leastmodelstatesemanticss an approximationof purely
probabilisticdisjunctive logic programming.

We shavedin [6, 7] thatmary-valueddefinitelogic programmingwith this proba-
bilistic semantichasa modelandfixpoint characterizatiomnda proof theorysimilar
to classicaldefinitelogic programmingMoreover, specialcasef mary-valuedlogic
programmingyith thissemanticsvereshavn to havethesamecomputationatomplex-
ity astheir classicalcounterpartsinterestingly our approachn [6, 7] is closelyrelated
to vanEmdensquantitatve deduction[19], whichinterpretgheimplicationconnectve
asconditionalprobability, while our work usesthe materialimplication.

Themaincontributionsof this papercanbe summarizedsfollows.

¢ We introducethe leastmodelstatesemanticgor positve mary-valueddisjunctive
logic programswith probabilisticsemantics.

e We shaw that mary-valueddisjunctive logic programsunderminimal model,per
fectmodel,stablemodel,andleastmodelstatesemanticeanbeunfoldedto equiv-
alentclassicaldisjunctive logic programaundertherespectie semantics.

e We providefixpoint characterizationfor thesetof all minimalmodelsandtheleast
modelstateof positive mary-valueddisjunctive logic programs.

e We describean iterative fixpoint characterizatiorior the perfectmodel of mary-
valueddisjunctive logic programghathave afinite local stratification.

Notethatproofsof all resultsaregivenin the extendecbaper|8].

2 Preliminaries

In this sectionwe recallsomenecessargefinitionsandresultsfrom [5].

2.1 Probabilistic Background

Let @ be a first-ordervocahulary that containsa setof function symbolsanda setof
predicatesymbols(asusual,constantsymbolsarefunction symbolsof arity zero).Let
X beasetof variablesWe definetermsby inductionasfollows. A termis a variable
from X or an expressionof the form f(t1,...,tx), where f is a function symbol of
arity k > 0 from @ andt,,...,t; areterms.We defineclassicalformulasby induc-
tion asfollows. If p is a predicatesymbolof arity k¥ > 0 from & andty,...,t; are
terms,thenp(ty, ..., t;) is a classicalformula (calledatom). If F' andG are classi-
calformulas,thenalso—F and(F A G). Literals, positive literals,andnegative literals
aredefinedasusual.We defineprobabilisticformulasinductively asfollows. If F'is a
classicaformulaandc is arealnumberfrom [0, 1], thenprob(F') > ¢ is a probabilistic
formula (called atomic probabilistic formuld). If F' andG are probabilisticformulas,



thenalso—F and(F A G). We use(F' Vv G) and (F + G) to abbreviate —=(—F A ~G)
and—-(—F A G), respectiely, andadoptthe usualconventionsto eliminateparenthe-
ses.Termsandformulasaregroundiff they do not containary variables Substitutions,
groundsubstitutionsandgroundinstance®f formulasaredefinedasusual.

A classicalinterpretation! is asubsebf theHerbrandbaseHBg over®. A variable
assignment assigngo eachz € X anelemenfrom theHerbranduniverseHU ¢ over
&. It is by inductionextendedto termsby o (f(t1,---,tx)) = f(o(t1),-..,0o(tx)) for
alltermsf(t1,. .., tx). Thetruth of classicaformulasF in I undero, denoted =, F,
is inductively definedasfollows (we write I |= F' whenF' is ground):

oI IZU p(t17 s 7tk) Iffp(O'(t]_), . '7U(tk)) el
oI |, ~Fiffnotl =, F,andI |=, (F AQG)iff I |z, FandI |=, G.

A probabilistic interpretation (or p-interpretation) p = (Z, ) consistsof a setZ of

classicalinterpretationgcalled possibleworlds) anda discreteprobability function

on Z (thatis, a mappingy from Z to the real intenval [0,1] suchthatall x(I) with

I € 7 sumupto 1 andthatthe numberof all I € Z with u(I) > 0 is countable).
Thetruth valueof a formula F' in a p-interpretatiorp undera variableassignment,

denotedp, (F), is definedasthesumof all u(I) suchthat! € Z andI =, F (wewrite

p(F) whenF is ground).Thetruth of probabilisticformulasF’ in p undero, denoted
p =, F, is definedasfollows (we write p |= F' whenF' is ground):

*p =, prob(F) > ciff p, (F) > c.
epE, ~Fiffnotp =, F,andp |, (FAG)iffp E, Fandp E, G.

The probabilisticformula F' is true in p, or p is a modelof F, denotedp = F, iff
Fistruein p underall variableassignments. The p-interpretatiorp is a modelof a
setof probabilisticformulasF, denotedp = F, iff p isamodelof all F € F. A setof
p-interpretationsP is a modelof F' (resp.,F), denotedP = F (resp.,P E F), iff
every memberof P is amodelof F' (resp..F).

2.2 Positively Corr elated Probabilistic Inter pretations

We restrictour attentionto the following kind of p-interpretationgthatis, we assume
anotheraxiombesideghe axiomsof probability). A positivelycorrelatedprobabilistic
interpretation(or pcp-interpetation) is a p-interpretatiorp suchthat

p(A A B) = min(p(A),p(B)) forall A,B € HBg . (1)

Notethatthe conditionp(A A B) = min(p(A), p(B)) is justassumedor ground
atoms A andB. It brings probabilistic logics over possibleworlds closerto truth-
functionallogics. We do not assumehat (1) alwaysholdsin the partof the realworld
that we want to model. The axiom (1) is simply a technical assumptiorthat carries
usto aform of mary-valuedlogic programminghat approximategprobabilisticlogic
programming.lt makes a global probabilisticsemanticsover possibleworlds match
with the truth-functionality behind logic programmingtechniquesDifferently from
mary otheraxioms,the axiom (1) is compatiblewith logical implication. Note that
pcp-interpretationareuniquelydeterminedoy thetruth valuesthey give to all ground
atomg[5], andthusthey canbeidentifiedwith mappingsrom HBg to [0, 1].



A probabilisticformula F' is apc-consequencef a setof probabilisticformulasF,
denotedF |=F¢ F, iff eachpcp-interpretatiothatis amodelof F is alsoamodelof F.

2.3 Many-Valued Disjunctive Logic Programs

We arenow readyto definemary-valueddisjunctive logic programsWe startby defin-
ing mary-valueddisjunctie logic programclauseswhich are specialatomic proba-
bilistic formulasthatareinterpretedunderpcp-interpretationsA many-valuedlisjunc-
tive logic programclause(or mvd-clausgis a probabilisticformulaof thekind

prob(A; V- VA < B A ABpy A=CLA---A=Cp) > ¢,

whereA,,...,A;,By,...,B,,Cy,...,C, areatoms,l,m,n > 0, andc € [0,1] is
rational.It is abbreviatedby (4; V-V A; + By, ..., By, not Cy, ..., not Cp)[e, 1].
Wecall A; vV ---V A;its head By,...,B,,,notCy,...,not C, its body, andc its
truth value It is positive(resp.,definitd iff n =0 (resp.,l =1 andn =0). It is called
an integrity clauseiff [ =0, afactiff />0 andm + n = 0, andarule iff />0 and
m+n > 0. A many-valuedlisjunctivelogic program(or mvd-piogram) P is afinite set
of mvd-clausesA positive(resp. definite mvd-prograrmis afinite setof positive (resp.,
definite) mvd-clausesGiven an mvd-programP, we identify ¢ with the vocahulary
&(P) of all function and predicatesymbolsin P. Denoteby HB p the Herbrandbase
over §(P), andby ground(P) the setof all groundinstanceof membersf P w.r.t.
&(P). Thesetof truth valuesof P, denotedT'V ( P), is theleastsetof rationalnumbers
-0 L. ..., 2=1} that containsall the rational numbersin P, wheren >2 is a
naturalnumberDenoteby Ip thesetof all pcp-interpretationsver HB p into TV (P).
The following result shavs that the truth of a ground mvd-clauseundera pcp-
interpretatioris a functionof thetruth valuesof the containedjroundatoms.

Theorem2.1. LetC' = (A1 V---VA;  By,...,By,notCy,...,not Cy)lc,1] bea
groundmvd-clauseandlet p bea pcp-interpetation. Then,p is a modelof C' iff
max(max p(4:), max p(Ci)) > ¢—1+ min p(B;).

We finally definequeriesandtheir correctandtight answersA many-valuedjuery
(or simply query) is an expression3(F)[t, 1], where F' is a groundclassicalformula
andt is a variableor a rationalnumberfrom [0, 1]. Given the queries3(F')[c, 1] and
3(F)[z, 1] to anmvd-programP, wherec € [0, 1] andz € X, we definetheir desired
semanticdan termsof correctandtight answerswith respecto a set M(P) of mod-
els of P asfollows. The correct answerfor 3(F)[c,1] to P under M(P) is Yes if
c< inf{p(F)|p e M(P)} andNo otherwise.The tight answerfor 3(F)[z,1] to P
under M(P) is thesubstitutiord = {z/d}, whered = inf{p(F) | p € M(P)}.

In therestof this subsectionye recallminimal, perfect,andstablemodelsfrom [5]
assomewaysof describingthe meaningof anmvd-program.

Minimal Models. For pcp-interpretationg andq, we sayp is a subsebf g, denoted
p C q,iff p(A) < q(A) forall A € HBgs. We usep C q asanabbreviationfor p C q

andp # gq. A modelp of anmvd-programP is a minimalmodelof P iff no modelof

P is apropersubsedf p. Denoteby MM(P) the setof all minimal modelsof P.



Perfect Models. We first definethe two relations< and < on groundatoms.For an
mvd-programP, thepriority relation< andtheauxiliary relation< aretheleastbinary
relationson HB p with thefollowing propertieslf ground(P) containsanmvd-clause
with theatom A4 in the headandthe negative literal not C' in thebody, thenA < C. If
ground(P) containsanmvd-clausewith theatomA in theheadandthe positive literal
B in thebody, then A < B. If ground(P) containsan mvd-clausewith the atomsA
andA’ intheheadthenAd < A'. If A < B,thenA < B.If A < BandB < C, then
A<C.If A< BandB < C,thenA < C.If A< BandB < C,then4d < C.We
saythatthegroundatom B hashigherpriority thanthegroundatom A iff A < B.

We next definethe preferencerelation < on pcp-interpretationss follows. For
pcp-interpretationp andq, we sayp is prefemableto ¢, denotedp < ¢, iff p # q and
for eachA € HB p with p(A) > q(A) thereis someB € HBp with q(B) > p(B) and
A< B. Wewritep <L qiffpKgorp=gq.

A model g of an mvd-programP is a perfectmodelof P iff no modelof P is
preferableto g. We use PM(P) to denotethe setof all perfectmodelsof P.

Not every mvd-programhasa perfectmodel.We next definelocally stratifiedmvd-
programswithout integrity clauseswhich alwayshave aperfectmodel.

An mvd-programP without integrity clausess locally stratified iff HBp canbe
partitionedinto setsHy, H,, . . . (calledstrata) suchthatfor eachmvd-clause

(A1 V- -V A < By,...,Bp,notCq,...,not Cy)[c,1] € ground(P),

thereexistsani > 1 suchthatall 4,,..., 4; belongto H;, all By,..., B,, belongto
H, U---UH;, andall C4,...,C, belongto H; U --- U H;_4. For sucha partition
Hy,H,,... of HBp (calledalocal stratification of P) andeveryi> 1, we useP; to
denotethe setof all mvd-clause$rom ground(P) whoseheadselongto H;.

StableModels. An extendednany-valuedlisjunctivelogic program clause(or emvd-
clausg is anexpression(A; V ---V A;;d < Bi,...,By,not Cy,...,not Cp)lc, 1],

whereA,,..., A;,B1,...,By,C1,...,Cy,areatoms],m,n >0, c € [0, 1] isrational,
andd € [0,1]. It istrue in apcp-interpretatiop underavariableassignment iff

A; ),d) > c—1+ min p,(B;).
max(max P, (4i), max p,(Ci),d) 2 ¢ —1+ min p,(B5:)

Thus,emvd-clausemay alsocontaintruth-valueconstantsn their heads.

For anmvd-programP anda pcp-interpretationy, the expressionP /q denoteghe
setof emvd-clauseshatis obtainedfrom ground(P) by replacingevery mvd-clause
(A1 V---VA < By,...,Bp,not C,...,not Cy)[c, 1] by theemvd-clause

(A1 V---VAg; max q(C;) « By,...,Bp)[c1].

A pcp-interpretatiory is a stablemodelof an mvd-programP iff ¢ is a minimal
modelof P/q. We useSM(P) to denotethe setof all stablemodelsof P.

2.4 Example

We now give anillustrative example.Thefollowing mvd-programP is takenfrom [5]
(r, s, a, b, andc areconstansymbols,andR, X, Y, andZ arevariables):



P = {(closed(r)V closed(s) «<)[.5, 1], (road(r, a, b) <)[.8, 1], (road (s, b, c) <)[.7,1],
(reach(X,Y) « road(R, X,Y), not closed(R))[.9, 1],
(reach(X, Z) + reach(X,Y), reach(Y, Z))[.9,1]} .

Thesetof truth valuesof P is givenby TV (P) = {0,0.1,...,1}.

A queryto P maybe givenby 3(reach(a, c))[U, 1], whereU is avariable.To de-
termineits tight answey we mustspecifya setof modelsof P. Somemodelsp,, p,,
ps, andp, of P areshavn in Table 1 (we assumep,(A) = 0 for all unmentioned
A € HBp). More precisely the modelsp, , p,, p;, andp, aresomeminimal models
of P, whereaghe modelsp, andp, arethe only perfectandstablemodelsof the lo-
cally stratifiedmvd-programpP. The tight answerfor 3(reach(a, c))[U, 1] to P under

{p1, P2, P53, 4} @nd{p,, p,} isgivenby {U/0} and{U/0.5}, respectiely.

Table 1. Somemodelsof the mvd-programpP

closed(r) closed(s) road(r,a,b) road(s,b,c) reach(a,b) reach(b,c) reach(a,c)

p; 05 0 0.8 0.7 0.7 0.6 0.5
Py 0 0.5 0.8 0.7 0.7 0.6 0.5
Ps 0 0.6 0.8 0.7 0.7 0 0
Py 0 0.7 0.8 0.7 0 0 0

3 LeastModel States

We now defineleastmodelstatedor positive mvd-programswhich area generalization
of their classicakounterpartby Minker andRajasekaf12,4].

In the sequel,we use A* to abbreviate atomic probabilisticformulasof the form
prob(A4) > . Givenanmvd-programP, thedisjunctiveHerbrandbasefor P, denoted
DHB p, is the setof all disjunctionsof atomicprobabilisticformulasAT* v - - - v Ap*
with pairwise distinct groundatoms Ay, ..., A, € HBp, ay,...,a; € TV(P)\{0},
andk > 1. A disjunctiveHerbrand state(or state .S is asubsebf DHB p. A stateS is
amodelstateof a positive mvd-programp iff

{DeDHBp |SUP P D}CS.

A modelp of a stateS is a minimal modelof S iff no modelof S is a propersubset
of p. We use MM (S) to denotethesetof all minimalmodelsof S. Thecanonicalform
(resp.expansion of astateS, denotedcan(S) (resp.,ezp(S)), is definedby:

can(S) ={De S |VD' €S, D' # D: {D'} l¥° D},
exp(S) ={D € DHBp |ID' € S: {D'} =?¢ D}.

A stateS is in canonicalform (resp.,expandeqiff S = can(S) (resp.,S = exp(S)).
The following theoremshaows that the intersectionof a set of model statesof a
positive mvd-programP is alsoa modelstateof P.



Theorem3.1. Let P be a positivemvd-pogram, and let S be a setof modelstates
of P. Thentheintersectionof all S € S is a modelstateof P.

Clearly, eachpositive mvd-programP hasthemodelstateDHB p. Thus,thereexist
modelstatesof P, andtheintersectiorof all of themis theleastmodelstateof P.

Definition 3.2. Denoteby MS p theleastmodelstateof a positive mvd-programP.

Thefollowing resultshavs that MS p is the setof all disjunctionsD € DHB p that
arepc-consequencesx P. Moreover, it shavs thatthis setcoincideswith the setof all
disjunctionsD € DHB p thataretruein all minimal modelsof P.

Theorem 3.3. Let P bea positivemvd-pogram.Then,

(2) MSp = {DeDHBp | P =7 D}.
(b) MSp = {D e DHBp | MM(P) = D}.

As showvn in [6, 7], definite mvd-programsP have a uniqueleastmodel M p. The
next theorenmshaws thatfor suchP, themodel M p corresponds$o can(MS p).

Theorem 3.4. Let P bea definitemvd-pogram,andlet Mp betheleastmodelof P.
Then,can(MSp)=Sp whee Sp ={A*€ DHBp |a=Mp(A)}.

We give anillustrative example.

Example 3.5. Considetthefollowing positve mvd-programP:

P = {(closed(r)V closed(s) <)[.5,1], (road(r, a, b) +)[.8,1], (road (s, b, c) <)[.7,1],
(reach(X,Y)Vclosed(R) + road(R,X,Y))[.9,1],
(reach(X, Z) + reach(X,Y), reach(Y, Z))[.9,1]} .

Thesetof truth valuesof P is givenby TV (P) = {0,0.1,...,1}. Thecanonicaform
of theleastmodelstateMS p of P is givenasfollows:

can(MS p) = {closed®® (r)V closed®® (s), road®®(r,a,b), road’ " (s,b, c),
reach® " (a, b)V closed®" (1), reach®® (b, c)V closed®® (s),
reach®(a, c)V closed® ™ (r)V closed®%(s)} .

P

4 Unfolding Many-Valuedness

In this section,we give translationof mvd-programsinderthe semanticof minimal
models perfectmodels stablemodels,andleastmodelstatesnto classicaldisjunctive
logic programsundertherespectie classicalkemantics.

4.1 Program Translations

We now formally definetranslation®f mvd-programsndpcp-interpretationsto clas-
sicaldisjunctive logic programsandclassicalnterpretationstespectiely.



Given an mvd-programP, the many-valuedalphabetfor P, denoted®™ (P), is
obtainedfrom &(P) by replacingeachpredicatesymbolp by the new predicatesym-
bolsp® with a. € TV (P)\{0}. Themany-valuedHerbrandbasefor P, denotedHB’},
is the Herbrandbaseover ¢ (P). For atomsA = p(t1,...,tx) anda € TV (P), the
atomA* over ™ (P) is definedasp®(t1, .. ., tx).

Every mvd-programP is translatednto the following classicaldisjunctie logic
programTr(P) = Try (P) U Tr2(P) over ™ (P) (basedn Theorem2.1):

Tri(P) = {A¢ V---V AY « B ... BPr notCY,... not C2 |
(Alv---VAl<—Bl,...,Bm,notCl,...,notCn)[c,l] EP,
ﬂl,...,ﬁmETV(P), a=c—1+min(ﬂ1,...,,3m)>0},

Tra(P) = {A® « AP | A>, AP ¢ HB, o < 8} .

Every pcp-interpretatiom is translatednto thefollowing classicainterpretation:
Tr(p) = {A* € HB} | p(4) 2 a} .
Thefollowing exampleillustratesthe above programtranslation.
Example4.1. Themvd-programP givenin Section2.4is translatednto the classical
disjunctive logic programTr(P) = Tr; (P) U Tro(P), whereTr; (P) is givenby:
Try (P) = {closed®®(r)V closed®®(s) « ; road®®(r,a,b) « ; road®"(s,b,c) « ;
reach® (X,Y) « road®?*(R, X,Y), not closed®' (R);

reach®?(X,Y) « road®?(R, X,Y), not closed®*(R); .. .;
reach®®(X,Y) « road" (R, X,Y), not closed’* (R);
reach® (X, Z) < reach®*(X,Y), reach®*(Y, Z);

reach® (X, Z) < reach®*(X,Y), reach®*(Y, Z);

reach® (X, Z) < reach®*(X,Y), reach®*(Y, Z);
reach®?(X, Z) + reach®3(X,Y), reach®3(Y, Z);. . .;
reach®® (X, Z) < reach*(X,Y), reach* (Y, Z)} .

NotethatTr; (P) maybequitelarge.lt generallyhasamanageablsizewhenthere
arefew truth valuesin TV (P) andfew positive literalsin thebodiesof clausesn P.

4.2 Unfolding Results

Minimal Models. Thefollowinglemmashawvsthateverymvd-programP is equivalent
to its translationTr(P), underall pcp-interpretationgito TV (P).

Lemma4.2. Let P beanmvd-pogram,andlet p bea pcp-interpetationinto TV (P).
Then,p is a modelof P iff p is a modelof Tr(P).

Thenext lemmashowsthatpcp-interpretationp into TV (P) canbeidentifiedwith
their translationTr(p), concerningclassicaldisjunctive logic programsover HBS.

Lemma4.3. Let P beanmvd-pogram.Let L bea classicaldisjunctivelogic program
over thealphabeté™(P), andlet p bea pcp-interpetationinto TV (P). Then,pis a
modelof L iff Tr(p) is a modelof L.



Thefollowing theoremshows that Tr translatesnvd-programsinderthe minimal
modelsemanticénto equivalentclassicalisjunctivelogic programaundertheminimal
modelsemanticslt canbe provedusingthe two lemmataabove.

Theorem4.4. Let P bean mvd-pogram,andlet p bea pcp-interpetation.Then,p is
aminimalmodelof P iff Tr(p) is a minimalmodelof Tr(P).

Perfect Models. Thealphabe®]*(P) is obtainedrom &(P) by replacingeachpredi-
catesymbolp by the new predicatesymbolsp® with a € TV (P).

We slightly modify the translationof mvd-programsndpcp-interpretationasfol-
lows. Every mvd-programP is translatednto the following classicaldisjunctive logic
programTr*(P) = Tr(P) U Tr3(P) over &5 (P):

Tr3(P) = {A°VA'V A" «+ | A€ HBp} U{A° «+ | A€ HBp}.
Every pcp-interpretatiom is translatednto thefollowing classicainterpretation:
Tr*(p) = Tr(p) U{A° | A€ HBp}.
Roughly speakingthe next lemmashaows that pcp-interpretationg into TV (P)
canbeidentifiedwith their translatiorTr* (p).

Lemma4.5. Let P beanmvd-pogram.Let L bea classicaldisjunctivelogic program
overthealphabet®]*(P), andlet p bea pcp-interpetationinto TV (P). Then,p is a
modelof L iff Tr*(p) is a modelof L U Tr3(P).

The following theoremshaows that Tr* translatesnvd-programsinderthe perfect
modelsemanticsnto equivalentclassicalcounterparts.
Theorem4.6. Let P bean mvd-pogram,andlet p bea pcp-interpetation.Then,p is
a perfectmodelof P iff Tr*(p) is a perfectmodelof Tr*( P).

Thefollowing theoremshows thatthetranslationTr( P) of alocally stratifiedmvd-
programP is alsolocally stratified.
Theorem4.7. Let P beanmvd-pogram.If P is locally stratified,thenalso Tr( P).

The next theoremshaows that Tr translatedocally stratified mvd-programsunder
theperfectmodelsemanticénto equivalentclassicalcounterparts.

Theorem4.8. Let P bea locally stratified mvd-pogram,andlet p bea pcp-interpe-
tation. Then,p is a perfectmodelof P iff Tr(p) is a perfectmodelof Tr(P).

Stable Models. For classicaldisjunctive logic programsL and classicalinterpreta-
tionsI, denoteby L /I theclassicalGelfond-Lifschitztransformof L w.r.t. I.

The next lemmashaws that for mvd-programsP and pcp-interpretationg, the
transformP/ g is equialentto Tr(P)/Tr(q), underall pcp-interpretationsito TV (P).

Lemma4.9. Let P be an mvd-pogram, and let p and g be two pcp-interpetations
into TV (P). Then,p is amodelof P/q iff pisamodelof Tr(P)/Tr(q).

The next theoremshaws that Tr translateanvd-programsaunderthe stablemodel
semanticénto equivalentclassicalcounterparts.

Theorem4.10. Let P bean mvd-pogram,andlet p bea pcp-interpetation.Then,p is
a stablemodelof P iff Tr(p) is a stablemodelof Tr(P).



LeastModel States. Thefollowing lemmashows thatevery mvd-programP is equiv-
alentto its translationTr(P), concerningdisjunctive Herbrandstates.

Lemma4.11. Let P beanmvd-pogram,andlet S bea state Then,S is a modelstate
of P iff S is a modelstateof Tr(P).

The following theoremshaows that Tr translatesan mvd-programinto a classical
counterparthathasthe sameeastmodelstate.

Theorem4.12. Let P be an mvd-pogram,and let S be a state Then,S is the least
modelstateof P iff S is theleastmodelstateof Tr(P).

5 Fixpoint Characterizations

In this section,we provide mary-valuedfixpoint characterizationfor the semanticof
minimal models Jeastmodelstatesandperfectmodelsunderfinite local stratification.

5.1 Minimal Modelsfor Positive Programs

We now give afixpoint characterizatioffior the setof all minimal modelsof a positive
mvd-programwhich is ageneralizatiorof the classicalkcounterpargivenin [3, 18].

In the sequeljet P be a positive mvd-programThe canonicalform (resp.,expan-
sion) of asetof pcp-interpretationd®, denotedcan(P) (resp.,exp(P)), is definedby:

can(P)={pe P|—-3qe P: q C p},
exp(P) ={pe Ip|3qge P: q C p}.

We say P is in canonicalform (resp.,expandediff P = can(P) (resp.,P = exp(P)).
The fixpoint operatoris definedon the completelattice (£, C), where€ is the set
of all expandedsetsof pcp-interpretationsand PC Q iff Q D P for all P,Q€€£.
The bottomelement L is the setof all pcp-interpretationsandthe top elementT is
the emptyset. The greatestower boundof any subsef elementss the union of the
elementsn theset,andtheleastupperboundis theintersectiorof theelements.
TheoperatorT'’¥ on expandedsetsof pcp-interpretationd? is definedby:

TM(P) = | {models,(statep(p)) | p € P},
wherestate p andmodels,, aregivenasfollows:

statep(p) = {AYV---VA} | (A1V---VA; < By,...,By)[c, 1]eground(P),
a=c—1+ mln(p(Bl)aap(BTn))>0}a

models»(S) = {q€Ir | q|= 5, q 2 p}.
Thenext lemmashawvs theimmediateresultthat7'3? is monotonic.

Lemma5.1. TA" is monotonic.



We now definethe powersof T'A!. For every expandedsetof pcp-interpretationd?:

P if a =0;
TMta(P) = TH(TH1 (a=1)(P))  if a>0isasuccessoordinal;
N{TM+B(P) | B < a} ifa>0isalimit ordinal.

As usualwe useTH 1 a to abbreviate TA 1t a(L).
Thefollowing lemmashaws thatthe operatorZ’3 is not continuousThis resultis
immediateby thefactthatthe classicakounterparbf T2 is notcontinuoug18].

Lemma5.2. T is notcontinuous.

Eventhoughthe operatorT'3! is not continuousits leastfixpoint is attainedat the
firstlimit ordinal. Thisis shavn by thefollowing theoremwhichfollowsfrom asimilar
resultfor classicaldisjunctive logic programd18].

Theorem5.3. Ifp(TH) = TMtw.

Thenext theoremshavs thatthe setof minimal modelsof P is givenby the canon-
ical form of theleastfixpoint of T'A.

Theorem5.4. MM(P) = can(lfp(TH)) .

5.2 LeastModel Statesfor Positive Programs

We now give a fixpoint characterizatiorfor the leastmodel stateof a positve mvd-
programwhichis ageneralizatiorof the classicalounterpargivenin [12,4].

In thesequeljet P bea positive mvd-programWe now identify every disjunction
D € DHB p with thesetof all containecatomsA® € HB'S.

TheoperatorT'} on expandedlisjunctive HerbrandstatesS is definedby:

T3(S) = exp({AfV---VAPVDV ---VDy, | Dy,...,Dy € DHBp,
(A1V---VA; « B A--- A Bp)lc, 1] € ground(P),
BAvDy,...,BPnVD, €S, a=c—1+ min(B,...,Ln)>0}).

The following lemmashaws that the model statesof P correspondexactly to the
pre-fixpointsof the operator’;,.

Lemmab5.5. LetS beanexpandedstate Then,S is a modelstateof P iff T5(S) C S.

The next lemmashaws thatthe operatorT’§, is continuousThis resultfollows im-
mediatelyfrom the continuity of the classicalcounterparof T'3 [12].

Lemma5.6. T’} is continuous.

Thepowersof T'§ aredefinedasusual:For all HerbrandstatesS, defineT'g1 w(S)
astheunionof all 751 n(S) with n < w, whereT$10(S) = S andT§1 (n + 1)(S) =
TE(TE1rn(S)) foralln < w. WeuseT'§ 1w to abbreviate Tt w(().

Thefollowing theoremshavsthattheleastmodelstateof P coincideawith theleast
fixpoint of T'5, andthattheleastfixpoint is attainedat thefirst limit ordinal. Thisresult
followsimmediatelyfrom Lemmatab.5and5.6.



Theorem5.7. MSp = ifp(T§) = Ti T w.

We give anillustrative example.
Example 5.8. Consideragainthe positive mvd-programP givenin Example3.5. Its
leastmodelstateMS p is givenby Tptw = T3 1 3:

can(T$11) = S; = {closed’®(r)Vclosed®®(s), road®®(r,a,b), road®" (s,b,c)},
can(TE12) = Sy = S1U{reach® " (a,b)Vclosed®" (r), reach®%(b, c)V closed®%(s)},
can(T313) = S3 = SoU{reach®®(a,c)Vclosed®(r)V closed®®(s)} .

5.3 Perfect Modelsunder Finite Local Stratification

We now give aniterative fixpoint characterizatiomf perfectmodelsof mvd-programs
with finite local stratification.Ilt generalizeshe classicalcounterpartn [18].
For setsof emvd-clause® andsetsof expandednterpretationsP, we define:

Tw (P) = |J {models,(statep(p)) | p € P},
wheremodels,, is definedasin Section5.1andstate p is givenby:

statep(p) = {A}V---VAY | (A1V---VA;;d By,...,Bp)[c, 1] € ground(P),
a=c—1+ min(p(By),...,p(By)) >d}.

Thefollowing theoremformulatestheiterative fixpoint characterization.

Theorem5.9. Let P beanmvd-pogramandlet Hy, H,, . . . , H,, beafinitelocal strat-
ification of P. For pcp-interpetationsp, we define:

Pi(p) = Pi/pU{A% «| A* € HB}, p(A) > o} .
Then,the setof perfectmodelsof P is givenas P,,, whee
P, = can(Tf;‘fTw),
Pi = U{con(Tp,ptw) | p€ Pii} forallie{2,...,n}.

6 Summary and Outlook

We introducedeastmodelstatedor mary-valueddisjunctive logic programsWe then
shovedhow to unfold mary-valuednesanderthesemantic®f minimalmodels perfect
models,stablemodels,and leastmodel statesThus, existing technologyfor classical
disjunctive logic programmingcanbeusedto implementmary-valueddisjunctivelogic
programmingUsingtheseresults we gave mary-valuedfixpoint characterizationor
thesetof all minimalmodelsandtheleastmodelstate We alsogave aniterative fixpoint
characterizatioffor the perfectmodelsemanticainderfinite local stratification.

An interestingtopic of future researchs to elaborateother semantic§or mary-
valueddisjunctive logic programsfor example,to definepartial stablemodels.More-
over, it would bevery interestingto work out fixpoint characterizationor stable(and



partial stable)models.This may be doneby generalizinghe evidential transformation

in

[2] or the 3-Stransformationin [17]. Finally, anothertopic of future researchs to

elaborateproof theoriesfor thevarioussemantics.
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