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Abstract. Ontologiesplay a centralrole in the developmentof the semanticweb, as they pro-
vide precisedefinitionsof sharedermsin webresourcesOneimportantweb ontologylanguagés

DAML+OIL; it hasa formal semanticanda reasoningsupportthrougha mappingto the expres-
sive descriptionlogic SHOQ(D) with the addition of inverseroles. In this paper we presenta
probabilisticextensionof SHOQ (D), calledP-SHOQ(D), to allow for dealingwith probabilis-
tic ontologiesin the semantiowveh The descriptionlogic P-SHOQ(D) is basedon the notion of

probabilisticlexicographicentailmentrom probabilisticdefaultreasoninglt allows to expressrich

probabilisticknowledgeaboutconceptandinstancesaswell asdefaultknowledgeaboutconcepts.
We also presentsoundand completereasoningechniquesor P-SHOQ(D), which arebasedon

reductionsto classicalreasoningin SHOQ(D) andto linear programming,and which shav in

particularthatreasoningn P-SHOQ(D) is decidable.
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1 Intr oduction

Thedevelopmenbf thesemantiaveh avisionfor afuturegeneratiorof theworld wide web,aimsatmaking
web resourcesmore easily accessiblego automatedprocessingoy annotatingweb pageswith machine-
readableénformationon their content2].

In the semantioweb, ontologiesare playing a centralrole asa sourceof sharedand preciselydefined
termsthatcanbeusedn machine-readabkemanti@nnotation®f webpages Oneimportantwebontology
languageis DAML+OIL [11, 12], which wasdevelopedby meging the DAML [9] andthe OIL [5] web
ontologylanguage.A formal semanticsaand an automatedeasoningsupportis provided to DAML+OIL
throughamappingto theexpressie descriptionogic SHO Q(D) [15, 24] with theadditionof inverseroles.

In the recentdecadesdealingwith probabilisticuncertaintyhasstartedto play an importantrole in
databasasystemsandknowledgerepresentatioandreasoningormalisms.We expectexpressingandhan-
dling probabilisticknowledgeto alsoplay animportantrole in web ontologylanguageswhich areessen-
tially standardizetnguages$or knowvledgerepresentatioandreasoningwheresignificantresearctefforts
are currently directedtowardssupportingquerylanguagesindlarge instancesasin the field of databases
[11, 12]. In particular probabilisticweb ontologylanguagesnay actasstandardizedoolsto provide auto-
matedglobalwebaccesgo existing local dataandknowledgebasesystemsontainingprobabilisticinfor-
mation. It is thusnot surprisingthatthe OIL groupwritesin [13]:

e “afurtherlevel of extension”of OIL “could includemodelingprimitivessuchasdefaultsandfuzzy/
probabilisticdefinitions”.

However, to our knowvledge,thereareno suchextensionsof webontologylanguagesofar.

In this paperwe proposesuchanextension.We present probabilisticextensionof thedescriptioriogic
SHOQ(D), calledP-SHOQ(D), whichis basedn thenotionof probabilisticlexicographicentailmenta
recentapproacho probabilisticdefault reasonind21, 22].

Thedescriptioriogic P-SHO Q(D) alsoallowsto expresslefaultknovledgeasaspeciakcaseof generic
probabilisticknowledge wherereasoningvith suchdefault knowledgeis basedn the sophisticateahotion
of lexicographicentailmenty Lehmann19].

Thereareseveralrelatedapproacheto probabilisticdescriptionogicsin theliterature[8, 17, 18], which
canbeclassifiedaccordingo the supportedormsof probabilisticknowledgeandthe underlyingprobabilis-
tic reasonindormalism.Heinsohr[8] presents probabilisticextensionof thedescriptiorlogic ALC, which
allowsto represengenericprobabilisticknowvledgeaboutconceptsandroles,andwhichis essentiallybased
on probabilisticreasoningn probabilisticlogics, similar to [23, 1, 6, 20]. The work [8], however, does
not allow for assertiona(i.e., Abox) knowledgeaboutconceptandrole instances.Also Jager[17] gives
a probabilisticextensionof the descriptionlogic ALC, which allows for generic(resp.,assertionalprob-
abilistic knovledgeaboutconceptsandroles (resp.,conceptinstances)put doesnot supportprobabilistic
knowledgeaboutrole instancegbut he mentionsa possibleextensionin this direction). The uncertainrea-
soningformalismin [17] is essentiallybasedon probabilisticreasoningn probabilisticlogics, asthe one
in [8], but coupledwith cross-entrop minimizationto combinegenericprobabilisticknowledgewith as-
sertionalprobabilisticknowledge. Thework by Koller et al. [18] givesa probabilisticgeneralizatiorof the
CLAssic descriptionlogic. Like Heinsohns work [8], it allows for genericprobabilisticknovledgeabout
conceptsandroles,but doesnot supportassertionaknovledgeaboutconceptandrole instancesHowever,
differentlyfrom [8], it is basedninferencan Bayesiametworksasunderlyingprobabilisticreasoningor-
malism. Note thatapproache$o fuzzy descriptionlogics[28, 27, 25, 26] arelesscloselyrelated,asfuzzy
uncertaintydealswith vaguenesgatherthanambiguityandimprecision.
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Theprobabilisticdescriptionlogic in this paper differentlyfrom [8, 17, 18],

e is aprobabilisticextensionof the expressie descriptionlogic SHOQ(D), which providesa formal
semanticandreasoningupportfor DAML+OIL (withoutinverseroles);

e allowstorepresenbothgenericprobabilisticknowledgeaboutconceptandroles,andalsoassertional
probabilisticknowledgeaboutconceptandrole instances;

¢ is basedon probabilistic lexicographicentailmentfrom recentapproacheso probabilistic default
reasonind21, 22] asunderlyingprobabilisticreasoningormalism.

Themaincontritutionsof this papercanbe summarizedsfollows:

¢ We presengprobabilisticextensionof thedescriptiorlogic SHOQ(D), calledP-SHO Q(D), which
is basedon the notion of probabilisticlexicographicentailmentithis approactis motivatedby recent
adwancedo probabilisticdefault reasonind21, 22]. Note especiallythat probabilisticlexicographic
entailmenthasvery nice propertiedor the usein probabilisticreasoningvith genericandassertional
probabilisticknowledge[21, 22].

e Thedescriptionlogic P-SHOQ(D) allows to expressdefault knovledgeasa specialcaseof generic
probabilisticknowledge,wherereasoningwvith suchdefault knowledgeis basedon the sophisticated
notion of lexicographicentailmentoy Lehmanm19].

¢ We presentsoundand completetechniquedor probabilisticreasoningn P-SHOQ(D), which are
basednreductiondo classicafeasoningn SHOQ(D) andto linearprogrammingandwhich shav
in particularthatreasoningn P-SHO Q(D) is decidable Notethatdueto the presencef individuals
in P-SHOQ(D) (andalsoSHO Q(D)), thesetechniquesiretechnicallymoreinvolvedthantheones
for probabilisticdefault reasoningn [21, 22].

The restof this paperis organizedasfollows. In Section2, we provide a motivating example. Sec-
tion 3 recallsthe descriptionlogic SHOQ(D). In Sections4 and5, we defineour probabilisticextension
P-SHOQ(D), andwe give someillustrating examples respectrely. Section6 describesoundandcom-
pletetechniquedor probabilisticreasoningn P-SHOQ(D). In Section7, we summarize¢he mainresults
andgive anoutlookon futureresearchNotethatdetailedproofsof all resultsaregivenin the appendix.

2 Motivating Example

Toillustratethe possibleuseof probabilisticontologiesn the semantiaveb,considersomemedicalknowl-
edgeaboutpatients.lt is advantageouso sharesuchknowledgebetweerhospitalsor medicalcentergd10],
for example,to follow up patientsto track medicalhistory andfor casestudiesresearchFurthermorejn
medicalknowledge,we often have to dealwith probabilisticuncertainty

For example,considerpatientrecordsrelatedto cardiologicalillnesses.The patientsmay be classified
accordingo theirgenderastheprobabilitythata manhasa cardiologicalilinessor apacemakr is different
from the correspondingprobability associatedvith a woman. We may have the defaultknowledg that
cardiologicalillnessestypically causehigh blood pressure put that pacemakr patientstypically do not
suffer from highbloodpressureWe mayhave the probabilisticknowledg thatthesymptomsof apacemakr
patientare abnormalheartbeat (arrhythmia)with a probability in [.98, 1], chestpain with a probability
in [.9, 1], andbreathingdifficultieswith a probabilityin [.6, 1].
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Figurel: A probabilisticontology

In the descriptionlogic SHO Q(D), we distinguishbetweenconceete datatypesindividuals concepts
(i.e., setsof individuals),androles(i.e., binary relationson conceptspr betweenconceptsanddatatypes).
For example,we may have conceptdor patients pacemagr patients heartpatients femalepatientsmale
patients,symptoms healthinsurancesandillness statuses As individuals, we may have the heartpatient
John,thesymptomsarrhythmiachestpain,andbreathingdifficulties,andtheillnessstatusesadwancedand
final. We may userolesto relatepatientswith their healthinsurancesindwith the statusof theirillnesses.

In P-SHOQ(D), we canexpressthe following forms of probabilisticknowledge:

e Theprobabilisticknowledgethataninstanceof a concepis alsoaninstanceof anotherconcept.E.g.,
theprobabilitythata pacemakr patientis amanisin [.4, 1].

e Theprobabilisticknowvledgethatanarbitraryinstanceof a concepts relatedto a givenindividual by
agivenrole. E.g.,theprobabilitythata heartpatienthasa privateinsurances in [.9, 1].

e Theprobabilisticknowledgethatanindividual is aninstanceof a concept.E.g., the probability that
difficulty breathingis a symptomof a pacemakr patientis in [.6, 1], while the probability thatchest
painis suchasymptomisin [.9, 1].

e The probabilisticknowvledgethat anindividual is relatedto anotherindividual by a role. E.g., the
probabilitythatthe statusof John§ illnessis final is in [.2, .8].

3 SHOQ(D)

In this section,we briefly recall the descriptionlogic SHOQ(D) from [15]. We first describethe syntax
andsemanticef SHOQ(D), andwe thensummarizesomeimportantreasoningasks.
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3.1 Syntax

We now recallthe syntaxof the descriptionlogic SHOQ(D). Informally, knovledgeaboutconceptsand
rolesis expressedn terminologieswhich arefinite setsof concepiinclusionaxioms,role inclusionaxioms,
andtransitivity axioms. Conceptsare constructedrom primitive conceptsand individuals using (i) the
Booleanoperatorsonjunction,disjunction,andnegation, (ii) exists, value,atleastandatmostrestrictions
onabstractoles,and(iii) datatypeexistsanddatatypevaluerestrictionson concreteoles.

We assumea setD of concete datatypes Every datatyped € D is assigneca domaindom(d). We
usedom(D) to denotethe union of thedomainsdom(d) of all datatypesl € D. Let C, R4, Rp, andI be
nonemptyfinite disjoint setsof atomicconceptsabstiactroles conceteroles andindividuals respectiely.

Conceptsareinductively definedasfollows. Every atomic conceptfrom C is a concept. If o is an
individual from I, then{o} is a concept.If C andD areconceptsthenalso(C 11 D), (C U D), and—=C
(calledconjunction disjunction andnegation respectiely). If C is aconcept,R is anabstractrole from
R4, andn is a nonn@atie integer, then3R.C, VR.C, >nR.C, and<nR.C areconceptgcalledexists
value atleast andatmostrestriction respectiely). If T is a concreterole from R.p, andd is a concrete
datatypdrom D, then3T'.d andvT'.d areconceptgcalleddatatypeexistsanddatatypevalue respectiely).
We write T (resp., L) to abbreviate C LI =C (resp.,C N —=C), andwe eliminateparentheseasusual.

A conceptinclusionaxiomis an expressionof theform C C D, whereC and D areconcepts.A role
inclusionaxiomis anexpression® C S, whereeitherR, S € R4 or R, S € Rp. A transitivityaxiomhas
the form Trans(R), whereR€ R 4. A terminolagyical axiomis eithera conceptinclusionaxiom, a role
inclusionaxiom, or a transitvity axiom. A terminolay 7 is afinite setof terminologicalaxioms. A role
R is calledsimplew.r.t. T iff for eachrole S, it holdsthatS C* R implies Trans(S) ¢ 7, whereC* is the
transitve andreflexive closureof C on 7.

It isimportantto pointoutthattheabove terminologiesareexpressie enougho alsoexpressknowledge
aboutinstancesf conceptsand of abstractroles: The knowvledgethat the individual o is an instanceof
the conceptC canbe expressedy the conceptinclusionaxiom {o} C C; the knowledgethat the pair of
individuals (01, 02) is aninstanceof the abstractrole R canbe expressedy the conceptinclusionaxiom
{01} C3R.{02}. Wethususeo € C (resp.,(o1,02) € R) to abbreiate {o} C C (resp.,{o1} C 3R.{02}).
Note alsothatattributes(thatis, functionalroles) of conceptanbe expressedasfollows. To saythatthe
conceptD hasthe attribute A with the possiblevaluesuv, ..., v;, wecanwrite D C >1A.C N <1A.C' M
VA.C, where A is an abstractrole from R 4, and C is an atomicconceptfrom C thatis definedby C C
{niju---U{vgfand{vi}u---U{vg} C C, wherevy,..., v areindividualsfrom I.

3.2 Semantics

We now recall the semanticof SHOQ(D). Informally, interpretationswith respecto abstractdomains
assignto eachatomicconcepta subsebf thedomain,to eachindividual anelementof the domain,to each
abstractrole a binary relationon the abstractdomain,andto eachconcreterole a binary relationbetween
the abstractandthe concretedomain. Theseinterpretationsarethenextendedto complex conceptsandto
concepinclusionaxiomsin theusualway. Moreover, thenotionsof satisfiabilityandof logical consequence
for terminologicalaxiomsarealsodefinedasusual.

An interpretation Z = (A, I) with respectto the setof concretedatatypedD consistsof a nonempty
(abstiact) domainA andamappingl thatassigngo eachatomicconcepfrom C asubsebf A, to each{o}
with o € T asingletonsubsebf A, to eachabstractolefrom R 4 asubsebf Ax A, andto eachconcretaole
from Rp asubsebf Axdom(D). Theinterpretation! is inductiely extendedto all conceptsasfollows
(where#S denoteghecardinalityof asetS):
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e I(CN D) =I(C)NI(D), I(C U D) =I(C) UI(D),andI(~C) = A\ I(C),

e I(AR.C) = {z e A | Ty: (z,y) e I(R) AyeI(C)},
¢ IVR.C)={z €A |Vy: (z,y) € I(R) > yeI(C)},

(
(
(
o I(znR.C) ={zcA|#{y | (z,y) e I(R)}NI(C)) = n},
o I(<nR.C)={zeA[#{y| (z,y) e I(R)}NI(C)) < n},
o I(3T.d)={zecA|Iy: (z,y) € I(T) Ny €dom(d)},
o IVT.d)={zecA|Vy: (z,y) € I(T) - ycdom(d)}.
Thesatisfactionof aterminologicalaxiom F' in Z, denotedZ = F, is definedasfollows:
e ZTECELC DIff I(C) C I(D),
e TE=RLC Siff I(R) C I(9),
e 7 = Trans(R) iff I(R) is transitive.

The interpretationZ satisfiesa terminologicalaxiom F, or Z is a modelof F, iff Z|=F'. It satisfiesa
terminology 7, or Z is a modelof 7, denotedZ =T, iff Z=F for all F € T. TheterminologyT is
satisfiablaff amodelof 7" exists. A terminologicalaxiom F' is alogical consequencef 7', denoted/” = F'
iff every modelof T is alsoamodelof F'.

3.3 ReasoningTasks

We briefly summarizesomeimportantreasoningasksin SHOQ(D). Informally, thesetasksareto decide
whethera terminologyis satisfiablewhethera conceptis satisfiable whethera conceptsubsumesnother
conceptandwhetheranobject(resp. pair of objects)is aninstanceof a concepiresp.,anabstractole):

Terminology-Satisfiability: Givenaterminology7, decidewhether7 is satisfiable.
Concept-Satisfiability: Givenaterminology7 andaconceptC, decidewhether7 [ CC 1.
Concept-Subsumption: Givenaterminology7 andtwo concepts” andD, decidewhether7 |= C C D.
Concept-Membership: GivenaterminologyT7, o € I, andaconceptC, decidewhether7 =o€ C.
Role-Membership: GivenaterminologyT, o1, 02 € I, andR € R4, decidewhether7 |= (01, 02) € R.

It is notdifficult to seethatall theabove problemscanbereducedo Concept-SatisfiabilitandConcept-
Subsumptionandthat thesetwo problemscanbe reducedto eachother In detail, Concept-Membership
and Role-Membershigpare obviously specialcasesof Concept-SubsumptionkFurthermore,Terminology-
Satisfiability is a specialcaseof Concept-Satisfiabilityas a terminology7 is satisfiableiff 7= TLC L.
Finally, Concept-Satisfiabilittand Concept-Subsumptiocanbe reducedo eachother asfor every termi-
nology 7" andfor all conceptsC' and D, it holdsthat7 =C M —-DC L iff T =C E D. Theselasttwo
problemsare decidablein SHOQ(D), if all atmostandatleastrestrictionsin 7 are restrictedto simple
abstractrolesw.r.t. 7 [15].
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4 P-SHOQ(D)

In this section,we presenthe probabilisticdescriptionlogic P-SHOQ(D), which is a probabilisticexten-
sionof SHOQ(D). Wefirst definethe syntaxof P-SHO Q(D), wherewe have conditionalconstraint§20]

to expressprobabilisticknowvledgein additionto the terminologicalaxiomsof SHOQ(D). We thendefine
the semanticof P-SHOQ(D), whichis basedon the notion of lexicographicentailmentfrom probabilis-
tic default reasoningseeespecially[21, 22] for backgroundjntuitions, andfurther examples. We finally

summarizesomeimportantreasoningproblemsn P-SHOQ(D).

4.1 Syntax

We now definethe notion of a probabilisticterminology It is basedon the languageof conditionalcon-
straints[20], which encodeintenal restrictionsfor conditionalprobabilitiesover concepts.Every proba-
bilistic terminologyconsistof agenerigart,which expressegenericclassicabndprobabilisticknowledge
aboutconceptsandan assertionapart, which representslassicaland probabilisticknowledgeabouta set
of individuals. In the sequel,we partition the setof individualsI into the setof classicalindividualsI¢
andthesetof probabilisticindividualsI p. Intuitively, probabilisticindividualsarethoseindividualsin I for
which we explicitly storesomeclassicalindprobabilisticknowledgein a probabilisticterminology

A conditional constaint is an expressionof the form (D|C)[l, u] with conceptsC, D, andreal num-
bersl,u € [0,1]. A concepf(resp.,conceptinclusionaxiom,conditionalconstraint)is genericiff no proba-
bilistic individual o € Ip occursinit. A concepinclusionaxiom(resp.conditionalconstraintjs assertional
for a probabilisticindividual o € Ip iff it is of theform {o} C D (resp.,(D|{o})[l, u]), whereD is generic.
A genericprobabilisticterminolay (resp.,anassertionalprobabilisticterminolay for a probabilisticindi-
vidualo € Ip) P =(T,D) consistof aclassicaterminology7 andafinite setof conditionalconstraintsD
suchthat every conceptinclusionaxiomin 7 andevery conditionalconstraintin D is generic(resp.,as-
sertionalfor o). A probabilistic terminola@y P = (P, (P,)oec1,) With respectio Ip consistsof a generic
probabilisticterminologyP, andanassertionaprobabilisticterminologyP, for everyo € Ip.

The differentkinds of probabilisticknovledgethat canbe representethroughconditionalconstraints
in P-SHOQ(D) arebriefly illustratedasfollows:

e The probabilisticknowvledgethat“an instanceof the conceptC is alsoaninstanceof the conceptD
with aprobabilityin [/, u)” canbeexpressedy (D|C)[l, u].

e Theprobabilisticknowledgethat“an arbitraryinstanceof theconcepC isrelatedto agivenindividual
o €1I¢ byagivenrole R € R 4 with aprobabilityin [I,u)” canbeexpressedy (3R.{0}|C)[l, u].

e Theprobabilisticknowvledgethat“the individual o € Ip is aninstanceof the conceptD with aproba-
bility in [[,u]” canbeexpressedy (D|{o})[l, u].

e Theprobabilisticknowvledgethat“the individual o € Ip is relatedto theindividual o' € I by therole
R € R4 with aprobabilityin [I,u]” canbeexpressedy (FR.{o'}|{o})[l,u].
4.2 Semantics

We now definethe probabilisticsemanticof P-SHOQ(D). We first generalizeclassicainterpretationgo
probabilisticinterpretationsy addinga probability distribution over the abstractdomain. We thendefine
the satishction of terminologicalaxiomsand conditionalconstraintan probabilisticinterpretations.We
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finally definethe notionsof consisteng andentailmentor probabilisticterminologieswhich arebasedon
the notionsof consisteng andlexicographicentailmentin probabilisticdefault reasoning21, 22.

A probabilistic interpretation Pr = (Z, ) with respecto the setof concretedatatypedD consistsof
a classicalinterpretationZ = (A, I) with respecto D anda probability function x on A (thatis, a map-
ping u: A — [0, 1] suchthatall (o) with o € A sumupto 1).

We now definetheprobabilityof aconceptandthesatishctionof terminologicalaxiomsandconditional
constraintsn probabilisticinterpretationssfollows. Theprobability of aconcepiC' in a probabilisticinter-
pretationPr = (Z, u) with Z= (A, I), denotedPr(C), is thesumof all (o) suchthato € I(C). For con-
ceptsC andD with Pr(C) > 0, we usetheexpressionPr(D|C) to abbreiate Pr(C D) / Pr(C). Wesay
Pr satisfiesaconditionalconstrain{ D|C)[l, u], or Pr isamodelof (D|C)[l, u], denotedPr = (D|C)[l, u],
iff Pr(D|C) € [I,u]. WesayPr satisfiesaterminologicalaxiom F, or Pr isamodelof F', denotedPr = F,
iff Z = F'. We say Pr satisfiesasetof terminologicalaxiomsandconditionalconstraintsF, or Pr isamodel
of F, denotedPr |= F, iff Pr|=F for all F' € F. We sayF is satisfiableiff amodelof F exists.

We next definethe notionof consisteng for probabilisticterminologiesandgenericprobabilistictermi-
nologies.We first give somepreparatie definitionsfrom probabilisticdefault reasoning.

A probabilisticinterpretationPr verifiesa conditionalconstraint(D|C)[l, u] iff Pr(C)=1 andPr =
(D|C)[l,u]. We say Pr falsifies(D|C)[l, u] iff Pr(C)=1andPr = (D|C)[l,u]. A setof conditionalcon-
straintsD toleratesa conditionalconstraint?” underaterminology7 iff 7 U D hasamodelthatverifiesF'.

A genericprobabilisticterminology P, = (74, D,) is consistentff there exists an orderedpartition
(Do, ..., Dy) of Dy suchthateachD; with i € {0,...,k} isthesetof all F € Dy \ (Do U --- U D;_;) that
aretoleratedunder7, by Dy \ (Do U - - - UD;_1). We call this orderedpartitionof D, the z-partition of P,.
A probabilisticterminologyP = (Py, (Ps)oc1p ), WhereP, = (T4, Dy) andP, = (75, D,) for all o€ Ip, is
generically consistent(or g-consistentiff P, is consistent.We say P is consisteniff P is g-consistent
and7,UT,UD,U{({o}|T)[1,1]} is satisfiablefor all 0 € Ip.

We finally definethe notion of lexicographicentailmentof conditionalconstraintsfrom probabilistic
terminologiesin therestof thissubsectionlet P = (Py, (Po)oc1, ), WhereP, = (7,4, Dy) andP, = (T, Do)
for all 0 € Ip, beaconsistenprobabilisticterminology

We usethe z-partition (Dy, . .., Dy) of P, to definea lexicographicpreferenceelationon probabilis-
tic interpretationsas follows. For probabilisticinterpretationsPr and Pr’, we say Pr is lexicographi-
cally preferable (or lex-prefeiable) to Pr’ iff somei € {0, ..., k} existssuchthat#({F € D; | Pr = F}) >
#({FeD;|Pr'=F}) and#({FeD;|Pri=F})=#({FeD;|Pr'=F}) forall i <j<k. A model
Pr of asetof terminologicalaxiomsandconditionalconstraintsF is alexicographically minimalmodel(or
lex-minimalmode) of F iff no modelof F is lex-preferableto Pr.

We now definethe notion of lexicographicentailmentfor conditionalconstraintfrom setsof termino-
logical axiomsand conditionalconstraintsundergenericprobabilisticterminologiesasfollows. A condi-
tional constraint(D|C)[l, ] is alexicographic consequencéor lex-consequengef a setof terminological
axiomsandconditionalconstraintsF underP,, denotedF |~ (D|C)[l, u] underPy, iff Pr(D) € [l,u] for
every lex-minimal model Pr of FU{(C|T)[1,1]}. Wesay(D|C)[l, u] is atight lexicographic consequence
(or tight lex-consequengeof F underp,, denoted?—"Hvtight (D|C)[l,u] underPy, iff I (resp.,u) is thein-
fimum (resp.,supremumpf Pr(D) subjectto all lex-minimal modelsPr of F U {(C|T)[1,1]}. Notethat
herewe naturallydefinel = 1 andu = 0, whenno suchmodel Pr exists.

We are now readyto definewhich generic(resp., assertional)conditional constraintsfollow under
lexicographicentailmentfrom a probabilisticterminology A genericconditional constraintF' is a lex-
consequencef P, denotedP | F, iff § | F underP,. We saythat F' is atight lex-consequencef P,
denotedP | ;0p, ', iff O |45, F underPy. An assertionatonditionalconstraintF” for o € Ip is a lex-
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consequencef P, denotedP |~ F, iff 7, U D, |~ F underP,. We say F is atight lex-consequencef P,
denotedP |r; p F, iff To U Do |p i, F underPy.

4.3 ReasoningTasks

We now summarizesomeimportantreasoningasksin P-SHOQ(D). We first describetasksrelatedto
the genericknowledgein probabilisticterminologiesnamely (i) to decidewhethera probabilistictermi-
nology P is g-consistent(ii) to decidewhethera genericconceptmay have a positive probability under
a g-consistenprobabilisticterminology P, (iii) to computethe tight interval under? for the probability
thatanindividual is aninstanceof a genericconceptD giventhatit is aninstanceof a genericconceptC,
and(iv) to computethetight interval underP for the probability thataninstanceof a genericconceptC is
relatedto theindividualo € I¢ by arole R€ R 4:

P-Terminology-G-Consistency: Givena probabilisticterminologyP, decidewhetherP is g-consistent.

P-Concept-Satisfiability: Givena g-consistenprobabilisticterminology? anda genericconceptC, de-
cidewhetherP |~ (C|T)[0, 0].

P-Concept-Owerlapping: Given a g-consistenprobabilisticterminology P and genericconceptsC, D,
computel, u € [0, 1] suchthat P |k ;.4, (DIC)[, w].

P-Concept-Role-Oerlapping: Givenag-consisten®, agenericconceptC, anindividual o € I, andan
abstractole R € R4, computel, u € [0, 1] suchthatP [~ ;. (3R.{o}|C)[l, u].

We next give somereasoningasksthatarerelatedto instance®f conceptsandabstractoles,andthusalso
concernthe assertionaknowvledgein probabilisticterminologies. Thesereasoningasksare (i) to decide
whethera g-consistenprobabilisticterminologyis alsoconsistent(ii) to computethe tight interval under
a consistentprobabilisticterminology P for the probability that an individual o € Ip is an instanceof a
genericconceptD, and (iii) to computethe tight intenal under?P for the probability that an individual
o€ Ip isrelatedto anindividual o’ € I by arole Re R 4:

P-Terminology-Consistency: Givena g-consistenprobabilisticterminologyP, decideif P is consistent.

P-Concept-Membership: GivenaconsistenprobabilisticterminologyP, anindividual o € Ip, andagen-
ericconceptD, computel, u € [0, 1] suchthat? |, ,, (D[{o})[l, u].

P-Role-Membership: Givena consistenprobabilisticterminology?, individualso’ € I ando € Ip, and
anabstractole R € R4, computel, u € [0, 1] suchthatP |~ ., (SR.{0'}{o})[l, u].

In thesequelwe useGCON to denoteP-Terminology-G-Consistegc Clearly, P-Terminology-Consisterc
is reducibleto the problemof decidingwhethera finite setof terminologicalaxiomsandconditionalcon-
straintsis satisfiable which we call SAT. It is theneasyto seethat P-Concept-Satisfiabilitis reducibleto
Concept-SatisfiabilityFinally, P-Concept-Oerlapping P-Concept-Role-Qarlapping P-Concept-Member-
ship, and P-Role-Membershigan be reducedto computingtight lex-entailedintenals from finite sets
of terminologicalaxiomsand conditionalconstraintsundergenericprobabilisticterminologieswhich we
call TLEXC . Techniquedor solving SAT, GCON, andTLEXC aredescribedn Section6.
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5 Examples

Thefollowing exampleillustratestheinheritanceof default knonvledgealongsubconceptelationships.

Example 5.1 The strict knowledge“all pacemaér patientsare heartpatients”andthe default knowledge
“generally heartpatientshave highbloodpressure’tanberepresentetly thefollowing genericprobabilistic
terminology(wherehb_pressure is abinaryattribute):

Py = ({pm_patient C h_patient}, {(3hb_pressure.{yes} | h_patient)[1,1]}).

Itistheneasyto seethat( |~ ,; ., (3hb_pressure.{yes} | h_patient)[1, 1] andd |r; ;, (Shb_pressure.{yes} |
pm_patient)[1, 1] underP,. Thatis, underlexicographicentailmentwe conclude‘generally heartpatients
have high blood pressure’and“generally pacemaér patientshave high blood pressure” Thatis, the prop-
erty of having high blood pressurés inheritedfrom the concepf all heartpatientsdowvn to thesubconcept
of all pacemaér patients.0

The next exampleshaows that default knowledgeattachedo more specificconceptsoverridesdefault
knowledgeinheritedfrom lessspecificsuperconcepts.

Example 5.2 The strict knowledge“all pacemaér patientsare heartpatients”andthe default knowledge
“generally heartpatientshave high blood pressure’and“generally pacemakr patientsdo not have high
bloodpressuretanbeexpressedy

P, = ({pm-patient C h_patient},
{(3hb_pressure.{yes} | h_patient)[1, 1], (Ihb_pressure.{no} | pm_patient)[1,1]}).

It is theneasyto seethat) |~ ;. ,, (3hb_pressure.{yes} | h_patient)[1, 1] and@ |t ;, (Shb_pressure.{no} |
pm_patient)[1, 1] underP,. Thatis, underlexicographicentailmentwe conclude“generally pacemakr
patientsdo not have high blood pressure’and“generally heartpatientshave high blood pressure”.Thatis,
even thoughthe propertyof having high blood pressurés inheritedfrom the conceptof all heartpatients
down to the subconcepdf all pacemakr patientsit is overriddenby the propertyof not having high blood
pressuref the morespecificconcepwof all pacemakr patients.O

Thefollowing exampleillustratesprobabilisticpropertiesof conceptsandthe probabilisticmembership
of individualsto concepts.

Example 5.3 Considerthe strict knowledge “all pacemakr patientsare heartpatients”and the generic
probabilisticknowvledge“a heartpatienthasa privateinsurancewith a probability of at least0.9”. More-
over, considerthe assertionaprobabilisticknowvledge*Johnis a pacemaér patientwith a probability of at
least0.8”. This knowledgecanberepresentedly the probabilisticterminologyP = (Py, (Pjohn)), Where

Py = ({pm_patient C h_patient}, {(3has_p_insurance.{yes} | h_patient)[0.9, 1]}),
Pion = (0, {(pm_patient| {John})[0.8,1]}).

Then, P |k y;,n, (3has_p_insurance.{yes} | {John})[0.72,1]. Thatis, underlexicographicentailment,we
conclude’'Johnhasa privateinsurancewith a probability of atleast0.72”. O
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6 Probabilistic Reasoningin P-SHOQ(D)

Wenow presentechniquedor solvingtheproblemsSAT, GCON, andTLEXC . Theseechniquesirebased
onreductiongo classicareasoningn SHOQ(D) andto linearprogramming.They shav in particularthat
probabilisticreasoningn P-SHOQ(D) is decidable.

6.1 Preliminaries

Roughlyspeakingthekey ideabehinddevelopingalgorithmsfor SAT, GCON, andTLEXC isto eliminate
the classicainterpretationg in probabilisticinterpretationsPr = (Z, ). Thisis doneby usingprobability
functionson setsR € Max(R+(F)) of pairwisedisjoint and exhaustve conceptsinsteadof probability
functionson the abstraciomain.

We startby defininga set R (F) of pairwisedisjoint and exhaustve conceptdor a classicaltermi-
nology 7 and a setof conditional constraints# = {F1, ..., F,,} asfollows. Let Ry (F) be the setof
all mappingsr thatassignto eachF; = (D;|C;)[l;,u;] € F a memberof {D; N C;,~D; 1 C;, ~C;}, such
that7 [ r(Fy)M---MNr(F,) C L. For suchmappings-, we userr to abbreiater(Fy) M- - - Mr(F,). For
suchmappings andconcept’, we user |= C to abbreiate) = Nr CC.

We next definea setMax(R1(F)) of subsetf Ry (F) suchthatthe modelsPr of 7 correspondo
the probability functionson all R € Max(R+(F)): We denoteby R+ (F) thesetof all R C Ry(F) such
that7 U {{o,} C Mr|r € R} is satisfiablewhereo, is anew individualin I for everyr € Ry (F); wethen
denoteby Max (R (F)) thesetof all maximalelementsn R (F) with respecto setinclusion.

ObserethatMax(R(F)) canbecomputeddy classicareasoningn SHOQ(D). It is alsoimportant
to pointoutthat,dueto theconceptg o} with individualso € I (alsocallednominalg in P-SHOQ(D) (and
alsoSHOQ(D)), it is in generahot sufiicient to defineprobability functionsonly onthe set Ry (F).

6.2 Satisfiability

The following theoremshaws that SAT canbe reducedo decidingwhethera systemof linear constraints
over a setof variablesthat corresponds$o someR € Max(R7(F)) is sohable. As Max(Ry(F)) canbe

computedby classicakeasoningn SHOQ(D), this shavs that SAT canbereducedo classicakeasoning
in SHOQ(D) andto decidingwhetherasystenof linearconstraintss solvable. Thetheorencanbeproved

by shawving thatthemodelsPr of 7~ correspondo the probabilityfunctionson all R € Max(R7(F)).

Theorem 6.1 Let7 bea classicalterminola@y, andlet F be a finite setof conditionalconstaints. Then,
T U F is satisfiableiff the systenof linear constaints (1) in Fig. 2 overthevariablesy, (r € R) is solvable
for someR € Max (R (F)).

6.3 G-Consistency

The problem GCON can be reducedto SAT, as Algorithm z-partition in Fig. 3 shavs, which decides
whethera genericprobabilisticterminologyP, is consistentlf thisis the case thenz-partition returnsthe
z-partition of P4, otherwisenil. In Step5 of z-partition, a numberof instancesof SAT mustbe solved.

Note that Algorithm z-partition is essentiallya reformulationof analgorithmfor decidinge-consisteng in

default reasoningrom conditionalknowvledgebasedy GoldszmidtandPearl[7].
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S g+ Y (A=Dy >0 (forall (D|O)]l,u]€F, 1>0)
reR,r=-DNC re€R,r=DNC
> uyr + > (w-1)y, >0 (foral (D|C)[l,u]le F,u<1)
reR,r=-DnC reR,r=DNC (1)
>y =1
TER

yr > 0 (forallr€R)

Figure2: Systemof linearconstraintdor Theorems.1and6.2.

6.4 Tight Logical Consequence

We will reducethe problemTLEXC to the problemsSAT andTLC , whereTLC is the problemof, given
a conceptB anda finite setof terminologicalaxiomsand conditionalconstraints¥, computingthe real
numberd, u € [0, 1] suchthat (B|T)[l, u] is atight logical consequencef F. We now formally definethe
notion of logical entailmentfor probabilisticterminologies,andthenshav honv TLC canbe reducedto
classicakeasoningn SHOQ(D) andto linearprogramming.

A conditionalconstraint(D|C)[l,u] is a logical consequencef a setof terminologicalaxiomsand
conditionalconstraintsF, denotedF = (D|C)[l, u], iff eachmodelof F is alsoamodelof (D|C)[l,u]. It
is a tight logical consequencef F, denotedF =g (D|C)[l,u], iff [ (resp.,u) is theinfimum (resp.,
supremumpf Pr(D|C) subjectto all modelsPr of F with Pr(C) > 0.

The following theoremshaws thatthe problemTLC is reducibleto classicalreasoningh SHOQ(D)
andto computingthe optimalvaluesof linear programs.

Theorem 6.2 LetT bea classicalterminolay, let F bea finite setof conditionalconstaints,andlet B be
aconceptAssumg/ U F is satisfiable Then, (resp.u) sudhthatT U F =gn: (B|T)[, u] is givenbythe
minimumof !’ (resp.,maximunof u) subjectto !’ (resp.u’) beingthe optimalvalueof thefollowing linear
programover thevariablesy, (r€R) and R € Max(R7(FU{(B|T)[0,1]})):

minimize (resp.,maximize) Y y, subjectto (1). @)
reR,r =B

6.5 Tight Lexicographic Consequence

We now shav how TLEXC canbereducedo theproblemsSAT andTLC .

In thesequellet P, = (74, Dy) bea consistengenericprobabilisticterminology andlet (Do, . .., Dy)
be its z-partition (which canbe computedusing Algorithm z-partition in Fig. 3). Let F be a finite setof
terminologicalaxiomsand conditional constraints. The key idea behindthe reductionis that a setD of
subset®f D, existssuchthatF |~ (D|C)[l, u] underP, iff T,UuD'UF U{(C|T)[1,1]} = (D|T)[l,u] for
all D' € D. We needsomepreparatie definitionsasfollows.

We say D' C D, is lex-preferble to D" C D, iff somei e {0,...,k} exists suchthat |D’' N D;| >
|D" N D;| and|D' N D;| = | D" ND;| forall i < j <k. WesayD' is lex-minimalin S C {S|S C D,} iff
D' € S andnoD"” € S is lex-preferableto D’.
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Algorithm z-partition

Input : GenericprobabilisticterminologyP, = (T4, Dy) With Dy # 0.
Output: z-partitionof Py, if P, is consistentptherwisenil.

H = Dg;
i:=—1;
repeat
ti=4+1
D[i] := {C € H | C istoleratedunder7, by H};
H := H\DJi]
until H=0or D[i]=0;
if % =0 thenreturn (D[0], ..., D[])
elsereturn nil.

Figure3: Algorithm z-partition.

Algorithm tight- lez-consequence

Input : ConsistengenericprobabilisticterminologyP, = (74, Dy ), setof terminological

axiomsandconditionalconstraintsF, andtwo concept< andD.

Output: Pair of realnumberg(l, u) € [0, 1] suchthatF [, ., (D|C)[l, u] underP,.
Notation: (Do, . . ., D) denoteghe z-partitionof Py.

R :=T,UFU{(CIT)[1,1]}
if R is unsatisfiablehenreturn (1,0);
H = {0};
for j := k downto 0 do begin
n:=0;
H =0
for eachG C D; andH € H do
if RUG UH is satisfiablehen
if n= |G| then? :=H U{GUH}
elseif n < |G| then begin

H = {GUMN};
n:= |G|
end,
H=H;
end,
(Luw) = (1,0);

for eachH € H do begin
computec,d € [0,1] St RUH =eigne (D|T)[c, d];
(L, u) := (min(l, ¢), max(u, d))

end,

return (1, u).

Figure4: Algorithm tight-lez-consequence.
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The following theoremshavs how tight lex-consequencesan be characterizedhroughtight logical
consequencest follows from asimilar resultin [22].

Theorem 6.3 Let P, = (7,4, D,y) be a consistengeneric probabilistic terminolay, let F bea finite setof
terminolagical axiomsand conditionalconstaints, andlet C, D be two concepts.Let D be the setof all
lex-minimalelementsn thesetof all D' C D, sud that 7, UD’' U F U {(C|T)[1,1]} is satisfiable Then,

(@) If D=0, thenF |4, , (D]C)[1,0] under?,.

(b) If D#0, thenF I~ tighe (PIC) [, u] underPy, whee ! = minl’ (resp.,u = max u') subjectto 7, U
D'UFU{(CIM)[1, 1} Eiight (DIT)[I',u'] andD’ €D,

Basedon this result, Algorithm tight-lez-consequence in Fig. 4 computedight lexicographicallyen-
tailed intenals, by first (i) computingD, which is doneby solving a numberof instancef SAT in steps
3-15,andthen(ii) computingtight logically entailedintervals, which is doneby solvinginstance®f TLC
in stepsl6-20.

7 Summary and Outlook

The main motivation behindthis work wasto develop a probabilisticextensionof DAML+OIL for rep-
resentingand reasoningwith probabilisticontologiesin the semanticweh To this end,we worked out a
probabilisticextensionof SHO Q(D), whichis thedescriptioriogic thatprovidesa formal semanticanda
reasoningupportfor DAML+OIL (withoutinverseroles). Theresultingnew probabilisticdescriptioriogic
P-SHOQ(D) is basedon the notion of probabilisticlexicographicentailmentfrom probabilisticdefault
reasoninglt allowsto expresgrich probabilisticknowvledgeaboutconceptsandinstancesaswell asdefault
knowledgeaboutconceptsWe alsopresentedoundandcompletereasoningechniquesor P-SHOQ(D),
which shaw in particularthatreasoningn P-SHOQ(D) is decidable.

An interestingtopic of future researchs to analyzethe computationatompleity of probabilisticrea-
soningin P-SHOQ(D). Anotherissuefor furtherwork is to definea probabilisticextensionof SHOQ(Dy,)
[24], whichis arecentgeneralizatiorof SHO Q(D) thatalsosupports:-ary datatypepredicateaswell as
datatypenumberrestrictions. In particular suchan extensionmay alsoallow for expressingprobabilistic
knowledgeabouthow instancef conceptsarerelatedto datatypevaluesby roles. Finally, it would also
be very interestingto allow for complex typesandto develop morecomplex probabilisticquerylanguages
(e.g.,similarto [3, 4]).

A Appendix: Proofsfor Section6

Consideraclassicaterminology7, andafinite setof conditionalconstraintsF. Thefollowing resultshavs
thatthemodelsPr = (Z, 1) of 7 correspondo the probabilityfunctionsonall R € Max(R7(F)).

TheoremA.1 Let7 beaclassicalterminolay, andlet F bea finite setof conditionalconstaints. Then,

(a) For everymodel Pr = ((A,I),u) of T, a probability functionzz on someR € Max(R7(F)) exists
sud that Pr(Mr) = u(r) forall re R.
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(b) For every probability functionzz on someR € Max(R(F)), a model Pr = ((A, I), u) of T exists
sud that Pr(Mr) = u(r) forall re R.

Proof. (a)Let Pr=((A,I),u) beamodelof 7. WethendefineR' = {r € Ry-(F) | I(Nr) #0}. Obsere
that R’ € R7(F), asPr is amodelof 7 U {{o,} C Mr|r € R'}. Hence,someR € Max(R(F)) exists
suchthat R’ C R. We then definethe probability functionz on R by z(r) = Pr(rr) for all € R' and
byz(r)=0forall»€ R\ R'. It is now easyto seethat Pr(Mr) = f(r) for all r € R.

(b) Let z be a probability function on someR € Max(R7(F)). Hence,7 U{{o,} C Mr|re€ R} is sat-
isfiable. Thatis, a modelZ = (A, I) of T exists suchthat I(Mr)#0 for all r € R. We now definethe
probability functiony on A by p(6) = z(r) / |I(Mr)| for all § € A suchthaté € I(Mr) for somer € R and
by u(6) =0 for all § € A suchthaté ¢ I(Mr) for all r € R. Then,Pr(MNr) = u(r) forallr € R. O

Thefollowing exampleshawvs that,dueto theconcepts o} with individualso € 1, it is in generahotthe
casethatthemodelsPr = (Z, ) of T correspondo the probabilityfunctionson Ry (F).

Example A.2 Considetthefollowing classicaterminology7 over C ={C, C;, C2} andI = {o}:
T = {CiNC,C 1L, CCCiUC,, CiuC, CC, CL{o}, {o} CC}.

Obsenre now thatfor every modelZ = (A, I) of T, it holdsthatI(Cy) N I(C2) = 0 andthatI(C) =
I(Cy) UI(Cy) = I({o}) = {&} for somed € A. Hence,it holdseitherI(C;) = () andI(Cy) = {4} for
somed € A, orI(Cy) = B andI(Cy) = {4} for somed € A.

Considemow the setof conditionalconstraintsF = {(C1|C)[l, u]}. It thenholdsRy(F)={-C, C
Cy, CN=C1}, R(F) = R (F)u{{=C, CNCi}, {-C, CN=C:}}, andMax(R7(F)) = {{-C, CN
Ci}, {=C, C M =C1}}. By TheoremA.1, every model Pr = (A, ) of T correspondgo a probability
functiononsomeR € Max(R(F)). Butit doesnot hold thatevery model Pr = (A, ) of T corresponds
to a probability functionon Ry (F). For example,the probability function i thatis definedby p(r) =1/3
for all r € Ry (F) doesnothave ary correspondingnodel Pr of 7. O

Proof of Theorem6.1. Recallthat7 U F is satisfiabldff thereexistsamodel Pr of 7 thatalsosatisfiesF.
By TheoremA.1, this is equivalentto the existenceof a probabilityfunctionz on someR € Max(R 1 (F))
thatsatisfiesF. It is well-known thatthe latteris equivalentto the systemof linearconstraintg1) in Fig. 2
overthevariablesy, (r € R) beingsolvablefor someR € Max(R(F)). O

Proofof Theorem6.2. Recallthat7 U F [=4ign: (B|T)[l, u] iff I (resp.u) is theinfimum (resp. supremum)
of Pr(B) subjectto all modelsPr of 7 U F. By TheoremA.1, thisis equvalentto (resp.u) beingtheinfi-
mum(resp. supremumpf ZTEB’T‘:B 1(r) subjectto all probabilityfunctionsg onary R € Max(R(F U
{(B|T)[0,1]})) satisfyingF. It is now well-known that we canequialently saythat! (resp.,u) is the
minimumof I’ (resp.,maximumof ') subjectto I’ (resp.,u’) beingthe optimalvalueof thelinearprogram
in (2) overthevariablesy, (reR) andR € Max(Ry(F U{(B|T)[0,1]})). O
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