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Abstract. Ontologiesplay a centralrole in the developmentof the semanticweb, as they pro-
vide precisedefinitionsof sharedtermsin webresources.Oneimportantwebontologylanguageis
DAML+OIL; it hasa formal semanticsanda reasoningsupportthrougha mappingto the expres-
sive descriptionlogic ������������� with the additionof inverseroles. In this paper, we presenta
probabilisticextensionof ������������� , calledP-������� �!��� , to allow for dealingwith probabilis-
tic ontologiesin the semanticweb. The descriptionlogic P-������������� is basedon the notion of
probabilisticlexicographicentailmentfrom probabilisticdefault reasoning.It allows to expressrich
probabilisticknowledgeaboutconceptsandinstances,aswell asdefaultknowledgeaboutconcepts.
We alsopresentsoundandcompletereasoningtechniquesfor P-�������"����� , which arebasedon
reductionsto classicalreasoningin �#�����"�!��� and to linear programming,and which show in
particularthatreasoningin P-�#�����"�!��� is decidable.
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1 Intr oduction

Thedevelopmentof thesemanticweb, avisionfor afuturegenerationof theworld wideweb,aimsatmaking
web resourcesmore easily accessibleto automatedprocessingby annotatingweb pageswith machine-
readableinformationon their content[2].

In the semanticweb, ontologiesareplaying a centralrole asa sourceof sharedandpreciselydefined
termsthatcanbeusedin machine-readablesemanticannotationsof webpages.Oneimportantwebontology
languageis DAML+OIL [11, 12], which wasdevelopedby merging the DAML [9] andthe OIL [5] web
ontology language.A formal semanticsandan automatedreasoningsupportis provided to DAML+OIL
throughamappingto theexpressivedescriptionlogic %'&)(�*,+.-�/ [15, 24] with theadditionof inverseroles.

In the recentdecades,dealingwith probabilisticuncertaintyhasstartedto play an importantrole in
databasesystemsandknowledgerepresentationandreasoningformalisms.We expectexpressingandhan-
dling probabilisticknowledgeto alsoplay an importantrole in web ontologylanguages,which areessen-
tially standardizedlanguagesfor knowledgerepresentationandreasoning,wheresignificantresearchefforts
arecurrentlydirectedtowardssupportingquerylanguagesandlarge instancesasin the field of databases
[11, 12]. In particular, probabilisticwebontologylanguagesmayactasstandardizedtoolsto provide auto-
matedglobalwebaccessto existing local dataandknowledgebasesystemscontainingprobabilisticinfor-
mation.It is thusnot surprisingthattheOIL groupwritesin [13]:

0 “a further level of extension”of OIL “could includemodelingprimitivessuchasdefaultsandfuzzy/
probabilisticdefinitions”.

However, to our knowledge,thereareno suchextensionsof webontologylanguagessofar.
In thispaper, weproposesuchanextension.Wepresentaprobabilisticextensionof thedescriptionlogic

%'&)(�*,+.-�/ , calledP-%1&2(�*�+.-�/ , which is basedon thenotionof probabilisticlexicographicentailment,a
recentapproachto probabilisticdefault reasoning[21, 22].

Thedescriptionlogic P-%1&2(�*,+.-�/ alsoallowsto expressdefaultknowledgeasaspecialcaseof generic
probabilisticknowledge,wherereasoningwith suchdefault knowledgeis basedon thesophisticatednotion
of lexicographicentailmentby Lehmann[19].

Thereareseveralrelatedapproachesto probabilisticdescriptionlogicsin theliterature[8, 17, 18], which
canbeclassifiedaccordingto thesupportedformsof probabilisticknowledgeandtheunderlyingprobabilis-
tic reasoningformalism.Heinsohn[8] presentsaprobabilisticextensionof thedescriptionlogic 3�465 , which
allows to representgenericprobabilisticknowledgeaboutconceptsandroles,andwhich is essentiallybased
on probabilisticreasoningin probabilisticlogics, similar to [23, 1, 6, 20]. The work [8], however, does
not allow for assertional(i.e., Abox) knowledgeaboutconceptandrole instances.Also Jaeger [17] gives
a probabilisticextensionof the descriptionlogic 3�4'5 , which allows for generic(resp.,assertional)prob-
abilistic knowledgeaboutconceptsandroles(resp.,conceptinstances),but doesnot supportprobabilistic
knowledgeaboutrole instances(but hementionsa possibleextensionin this direction).Theuncertainrea-
soningformalismin [17] is essentiallybasedon probabilisticreasoningin probabilisticlogics,asthe one
in [8], but coupledwith cross-entropy minimizationto combinegenericprobabilisticknowledgewith as-
sertionalprobabilisticknowledge.Thework by Koller et al. [18] givesa probabilisticgeneralizationof the
CLASSIC descriptionlogic. Like Heinsohn’s work [8], it allows for genericprobabilisticknowledgeabout
conceptsandroles,but doesnot supportassertionalknowledgeaboutconceptandrole instances.However,
differentlyfrom [8], it is basedon inferencein Bayesiannetworksasunderlyingprobabilisticreasoningfor-
malism. Notethatapproachesto fuzzy descriptionlogics[28, 27, 25, 26] arelesscloselyrelated,asfuzzy
uncertaintydealswith vagueness,ratherthanambiguityandimprecision.
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Theprobabilisticdescriptionlogic in this paper, differentlyfrom [8, 17, 18],

0 is a probabilisticextensionof theexpressive descriptionlogic %1&2(�*�+.-�/ , which providesa formal
semanticsandreasoningsupportfor DAML+OIL (without inverseroles);

0 allowsto representbothgenericprobabilisticknowledgeaboutconceptsandroles,andalsoassertional
probabilisticknowledgeaboutconceptandrole instances;

0 is basedon probabilistic lexicographicentailmentfrom recentapproachesto probabilisticdefault
reasoning[21, 22] asunderlyingprobabilisticreasoningformalism.

Themaincontributionsof this papercanbesummarizedasfollows:

0 Wepresentaprobabilisticextensionof thedescriptionlogic %1&2(�*�+.-�/ , calledP-%1&2(�*,+.-�/ , which
is basedon thenotionof probabilisticlexicographicentailment;this approachis motivatedby recent
advancesto probabilisticdefault reasoning[21, 22]. Noteespeciallythat probabilisticlexicographic
entailmenthasvery nicepropertiesfor theusein probabilisticreasoningwith genericandassertional
probabilisticknowledge[21, 22].

0 Thedescriptionlogic P-%1&2(�*,+.-�/ allows to expressdefault knowledgeasa specialcaseof generic
probabilisticknowledge,wherereasoningwith suchdefault knowledgeis basedon thesophisticated
notionof lexicographicentailmentby Lehmann[19].

0 We presentsoundandcompletetechniquesfor probabilisticreasoningin P-%'&)(�*,+.-�/ , which are
basedonreductionsto classicalreasoningin %'&)(�*7+.-�/ andto linearprogramming,andwhichshow
in particularthatreasoningin P-%1&2(�*�+.-�/ is decidable.Notethatdueto thepresenceof individuals
in P-%'&)(�*�+.-�/ (andalso %1&2(�*�+.-�/ ), thesetechniquesaretechnicallymoreinvolvedthantheones
for probabilisticdefault reasoningin [21, 22].

The rest of this paperis organizedas follows. In Section2, we provide a motivating example. Sec-
tion 3 recallsthedescriptionlogic %'&)(�*,+.-�/ . In Sections4 and5, we defineour probabilisticextension
P-%1&2(�*,+.-�/ , andwe give someillustrating examples,respectively. Section6 describessoundandcom-
pletetechniquesfor probabilisticreasoningin P-%'&)(�*�+.-�/ . In Section7, we summarizethemainresults
andgive anoutlookon futureresearch.Notethatdetailedproofsof all resultsaregivenin theappendix.

2 Moti vating Example

To illustratethepossibleuseof probabilisticontologiesin thesemanticweb,considersomemedicalknowl-
edgeaboutpatients.It is advantageousto sharesuchknowledgebetweenhospitalsor medicalcenters[10],
for example,to follow up patients,to trackmedicalhistory, andfor casestudiesresearch.Furthermore,in
medicalknowledge,we oftenhave to dealwith probabilisticuncertainty.

For example,considerpatientrecordsrelatedto cardiologicalillnesses.Thepatientsmaybeclassified
accordingto theirgender, astheprobabilitythatamanhasacardiologicalillnessor apacemaker is different
from the correspondingprobability associatedwith a woman. We may have the default knowledge that
cardiologicalillnessestypically causehigh blood pressure,but that pacemaker patientstypically do not
suffer from highbloodpressure.Wemayhavetheprobabilisticknowledge thatthesymptomsof apacemaker
patientare abnormalheartbeat(arrhythmia)with a probability in 8:9<;>=@?BA�C , chestpain with a probability
in 8:9<;@?BA�C , andbreathingdifficultieswith a probabilityin 8:9<D@?BA�C .
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Pacemaker  Patient

John, Maria

Private
Insurance [0.9,1]

AIG, HIKY

Arrhythmia [0.98,1]
Chest pain [0.9,1]
Difficulty on breathing [0.6,1]

Symptoms

Man
John

[0.4, 1]

Woman
Maria 

[0.2, 0.6]

Illness Status
Initial

Advanced
Final

[0.6, 1] 

[0.2,  0.8]

Heart Patient

John, Maria, Tom

Age
42…, 78,…

Health history

High Blood 
Pressure:YES

High Blood 
Pressure: NO

Figure1: A probabilisticontology.

In the descriptionlogic %1&2(�*,+.-�/ , we distinguishbetweenconcretedatatypes, individuals, concepts
(i.e., setsof individuals),androles(i.e., binary relationson concepts,or betweenconceptsanddatatypes).
For example,we mayhave conceptsfor patients,pacemaker patients,heartpatients,femalepatients,male
patients,symptoms,healthinsurances,andillnessstatuses.As individuals,we may have the heartpatient
John,thesymptomsarrhythmia,chestpain,andbreathingdifficulties,andtheillnessstatusesadvancedand
final. We mayuserolesto relatepatientswith their healthinsurancesandwith thestatusof their illnesses.

In P-%'&)(�*7+.-�/ , we canexpressthefollowing formsof probabilisticknowledge:

0 Theprobabilisticknowledgethataninstanceof a conceptis alsoaninstanceof anotherconcept.E.g.,
theprobabilitythata pacemaker patientis a manis in 8:9FEG?BA�C .

0 Theprobabilisticknowledgethatanarbitraryinstanceof a conceptis relatedto a givenindividual by
a givenrole. E.g.,theprobabilitythata heartpatienthasa privateinsuranceis in 8:9<;@?BA�C .

0 Theprobabilisticknowledgethat an individual is an instanceof a concept.E.g., theprobability that
difficulty breathingis a symptomof a pacemaker patientis in 8:9<D@?BA�C , while theprobability thatchest
painis sucha symptomis in 8:9<;@?BA�C .

0 The probabilisticknowledgethat an individual is relatedto anotherindividual by a role. E.g., the
probabilitythatthestatusof John’s illnessis final is in 8:9<H@?I9<=JC .

3
����������	��

In this section,we briefly recall the descriptionlogic %'&)(�*7+.-�/ from [15]. We first describethe syntax
andsemanticsof %1&2(�*�+.-�/ , andwe thensummarizesomeimportantreasoningtasks.
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3.1 Syntax

We now recall the syntaxof the descriptionlogic %1&2(�*�+.-�/ . Informally, knowledgeaboutconceptsand
rolesis expressedin terminologies,whicharefinite setsof conceptinclusionaxioms,role inclusionaxioms,
and transitivity axioms. Conceptsare constructedfrom primitive conceptsand individuals using (i) the
Booleanoperatorsconjunction,disjunction,andnegation,(ii) exists,value,atleast,andatmostrestrictions
on abstractroles,and(iii) datatypeexistsanddatatypevaluerestrictionson concreteroles.

We assumea set - of concretedatatypes. Every datatypeK�L,- is assigneda domain MONQP)+.K@/ . We
use MGNQP�+.-�/ to denotetheunionof thedomainsMGNQP�+.K@/ of all datatypesK"L,- . Let R , SUT , SWV , and X be
nonemptyfinite disjointsetsof atomicconcepts, abstract roles, concreteroles, andindividuals, respectively.

Conceptsare inductively definedas follows. Every atomic conceptfrom R is a concept. If Y is an
individual from X , then Z[Y]\ is a concept.If ^ and _ areconcepts,thenalso +`^�a)_2/ , +`^�b)_2/ , and c6^
(calledconjunction, disjunction, andnegation, respectively). If ^ is a concept,d is an abstractrole from
SeT , and f is a nonnegative integer, then ghd�9i^ , jkd�9i^ , lmf�d�9i^ , and nof�d�9i^ areconcepts(calledexists,
value, atleast, andatmostrestriction, respectively). If p is a concreterole from S V , and K is a concrete
datatypefrom - , then g]p�9qK and jrp�9qK areconcepts(calleddatatypeexistsanddatatypevalue, respectively).
We write s (resp.,t ) to abbreviate ^ub2c6^ (resp.,̂vaec6^ ), andwe eliminateparenthesesasusual.

A conceptinclusionaxiom is anexpressionof theform ^xw�_ , where ^ and _ areconcepts.A role
inclusionaxiom is anexpressiondxwzy , whereeither d�?
yWL,SeT or d�?
y2L7SWV . A transitivityaxiomhas
the form {}|�~>�O�[+.d�/ , where d�L,S T . A terminological axiom is either a conceptinclusionaxiom, a role
inclusionaxiom,or a transitivity axiom. A terminology � is a finite setof terminologicalaxioms. A role
d is calledsimplew.r.t. � if f for eachrole y , it holdsthat yWw��#d implies {}|�~>�O�B+`y6/��L�� , where wo� is the
transitive andreflexive closureof w on � .

It is importantto pointoutthattheaboveterminologiesareexpressive enoughto alsoexpressknowledge
aboutinstancesof conceptsand of abstractroles: The knowledgethat the individual Y is an instanceof
the concept̂ canbe expressedby the conceptinclusionaxiom Z[Y]\'w�^ ; the knowledgethat the pair of
individuals +.Y]�B?�Y��[/ is an instanceof the abstractrole d canbe expressedby the conceptinclusionaxiom
Z[Y]�I\'w�ghd�9�Z[Y���\ . We thususe YoL�^ (resp., +.Y]�B?�Y��[/�L�d ) to abbreviate Z[Y�\ew�^ (resp., Z[Y]��\ew
gGd�9�Z[Y���\ ).
Notealsothatattributes(that is, functionalroles)of conceptscanbeexpressedasfollows. To saythat the
concept_ hastheattribute � with thepossiblevalues�@�I?I9I9I9[?��>� , we canwrite _�w�l,AI��9i^�a�n,AI��9i^�a
j���9i^ , where � is an abstractrole from SeT , and ^ is an atomicconceptfrom R that is definedby ^�w
ZB�@�I\mb)�I�I�Qb2ZB�>�]\ and ZB�@�I\�b��I�I��b2ZB�>��\�wv^ , where�@�I?I9I9I9[?��>� areindividualsfrom X .

3.2 Semantics

We now recall the semanticsof %'&)(�*,+.-�/ . Informally, interpretationswith respectto abstractdomains
assignto eachatomicconcepta subsetof thedomain,to eachindividual anelementof thedomain,to each
abstractrole a binary relationon the abstractdomain,andto eachconcreterole a binary relationbetween
the abstractandthe concretedomain. Theseinterpretationsarethenextendedto complex conceptsandto
conceptinclusionaxiomsin theusualway. Moreover, thenotionsof satisfiabilityandof logicalconsequence
for terminologicalaxiomsarealsodefinedasusual.

An interpretation �e��+ �W?�¡h/ with respectto the set of concretedatatypes- consistsof a nonempty
(abstract)domain� andamapping¡ thatassignsto eachatomicconceptfrom R asubsetof � , to eachZ[Y]\
with YoL,X asingletonsubsetof � , to eachabstractrolefrom S T asubsetof �£¢6� , andto eachconcreterole
from S V a subsetof �£¢6MGNQP)+.-�/ . The interpretation¡ is inductively extendedto all conceptsasfollows
(where ¤¥y denotesthecardinalityof a set y ):
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0 ¡�+`^va¦_2/6�§¡¨+`^�/ª©W¡¨+._2/ , ¡�+`^vbU_2/6�v¡¨+`^�/�«W¡�+._W/ , and ¡�+`c6^�/¬�­�u®�¡¨+`^�/ ,
0 ¡�+`ghd�9i^�/¬�
ZB¯�L��±°>g@²�³#+´¯#?�²O/�L�¡�+.d�/�µe²¶L7¡¨+`^�/�\ ,
0 ¡�+!j�d�9i^�/¬�
ZB¯�L��±°Bj¨²�³#+´¯#?�²O/�L�¡�+.d�/6·¸²¶L,¡¨+`^�/�\ ,
0 ¡�+¹l�f�d�9i^�/º�
ZB¯�L��±°>¤2+»ZB²�°h+´¯}?�²G/�L�¡¨+.d�/�\�©�¡�+`^�/�/ol¼fº\ ,
0 ¡�+¹n�f�d�9i^�/º�
ZB¯�L��±°>¤2+»ZB²�°h+´¯}?�²G/�L�¡¨+.d�/�\�©�¡�+`^�/�/on¼fº\ ,
0 ¡�+`g]p�9qK@/¬��ZB¯�L��x°>g@²1³#+´¯}?�²G/�L�¡¨+�p¶/#µe² L7MONQP�+.K@/�\ ,
0 ¡�+!jrp�9qK@/¬��ZB¯�L��x°Bj¨²1³#+´¯}?�²G/�L�¡¨+�p¶/'·¸² L�MGNQP)+.K@/�\ .

Thesatisfactionof a terminologicalaxiom ½ in � , denoted�§° �§½ , is definedasfollows:

0 �v° ��^zw¼_ if f ¡¨+`^�/�¾¿¡¨+._2/ ,
0 �v° �­dzwuy if f ¡¨+.d�/o¾¿¡¨+`y6/ ,
0 �v° �­{#|�~>�r�[+.d�/ if f ¡¨+.d�/ is transitive.

The interpretation� satisfiesa terminologicalaxiom ½ , or � is a modelof ½ , if f ��° ��½ . It satisfiesa
terminology � , or � is a modelof � , denoted��° �£� , if f ��° ��½ for all ½¼L�� . The terminology � is
satisfiableif f amodelof � exists.A terminologicalaxiom ½ is a logical consequenceof � , denoted��° �§½ ,
if f every modelof � is alsoa modelof ½ .

3.3 ReasoningTasks

We briefly summarizesomeimportantreasoningtasksin %'&)(�*7+.-�/ . Informally, thesetasksareto decide
whethera terminologyis satisfiable,whethera conceptis satisfiable,whethera conceptsubsumesanother
concept,andwhetheranobject(resp.,pair of objects)is aninstanceof a concept(resp.,anabstractrole):

Terminology-Satisfiability: Givena terminology� , decidewhether� is satisfiable.

Concept-Satisfiability: Givena terminology� anda concept̂ , decidewhether�
�° �À^�w�t .

Concept-Subsumption: Givena terminology� andtwo conceptŝ and _ , decidewhether��° ��^zw¿_ .

Concept-Membership: Givena terminology� , YoL,X , anda concept̂ , decidewhether��° �§YoL�^ .

Role-Membership: Givena terminology� , Y � ?�Y � L,X , and d�L,SUT , decidewhether��° �z+.Y � ?�Y � /�L�d .

It is notdifficult to seethatall theaboveproblemscanbereducedto Concept-SatisfiabilityandConcept-
Subsumption,andthat thesetwo problemscanbe reducedto eachother. In detail, Concept-Membership
andRole-Membershipareobviously specialcasesof Concept-Subsumption.Furthermore,Terminology-
Satisfiability is a specialcaseof Concept-Satisfiability, as a terminology � is satisfiableiff �
�° �ÀsÁw�t .
Finally, Concept-SatisfiabilityandConcept-Subsumptioncanbe reducedto eachother, asfor every termi-
nology � andfor all conceptŝ and _ , it holds that �§° �Â^za£cº_
w�t if f �§° �À^�w)_ . Theselast two
problemsare decidablein %'&)(�*,+.-�/ , if all atmostandatleastrestrictionsin � are restrictedto simple
abstractrolesw.r.t. � [15].
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4 P-
�������
��	��

In this section,we presenttheprobabilisticdescriptionlogic P-%1&2(�*,+.-�/ , which is a probabilisticexten-
sionof %'&)(�*7+.-�/ . Wefirst definethesyntaxof P-%1&2(�*,+.-�/ , wherewehaveconditionalconstraints[20]
to expressprobabilisticknowledgein additionto theterminologicalaxiomsof %'&)(�*�+.-�/ . We thendefine
thesemanticsof P-%'&)(�*�+.-�/ , which is basedon thenotionof lexicographicentailmentfrom probabilis-
tic default reasoning;seeespecially[21, 22] for background,intuitions, andfurther examples.We finally
summarizesomeimportantreasoningproblemsin P-%'&)(�*�+.-�/ .

4.1 Syntax

We now definethe notion of a probabilisticterminology. It is basedon the languageof conditionalcon-
straints[20], which encodeinterval restrictionsfor conditionalprobabilitiesover concepts.Every proba-
bilistic terminologyconsistsof agenericpart,whichexpressesgenericclassicalandprobabilisticknowledge
aboutconcepts,andanassertionalpart,which representsclassicalandprobabilisticknowledgeabouta set
of individuals. In the sequel,we partition the setof individuals X into the setof classicalindividuals XBÃ
andthesetof probabilisticindividuals XIÄ . Intuitively, probabilisticindividualsarethoseindividualsin X for
which we explicitly storesomeclassicalandprobabilisticknowledgein a probabilisticterminology.

A conditionalconstraint is an expressionof the form +._£°F^�/�8 ÅÆ?�ÇOC with conceptŝ¶?�_ , andreal num-
bers ÅÆ?�Ç�LU8 Èh?BA�C . A concept(resp.,conceptinclusionaxiom,conditionalconstraint)is genericif f no proba-
bilistic individual YoL,XIÄ occursin it. A conceptinclusionaxiom(resp.,conditionalconstraint)is assertional
for a probabilisticindividual YoL,XIÄ if f it is of theform Z[Y]\'w�_ (resp., +._�°<Z[Y]\�/�8 ÅÆ?�ÇOC ), where _ is generic.
A genericprobabilisticterminology (resp.,anassertionalprobabilisticterminology for a probabilisticindi-
vidual YoL,XIÄ ) ÉÊ��+.�U?�Ë�/ consistsof a classicalterminology� anda finite setof conditionalconstraintsË
suchthat every conceptinclusionaxiom in � andevery conditionalconstraintin Ë is generic(resp.,as-
sertionalfor Y ). A probabilistic terminology ÉÊ��+´É�Ì>?[+´É�Í[/ÆÍ
Î�Ï`Ð}/ with respectto X Ä consistsof a generic
probabilisticterminologyÉ Ì andanassertionalprobabilisticterminologyÉ Í for every Y�L�XIÄ .

The differentkinds of probabilisticknowledgethat canbe representedthroughconditionalconstraints
in P-%'&)(�*�+.-�/ arebriefly illustratedasfollows:

0 Theprobabilisticknowledgethat “an instanceof theconcept̂ is alsoan instanceof theconcept_
with a probabilityin 8 ÅÆ?�ÇOC ” canbeexpressedby +._£°F^�/�8 ÅÆ?�ÇOC .

0 Theprobabilisticknowledgethat“an arbitraryinstanceof theconcept̂ is relatedto agivenindividual
YoL,X Ã by a givenrole d�L7S T with a probabilityin 8 ÅÆ?�ÇrC ” canbeexpressedby +`ghd�9�Z[Y]\@°F^�/�8 ÅÆ?�ÇOC .

0 Theprobabilisticknowledgethat“the individual YoL,XIÄ is aninstanceof theconcept_ with a proba-
bility in 8 ÅÆ?�ÇOC ” canbeexpressedby +._£°<Z[Y]\�/�8 Å»?�ÇrC .

0 Theprobabilisticknowledgethat“the individual Y�L�XIÄ is relatedto theindividual Y�Ñ>L,X Ã by therole
d�L�S T with a probabilityin 8 ÅÆ?�ÇOC ” canbeexpressedby +`ghd�9�Z[Y Ñ \@°<Z[Y�\�/�8 ÅÆ?�ÇrC .

4.2 Semantics

We now definetheprobabilisticsemanticsof P-%1&2(�*�+.-�/ . We first generalizeclassicalinterpretationsto
probabilisticinterpretationsby addinga probability distribution over the abstractdomain. We thendefine
the satisfaction of terminologicalaxiomsandconditionalconstraintsin probabilisticinterpretations.We
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finally definethenotionsof consistency andentailmentfor probabilisticterminologies,which arebasedon
thenotionsof consistency andlexicographicentailmentin probabilisticdefault reasoning[21, 22].

A probabilistic interpretation ÒoÓ¬��+:��?�Ô}/ with respectto the setof concretedatatypes- consistsof
a classicalinterpretation�W�Á+ �W?�¡h/ with respectto - anda probability function Ô on � (that is, a map-
ping Ô7³r�¿·Õ8 Èh?BA�C suchthatall Ô'+.YQ/ with Y�L�� sumup to A ).

Wenow definetheprobabilityof aconceptandthesatisfactionof terminologicalaxiomsandconditional
constraintsin probabilisticinterpretationsasfollows. Theprobabilityof aconcept̂ in aprobabilisticinter-
pretationÒ�Ó¬��+:�"?�Ô}/ with �e�¼+ �W?�¡@/ , denotedÒoÓG+`^�/ , is thesumof all Ô'+.Y>/ suchthat YoL,¡¨+`^�/ . For con-
ceptŝ and _ with ÒoÓG+`^�/�Ö�È , weusetheexpressionÒ�Ó@+._£°F^�/ to abbreviate ÒoÓh+`^Àa¶_2/G×¬ÒoÓG+`^�/ . Wesay
ÒoÓ satisfiesaconditionalconstraint+._�°F^�/�8 ÅÆ?�ÇOC , or ÒoÓ is amodelof +._�°F^�/�8 ÅÆ?�ÇOC , denotedÒoÓo° �¼+._�°F^�/�8 Å»?�ÇrC ,
if f Ò�Ó@+._£°F^�/�Le8 Å»?�ÇrC . Wesay ÒoÓ satisfiesaterminologicalaxiom ½ , or ÒoÓ is amodelof ½ , denotedÒoÓ�° ��½ ,
if f ��° �£½ . Wesay Ò�Ó satisfiesasetof terminologicalaxiomsandconditionalconstraintsØ , or ÒoÓ is amodel
of Ø , denotedÒ�Ó�° ��Ø , if f ÒoÓm° ��½ for all ½¼L7Ø . We say Ø is satisfiableif f a modelof Ø exists.

We next definethenotionof consistency for probabilisticterminologiesandgenericprobabilistictermi-
nologies.We first give somepreparative definitionsfrom probabilisticdefault reasoning.

A probabilisticinterpretationÒoÓ verifiesa conditionalconstraint+._£°F^�/�8 ÅÆ?�ÇOC if f ÒoÓG+`^�/G�ÁA and Ò�Ó)° �
+._�°F^�/�8 Å»?�ÇrC . We say Ò�Ó falsifies +._£°F^�/�8 ÅÆ?�ÇOC if f Ò�Ó@+`^�/G�¼A and Ò�Ó �° ��+._£°F^�/�8 ÅÆ?�ÇrC . A setof conditionalcon-
straintsË toleratesa conditionalconstraint½ undera terminology� if f �¿«¥Ë hasa modelthatverifies ½ .

A genericprobabilistic terminology É Ì ��+.� Ì ?�Ë Ì / is consistentif f there exists an orderedpartition
+´Ë,Ù�?I9I9I9[?�Ë,�>/ of Ë Ì suchthateachË7Ú with Û¨L�Z[Èh?I9I9I9J?�Ü¨\ is thesetof all ½¼L,Ë Ì ®o+´Ë,Ù�«£�I�I�>«2Ë7Ú�Ýª��/ that
aretoleratedunder� Ì by Ë Ì ®o+´Ë,Ù}«W�I�I�B«�Ë7Ú´Ýª��/ . Wecall this orderedpartitionof Ë Ì the Þ -partition of É Ì .
A probabilisticterminology ÉÊ��+´É�Ì>?[+´É�Í[/ÆÍ
Î�Ï`Ð}/ , where É�Ì���+.�hÌ>?�Ë7ÌJ/ and ÉoÍ���+.�GÍJ?�Ë,ÍI/ for all YoL,X Ä , is
genericallyconsistent(or g-consistent) iff É Ì is consistent.We say É is consistentif f É is g-consistent
and � Ì «�� Í «�Ë Í «UZ]+»Z[Y]\@°Fs,/�8�A�?BA�C \ is satisfiablefor all YoL,XIÄ .

We finally definethe notion of lexicographicentailmentof conditionalconstraintsfrom probabilistic
terminologies.In therestof thissubsection,let ÉÊ��+´É Ì ?[+´É Í / Í
Î�Ï Ð}/ , whereÉ Ì ��+.� Ì ?�Ë Ì / andÉ Í ��+.� Í ?�Ë Í /
for all YoL,XIÄ , bea consistentprobabilisticterminology.

We usethe Þ -partition +´Ë,Ù�?I9I9I9B?�Ë,��/ of É Ì to definea lexicographicpreferencerelationon probabilis-
tic interpretationsas follows. For probabilistic interpretationsÒ�Ó and ÒoÓ Ñ , we say Ò�Ó is lexicographi-
cally preferable(or lex-preferable) to ÒoÓ Ñ if f someÛrL�Z[Èh?I9I9I9J?�Ü¨\ existssuchthat ¤)+»Z[½¿L7Ë7ÚO°�ÒoÓ�° ��½�\�/mÖ
¤2+»Z[½¿L7Ë Ú °�Ò�Ó Ñ ° ��½�\�/ and ¤2+»Z[½¿L7Ë�ß1°�ÒoÓm° ��½�\�/G�à¤2+»Z[½¼L7Ë�ß�°�ÒoÓ Ñ ° �£½�\�/ for all Ûráeâ�n)Ü . A model
ÒoÓ of asetof terminologicalaxiomsandconditionalconstraintsØ is a lexicographicallyminimalmodel(or
lex-minimalmodel) of Ø if f no modelof Ø is lex-preferableto Ò�Ó .

We now definethenotionof lexicographicentailmentfor conditionalconstraintsfrom setsof termino-
logical axiomsandconditionalconstraintsundergenericprobabilisticterminologiesasfollows. A condi-
tional constraint+._£°F^�/�8 ÅÆ?�ÇOC is a lexicographicconsequence(or lex-consequence) of a setof terminological
axiomsandconditionalconstraintsØ under É Ì , denotedØzã ä�+._�°F^�/�8 ÅÆ?�ÇOC under É Ì , if f ÒoÓh+._W/�Le8 ÅÆ?�ÇOC for
every lex-minimal model ÒoÓ of Ø�«�Z]+`^¦°Fs,/�8�A�?BA�C \ . Wesay +._£°F^�/�8 ÅÆ?�ÇOC is a tight lexicographicconsequence
(or tight lex-consequence) of Ø under É Ì , denotedØzã ä�å�æFçÆè
år+._£°F^�/�8 ÅÆ?�ÇOC under É Ì , if f Å (resp.,Ç ) is thein-
fimum (resp.,supremum)of Ò�Óh+._2/ subjectto all lex-minimal modelsÒoÓ of Øé«�Z]+`^U°Fs,/�8�A�?BA�C \ . Notethat
herewe naturallydefineÅQ�ÁA and Ç¶��È , whenno suchmodel Ò�Ó exists.

We are now ready to define which generic(resp.,assertional)conditional constraintsfollow under
lexicographicentailmentfrom a probabilisticterminology. A genericconditionalconstraint ½ is a lex-
consequenceof É , denotedÉ­ã ä�½ , if f ê"ã ä£½ under É Ì . We saythat ½ is a tight lex-consequenceof É ,
denotedÉ­ã ä å�æ ç¹è
å ½ , if f ê"ã ä å�æ ç¹è
å ½ under É1Ì . An assertionalconditionalconstraint½ for YoL,X Ä is a lex-
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consequenceof É , denotedÉ­ã ä�½ , if f � Í «WË Í ã ä�½ underÉ Ì . We say ½ is a tight lex-consequenceof É ,
denotedÉ§ã ä¦å�æ ç¹è
åQ½ , if f � Í «UË Í ã ä¥å�æ ç¹è
åQ½ underÉ Ì .

4.3 ReasoningTasks

We now summarizesomeimportantreasoningtasksin P-%'&)(�*,+.-�/ . We first describetasksrelatedto
the genericknowledgein probabilisticterminologies,namely(i) to decidewhethera probabilistictermi-
nology É is g-consistent,(ii) to decidewhethera genericconceptmay have a positive probability under
a g-consistentprobabilisticterminology É , (iii) to computethe tight interval under É for the probability
thatanindividual is aninstanceof a genericconcept_ giventhat it is aninstanceof a genericconcept̂ ,
and(iv) to computethetight interval under É for theprobabilitythataninstanceof a genericconcept̂ is
relatedto theindividual YoL,X Ã by a role d�L7S T :

P-Terminology-G-Consistency: Givena probabilisticterminologyÉ , decidewhetherÉ is g-consistent.

P-Concept-Satisfiability: Given a g-consistentprobabilisticterminology É anda genericconcept̂ , de-
cidewhetherÉ
�° ��+`^¦°Fs,/�8 Èh?�È�C .

P-Concept-Overlapping: Given a g-consistentprobabilisticterminology É and genericconceptŝ ?�_ ,
computeÅ»?�Ç�L¦8 Èh?BA�C suchthat É­ã ä å�æ ç¹è
å +._�°F^�/�8 Å»?�ÇrC .

P-Concept-Role-Overlapping: Givena g-consistentÉ , a genericconcept̂ , anindividual YoL,XBÃ , andan
abstractrole d�L7S T , computeÅÆ?�Ç�L¦8 Èh?BA�C suchthat É­ã ä¦å�æ ç¹è
år+`ghd�9�Z[Y]\@°F^�/�8 ÅÆ?�ÇOC .

We next give somereasoningtasksthatarerelatedto instancesof conceptsandabstractroles,andthusalso
concernthe assertionalknowledgein probabilisticterminologies.Thesereasoningtasksare(i) to decide
whethera g-consistentprobabilisticterminologyis alsoconsistent,(ii) to computethe tight interval under
a consistentprobabilisticterminology É for the probability that an individual YoL,XIÄ is an instanceof a
genericconcept_ , and (iii) to computethe tight interval under É for the probability that an individual
YoL,XIÄ is relatedto anindividual Y Ñ L,X Ã by a role d�L,S T :

P-Terminology-Consistency: Givena g-consistentprobabilisticterminologyÉ , decideif É is consistent.

P-Concept-Membership: GivenaconsistentprobabilisticterminologyÉ , anindividual YoL,XIÄ , andagen-
eric concept_ , computeÅÆ?�Ç�LU8 Èh?BA�C suchthat É­ã ä å�æ ç¹è
å +._£°<Z[Y�\�/�8 ÅÆ?�ÇrC .

P-Role-Membership: Givena consistentprobabilisticterminology É , individuals Y Ñ L,XBÃ and Y�L�X Ä , and
anabstractrole d�L,S T , computeÅ»?�Ç�L¦8 Èh?BA�C suchthat É­ã ä¥å:æFçÆè�åO+`gGd�9�Z[YJÑ´\@°<Z[Y]\�/�8 ÅÆ?�ÇOC .

In thesequel,weuseGCON to denoteP-Terminology-G-Consistency. Clearly, P-Terminology-Consistency
is reducibleto the problemof decidingwhethera finite setof terminologicalaxiomsandconditionalcon-
straintsis satisfiable,which we call SAT. It is theneasyto seethatP-Concept-Satisfiabilityis reducibleto
Concept-Satisfiability. Finally, P-Concept-Overlapping,P-Concept-Role-Overlapping, P-Concept-Member-
ship, and P-Role-Membershipcan be reducedto computingtight lex-entailedintervals from finite sets
of terminologicalaxiomsandconditionalconstraintsundergenericprobabilisticterminologies,which we
call TLEXC . Techniquesfor solvingSAT, GCON, andTLEXC aredescribedin Section6.
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5 Examples

Thefollowing exampleillustratestheinheritanceof default knowledgealongsubconceptrelationships.

Example 5.1 The strict knowledge“all pacemaker patientsareheartpatients”andthe default knowledge
“generally, heartpatientshavehighbloodpressure”canberepresentedby thefollowing genericprobabilistic
terminology(where ë]ì í�î!ï�ð�ðIñ]î!ï is a binaryattribute):

É Ì � +»ZQí]ò í�óJô
õ ï�öJô�w§ë í�ó[ô
õ ï�öJô�\Q?�Z]+`g�ë�ì í�î!ï�ð�ðIñ]î!ï>9�ZI÷Bï�ðI\�°
ë í�ó[ô
õ ï�öJô¹/�8�A�?BA�C \�/¨9

It is theneasyto seethat ê"ã ä å:æFçÆè�å +`gkë�ì í�î!ï�ð�ðIñ�î�ï>9�ZI÷Bï�ðI\�°
ë í�óJô
õ ï�öJô¹/�8�A�?BA�C and êÀã ä å:æFçÆè�å +`g�ë]ì í�î�ï�ð�ðIñ�î!ï>9�ZI÷Bï�ðI\�°
í�ò í�óJô
õ ï�öJô�/�8�A�?BA�C under É Ì . That is, underlexicographicentailmentwe conclude“generally, heartpatients
have high bloodpressure”and“generally, pacemaker patientshave high bloodpressure”.Thatis, theprop-
erty of having highbloodpressureis inheritedfrom theconceptof all heartpatientsdown to thesubconcept
of all pacemaker patients.ø

The next exampleshows that default knowledgeattachedto morespecificconceptsoverridesdefault
knowledgeinheritedfrom lessspecificsuperconcepts.

Example 5.2 The strict knowledge“all pacemaker patientsareheartpatients”andthe default knowledge
“generally, heartpatientshave high blood pressure”and“generally, pacemaker patientsdo not have high
bloodpressure”canbeexpressedby

É�Ì � +»ZQí]ò í�óJô
õ ï�öJô�w§ë í�ó[ô
õ ï�öJô�\Q?
Z]+`gkë�ì í�î!ï�ð�ðIñ�î�ï>9�ZI÷Bï�ðB\�°
ë í�óJô
õ ï�öJô�/�8�A�?BA�C`?º+`g�ë�ì í�î!ï�ð�ðIñ]î!ï>9�ZQöJùG\�°
í�ò í�ó[ô
õ ï�öJô¹/�8�A�?BA�C \�/¨9

It is theneasyto seethat ê"ã ä¦å�æFçÆè
år+`g�ë]ì í�î!ï�ð�ðIñ�î!ïQ9�ZI÷Iï�ðB\�°
ë í�óJô
õ ï�ö[ô�/�8�A�?BA�C and êÊã ä¥å:æFçÆè�å�+`g�ë�ì í�î!ï�ð�ðIñ�î�ï>9�ZQöJùh\�°
í�ò í�óJô
õ ï�öJô�/�8�A�?BA�C under É Ì . That is, underlexicographicentailmentwe conclude“generally, pacemaker
patientsdo not have high bloodpressure”and“generally, heartpatientshave high bloodpressure”.Thatis,
even thoughthe propertyof having high blood pressureis inheritedfrom the conceptof all heartpatients
down to thesubconceptof all pacemaker patients,it is overriddenby thepropertyof not having high blood
pressureof themorespecificconceptof all pacemaker patients.ø

Thefollowing exampleillustratesprobabilisticpropertiesof conceptsandtheprobabilisticmembership
of individualsto concepts.

Example 5.3 Considerthe strict knowledge“all pacemaker patientsare heartpatients”and the generic
probabilisticknowledge“a heartpatienthasa privateinsurancewith a probability of at least0.9”. More-
over, considertheassertionalprobabilisticknowledge“Johnis a pacemaker patientwith a probabilityof at
least0.8”. This knowledgecanberepresentedby theprobabilisticterminologyÉÁ��+´É Ì ?[+´É�ú»û
ü�ý[/�/ , where

É Ì � +»ZQí�ò í�óJô
õ ï�öJô�w­ë í�óJô�õ ï�ö[ô�\Q?�Z]+`gkë�óJð í õ:ö[ðIñ]î�ó]öJþIï�9�ZI÷Bï�ðB\�°
ë í�ó[ô
õ ï�öJô�/�8 Èh9<;@?BA�C \�/¨?
Éoú»û
ü�ýÿ� + ê@?�Z]+Æí�ò í�óJô�õ ï�ö[ôk°�Z��Jùhë�ö]\�/�8 Èh9<=@?BA�C \�/¨9

Then, É­ã ä å�æ ç¹è
å +`g�ë�ó[ð í õiöJðIñ�î�ó]öJþIï�9�ZI÷Bï�ðI\�°�Z��Jùhë�ö@\�/�8 Èh9���H@?BA�C . That is, under lexicographicentailment,we
conclude“Johnhasa privateinsurancewith a probabilityof at least0.72”. ø
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6 Probabilistic Reasoningin P-
���������
	��

Wenow presenttechniquesfor solvingtheproblemsSAT, GCON, andTLEXC . Thesetechniquesarebased
on reductionsto classicalreasoningin %1&2(�*�+.-�/ andto linearprogramming.They show in particularthat
probabilisticreasoningin P-%'&)(�*7+.-�/ is decidable.

6.1 Preliminaries

Roughlyspeaking,thekey ideabehinddevelopingalgorithmsfor SAT, GCON, andTLEXC is to eliminate
theclassicalinterpretations� in probabilisticinterpretationsÒoÓ6��+:��?�Ô}/ . This is doneby usingprobability
functionson sets d�L���~���+	��
�+�ØU/�/ of pairwisedisjoint and exhaustive conceptsinsteadof probability
functionson theabstractdomain.

We start by defining a set d�
m+�Ø¦/ of pairwisedisjoint andexhaustive conceptsfor a classicaltermi-
nology � and a set of conditionalconstraintsØv�ÀZ[½'�[?I9I9I9B?�½�
¨\ as follows. Let d�
m+�ØU/ be the set of
all mappings� that assignto each ½#ÚQ��+._�Ú�°F^1Ú /�8 Å!Ú¹?FÇrÚ´C�L¶Ø a memberof Z[_�Ú�a�^1Ú»?
c¬_�Ú}a�^1ÚÆ?
c6^1Ú»\ , such
that �x�° ���O+.½'��/raU�I�I�Ia��G+.½�
O/�w�t . For suchmappings� , weuse a�� to abbreviate �G+.½'��/¨a¦�I�I�[a��O+.½�
G/ . For
suchmappings� andconceptŝ , we use��°�Â^ to abbreviate ê¥° �
a���w�^ .

We next definea set ��~��#+	��
m+�ØU/�/ of subsetsof d�
�+�ØU/ suchthat the models ÒoÓ of � correspondto
theprobability functionson all d�L���~���+	��
�+�ØU/�/ : We denoteby ��
m+�ØU/ thesetof all d�¾
d�
m+�ØU/ such
that �¿«2Z>Z[Y��J\�w§a���°���L7d�\ is satisfiable,whereY�� is a new individual in X for every ��L,d�
m+�Ø¦/ ; we then
denoteby ��~���+	��
"+�Ø¦/�/ thesetof all maximalelementsin ��
�+�ØU/ with respectto setinclusion.

Observe that ��~��#+	� 
 +�Ø¦/�/ canbecomputedby classicalreasoningin %1&2(�*�+.-�/ . It is alsoimportant
to pointout that,dueto theconceptsZ[Y]\ with individuals YoL,X (alsocallednominals) in P-%'&)(�*,+.-�/ (and
also %'&)(�*�+.-�/ ), it is in generalnot sufficient to defineprobabilityfunctionsonly on theset d�
�+�ØU/ .

6.2 Satisfiability

Thefollowing theoremshows that SAT canbe reducedto decidingwhethera systemof linear constraints
over a setof variablesthat correspondsto some d�L���~��#+	� 
 +�ØU/�/ is solvable. As ��~��#+	� 
 +�ØU/�/ canbe
computedby classicalreasoningin %'&)(�*7+.-�/ , this shows thatSAT canbereducedto classicalreasoning
in %'&)(�*�+.-�/ andto decidingwhetherasystemof linearconstraintsis solvable.Thetheoremcanbeproved
by showing thatthemodelsÒoÓ of � correspondto theprobabilityfunctionson all d�L���~��#+	��
�+�ØU/�/ .
Theorem 6.1 Let � bea classicalterminology, and let Ø bea finite setof conditionalconstraints. Then,
��«�Ø is satisfiableiff thesystemof linear constraints +¹A[/ in Fig. 2 over thevariables²��m+	��L7d�/ is solvable
for somed�L���~��#+	� 
 +�Ø¦/�/ .

6.3 G-Consistency

The problemGCON can be reducedto SAT, as Algorithm Þ - í�ó�î ô
õ ô
õ ùhö in Fig. 3 shows, which decides
whethera genericprobabilisticterminologyÉ Ì is consistent.If this is thecase,then Þ - í�ó�î ô
õ ô
õ ùhö returnsthe
Þ -partition of É Ì , otherwisenil. In Step5 of Þ - í�ó�î!ô�õ ô�õ ùhö , a numberof instancesof SAT mustbe solved.
NotethatAlgorithm Þ - í�ó�î ô
õ ô
õ ùhö is essentiallya reformulationof analgorithmfor deciding � -consistency in
default reasoningfrom conditionalknowledgebasesby GoldszmidtandPearl[7].
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Figure2: Systemof linearconstraintsfor Theorems6.1and6.2.

6.4 Tight Logical Consequence

We will reducetheproblemTLEXC to theproblemsSAT andTLC , whereTLC is theproblemof, given
a conceptQ anda finite set of terminologicalaxiomsandconditionalconstraintsØ , computingthe real
numbersÅÆ?�Ç�LU8 Èh?BA�C suchthat +RQ2°Fs�/�8 Å»?�ÇrC is a tight logical consequenceof Ø . We now formally definethe
notion of logical entailmentfor probabilisticterminologies,and then show how TLC can be reducedto
classicalreasoningin %'&)(�*7+.-�/ andto linearprogramming.

A conditionalconstraint +._�°F^�/�8 ÅÆ?�ÇOC is a logical consequenceof a set of terminologicalaxiomsand
conditionalconstraintsØ , denotedØ�° �¼+._�°F^�/�8 Å»?�ÇrC , if f eachmodelof Ø is alsoa modelof +._�°F^�/�8 Å»?�ÇrC . It
is a tight logical consequenceof Ø , denotedØ ° � å:æFçÆè�å +._�°F^�/�8 Å»?�ÇrC , if f Å (resp., Ç ) is the infimum (resp.,
supremum)of ÒoÓh+._�°F^�/ subjectto all modelsÒoÓ of Ø with Ò�Óh+`^�/�Ö)È .

The following theoremshows that theproblemTLC is reducibleto classicalreasoningin %'&)(�*7+.-�/
andto computingtheoptimalvaluesof linearprograms.

Theorem 6.2 Let � bea classicalterminology, let Ø bea finitesetof conditionalconstraints,andlet Q be
a concept.Assume��«�Ø is satisfiable. Then,Å (resp.,Ç ) such that �Á«�Ø ° � å�æ ç¹è
å +RQ)°Fs,/�8 ÅÆ?�ÇOC is givenbythe
minimumof Å�Ñ (resp.,maximumof ÇrÑ ) subjectto Å´Ñ (resp.,ÇrÑ ) beingtheoptimalvalueof thefollowing linear
programover thevariables²���+	�GL�d�/ and d�L���~��#+	��
"+�Øv«¦Z]+RQ2°Fs�/�8 Èh?BA�C \�/�/ :

minimize (resp.,maximize) S� Î)TVU �'W XZY²�� subjectto +¹A[/ . (2)

6.5 Tight Lexicographic Consequence

We now show how TLEXC canbereducedto theproblemsSAT andTLC .
In thesequel,let É Ì ��+.� Ì ?�Ë Ì / bea consistentgenericprobabilisticterminology, andlet +´Ë,Ù�?I9I9I9[?�Ë,�>/

be its Þ -partition (which canbe computedusingAlgorithm Þ - í�ó�î ô
õ ô
õ ùhö in Fig. 3). Let Ø be a finite setof
terminologicalaxiomsandconditionalconstraints.The key idea behindthe reductionis that a set Ë of
subsetsof Ë7Ì existssuchthat Øzã ä�+._£°F^�/�8 ÅÆ?�ÇOC underÉ�Ì if f �hÌ}«�Ë Ñ «�Øu«UZ]+`^U°Fs,/�8�A�?BA�C \�° �v+._�°Fs,/�8 ÅÆ?�ÇrC for
all Ë�Ñ�L Ë . We needsomepreparative definitionsasfollows.

We say Ë�Ñ�¾)Ë Ì is lex-preferable to Ë�Ñ Ñ�¾2Ë Ì if f some ÛrL¥Z[Èh?I9I9I9[?�Ü¨\ exists suchthat ° Ë�Ñ�©ÊË7Ú�°�Ö
° Ë Ñ Ñ ©WË7Ú�° and ° Ë Ñ ©2Ë ß °@� ° Ë Ñ Ñ ©WË ß ° for all Û¨á¦â�n�Ü . We say Ë Ñ is lex-minimalin %�¾
Z�y)°�y¼¾vË Ì \ if f
Ë Ñ L7% andno Ë Ñ Ñ L¶% is lex-preferableto Ë Ñ .
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Algorithm [ -partition

Input : Genericprobabilisticterminology\^]2_a`cb�]edgfh]$i with fh]kj_Ml .
Output : [ -partitionof \^] , if \^] is consistent,otherwisenil.

1. mon _Mfh] ;
2. pqn _srut/v
3. repeat
4. p2w xyp)zMt
5. {Z| p~}�w xs���a�um���� is toleratedunder ��� by mK� ;
6. m�w xymk�>{Z| p~}
7. until mMx�� or {k| p~}$x�� ;
8. if mMx�� then return �~{k| �>}"�>�������g{Z| pc}��
9. elsereturn nil.

Figure3: Algorithm � - �)�)�c�$� �$� ��� .

Algorithm tight- � �g¡ -consequence

Input : Consistentgenericprobabilisticterminology¢ � xa�c� � �g{ � � , setof terminological
axiomsandconditionalconstraints£ , andtwo concepts� and ¤ .

Output : Pair of realnumbers�c¥1�g¦��I�P| ����t�}�§ suchthat £©¨ ªF«­¬ ®"¯@«��c¤°� �u��| ¥1�@¦�} under¢^� .
Notation: �~{h±/���������R{³²�� denotesthe ´ -partitionof ¢^� .
1. µow xM���2¶·£�¶P���"�¸� ¹³��|­t/��t�}º� ;
2. if µ is unsatisfiablethen return �Rt$�@��� ;
3. mow x6����� ;
4. for »¸w xy¼ downto � do begin
5. ½�w x©�^v
6. mP¾�w xM� ;
7. for each ¿ÁÀ;{VÂ and mÃ� m do
8. if µM¶F¿¸¶Fm is satisfiablethen
9. if ½°xÄ� ¿Å� then mk¾Æw x mZ¾�¶P�>¿¸¶FmK�

10. elseif ½�Çs� ¿Å� then begin
11. m ¾ w x©�>¿¸¶FmK� ;
12. ½�w xÈ� ¿Å�
13. end;
14. m�w x m ¾ ;
15. end;
16. �c¥1�@¦I�!w xÉ�Rt/�4��� ;
17. for each m©� m do begin
18. computeÊ$�RË��P| ����t�} s.t. µM¶Fm��x «­¬ ®1¯@« �c¤°� ¹³��| Ê$�gË�} ;
19. �c¥1�R¦I�!w xÄ�~ÌPÍÏÎI�c¥1�@ÊÐ���gÌZÑ>ÒI�~¦��gË��g�
20. end;
21. return �c¥1�g¦�� .

Figure4: Algorithm �$� ÓÕÔ�� - Ö~×�Ø - Ùe����Ú>ÛeÜ2Ý�Û)��ÙeÛ .
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The following theoremshows how tight lex-consequencescan be characterizedthroughtight logical
consequences.It follows from a similar resultin [22].

Theorem 6.3 Let Þàß�á�âRã�ß�äÐå°ß�æ be a consistentgenericprobabilistic terminology, let ç be a finite setof
terminological axiomsand conditionalconstraints, and let è�ä>é be two concepts.Let å be the setof all
lex-minimalelementsin thesetof all åGê�ëìå ß such that ã ß�í åGê í ç í©î â@è�ï­ð�æ�ñºò)ä�ò/ógô is satisfiable. Then,

(a) If å�áÉõ , then ç÷ö ø;ùºú­û�ü$ù'âRéÄï­è�æ�ñºò)ä>ý�ó under Þ2ß .
(b) If åÿþáÉõ , then ç ö øaùºú û�ü$ù'âRéÄï­è�æ�ñ � ä��2ó under Þ ß , where

� á����	� � ê (resp., �°á���
��
�'ê ) subjectto ã ßKí
å ê í ç ísî â@è;ï­ð�æ�ñºò)ä�ò/ógô;ï á ùºú û�ü$ù âRéÉï­ð�æ�ñ � ê ä�� ê ó and å ê�� å .

Basedon this result,Algorithm ��� ÓÕÔ�� - Ö~×�Ø - Ùe����Ú>ÛeÜ2Ý�Û)��ÙeÛ in Fig. 4 computestight lexicographicallyen-
tailed intervals, by first (i) computingå , which is doneby solving a numberof instancesof SAT in steps
3–15,andthen(ii) computingtight logically entailedintervals,which is doneby solvinginstancesof TLC
in steps16–20.

7 Summary and Outlook

The main motivation behindthis work was to develop a probabilisticextensionof DAML+OIL for rep-
resentingandreasoningwith probabilisticontologiesin the semanticweb. To this end,we worked out a
probabilisticextensionof ��������â��©æ , which is thedescriptionlogic thatprovidesa formal semanticsanda
reasoningsupportfor DAML+OIL (without inverseroles).Theresultingnew probabilisticdescriptionlogic
P-��������â��©æ is basedon the notion of probabilisticlexicographicentailmentfrom probabilisticdefault
reasoning.It allows to expressrich probabilisticknowledgeaboutconceptsandinstances,aswell asdefault
knowledgeaboutconcepts.We alsopresentedsoundandcompletereasoningtechniquesfor P-��������â��©æ ,
which show in particularthatreasoningin P-��������â��©æ is decidable.

An interestingtopic of futureresearchis to analyzethecomputationalcomplexity of probabilisticrea-
soningin P-�������°â��©æ . Anotherissuefor furtherwork is to defineaprobabilisticextensionof ��������â����2æ
[24], which is a recentgeneralizationof ��������â��©æ thatalsosupports� -ary datatypepredicatesaswell as
datatypenumberrestrictions.In particular, suchan extensionmay alsoallow for expressingprobabilistic
knowledgeabouthow instancesof conceptsarerelatedto datatypevaluesby roles. Finally, it would also
bevery interestingto allow for complex typesandto developmorecomplex probabilisticquerylanguages
(e.g.,similar to [3, 4]).

A Appendix: Proofsfor Section6

Consideraclassicalterminologyã , andafinite setof conditionalconstraintsç . Thefollowing resultshows
thatthemodels���há�â! Kä�"�æ of ã correspondto theprobabilityfunctionson all # �%$ 
��Åâ'&)(kâ1ç�æÐæ .
Theorem A.1 Let ã bea classicalterminology, andlet ç bea finite setof conditionalconstraints. Then,

(a) For every model �
�³á�âÐâ+*ìä-,�æ$ä�"�æ of ã , a probability function " on some# �%$ 
��Vâ'& ( â1ç;æÐæ exists
such that �
�Õâ/.10Cæuá "³â'0Iæ for all 0 � # .
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(b) For every probability function " on some# �%$ 
���â'& ( â1ç�æÐæ , a model ���uáÃâÐâ+*ìä-,�æ$ä�"�æ of ã exists
such that �
�Õâ/.10Cæuá "·â'0Cæ for all 0 � # .

Proof. (a) Let �
�³á�âÐâ+*ìä-,�æ$ä�"�æ bea modelof ã . We thendefine # ê á î 0 � # ( â1ç;æ�ï2,qâ/.10Cæ þáÄõÆô . Observe
that #�ê � &)(Zâ1ç�æ , as �
� is a modelof ã í î�î43�5 ô768.%0Zï/0 � #�ê"ô . Hence,some# �9$ 
��Vâ'&:(kâ1ç�æÐæ exists
suchthat # ê ë�# . We then definethe probability function " on # by "·â'0IæÕá;�
��â/.10Cæ for all 0 � # ê and
by "³â'0IæÕá ý for all 0 � #=<>#�ê . It is now easyto seethat ����â/.?0Iæuá "·â'0Iæ for all 0 � # .

(b) Let " be a probability function on some # �@$ 
���â'& ( â1ç�æÐæ . Hence,ã í�î�î43 5�ôA6B.%0ZïC0 � #Gô is sat-
isfiable. That is, a model  ìá�â+*ìä-,�æ of ã exists suchthat ,qâ/.10Cæ þáÄõ for all 0 � # . We now definethe
probabilityfunction " on * by "·â+D)æFá "·â'0IæFEPï ,!â/.10Cæeï for all D � * suchthat D � ,!â/.10Cæ for some0 � # and
by "·â+D�æÕá ý for all D � * suchthat D�þ� ,!â/.10Cæ for all 0 � # . Then, ����â/.10Cæuá "·â'0Cæ for all 0 � # . G

Thefollowing exampleshows that,dueto theconceptsî43 ô with individuals 3 �@H , it is in generalnot the
casethatthemodels���uáÃâ! kä�"�æ of ã correspondto theprobabilityfunctionson # ( â1ç�æ .
Example A.2 Considerthefollowing classicalterminologyã over I á î è�ä$èKJ�ä$èML�ô and H á î43 ô :

ã á î èKJN.ìèMLO6QPGäqèR6�èKJTSìèML�ä!èKJNS�èMLO6�è�ä!èR6 î43 ôIä î43 ô96�èÁôVU
Observe now that for every model  á â+*ìä-,�æ of ã , it holdsthat ,qâ@èKJ/æVWX,qâ@èML�æ á õ andthat ,qâ@è�æ á
,qâ@è J æ í ,qâ@è L æ�áY,qâ î43 ô�æ°á î D�ô for someD � * . Hence,it holdseither ,qâ@è J æ�á õ and ,qâ@è L æ�á î DIô for
someD � * , or ,qâ@èML�æ³á õ and ,qâ@èKJ/æuá î D�ô for someD � * .

Considernow thesetof conditionalconstraintsç�á î â@èKJ�ï­è�æ�ñ � ä��'ógô . It thenholds # ( â1ç�æÕá î�Z è�ä!è[.
èKJeä!è;. Z èKJ/ô , & ( â1ç�æ³á\# ( â1ç�æ í�î�î�Z è�ä^è].ÁèKJ�ôIä î�Z è�ä!è;. Z èKJ�ô�ô , and $ 
���â'& ( â1ç;æÐæFá î�î�Z è�ä^è;.
èKJ�ôIä î�Z è�ä^èY. Z èKJ/ô�ô . By TheoremA.1, every model �
�³á�â+*ìä�"�æ of ã correspondsto a probability
functionon some# �@$ 
���â'&)(kâ1ç�æÐæ . But it doesnot hold thatevery model ���uáÃâ+*ìä�"�æ of ã corresponds
to a probability functionon # ( â1ç�æ . For example,theprobability function " that is definedby "·â'0CæÕá ò4E�^
for all 0 � # ( â1ç�æ doesnot have any correspondingmodel �
� of ã . G
Proof of Theorem 6.1. Recallthat ã í ç is satisfiableiff thereexistsamodel �
� of ã thatalsosatisfiesç .
By TheoremA.1, this is equivalentto theexistenceof a probabilityfunction " on some# �%$ 
��Vâ'& ( â1ç�æÐæ
thatsatisfiesç . It is well-known thatthelatteris equivalentto thesystemof linearconstraintsâ�ò�æ in Fig. 2
over thevariables_`5kâ'0 � #�æ beingsolvablefor some# �%$ 
���â'& ( â1ç�æÐæ . G
Proof of Theorem6.2. Recallthat ã í ç ï á ù�ú­û�ü/ù â�ayï­ð�æ�ñ � ä��'ó if f

�
(resp.,� ) is theinfimum(resp.,supremum)

of �
�Õâ�aaæ subjectto all models��� of ã í ç . By TheoremA.1, thisis equivalentto
�

(resp.,� ) beingtheinfi-
mum(resp.,supremum)of b 5dc`egfh5ji kgl "·â'0Cæ subjectto all probabilityfunctions" onany # �9$ 
���â'& ( â1ç í
î â�ayï­ð�æ�ñ ý�ä�ò/ógô�æÐæ satisfying ç . It is now well-known that we can equivalently say that

�
(resp., � ) is the

minimumof
� ê (resp.,maximumof � ê ) subjectto

� ê (resp.,� ê ) beingtheoptimalvalueof thelinearprogram
in (2) over thevariables_`5kâ'0 � #�æ and # �@$ 
���â'& ( â1ç í;î â�aMï­ð�æ�ñ ý�ä�ò/ógô�æÐæ . G
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