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Abstract

We presentprobabilisticlogic programmingun-
derinheritancewith overriding.Thisapproachis
basedonnew notionsof entailmentfor reasoning
with conditionalconstraints,which areobtained
from theclassicalnotionof logicalentailmentby
addinginheritancewith overriding. This is done
by using recentapproachesto probabilisticde-
fault reasoningwith conditionalconstraints.We
analyzethe semanticpropertiesof the new en-
tailment relations. We also presentalgorithms
for probabilisticlogic programmingunderinher-
itancewith overriding,andwe analyzeits com-
plexity in thepropositionalcase.

1 INTRODUCTION

A numberof recentresearchefforts are directedtowards
integrating logic-orientedandprobability-basedrepresen-
tation and reasoningformalisms. In particular, thereare
approachesto probabilistic logic programmingthat com-
binelogic programmingtechniqueswith probabilitiesover
possibleworlds [25, 26, 4, 5, 19]. They arebasedon the
model-theoreticnotionof logicalentailment,whichis well-
known from probabilisticpropositionallogics[28, 7, 6].

The notionof logical entailment,however, hasoftenbeen
criticized in the literaturefor its inferentialweakness.For
this reason,many recentapproachestowards integrating
logic and probabilities combine logic-basedformalisms
with Bayesiannetworks[33, 32, 12, 27, 14].

Anotherway to overcomethe inferentialweaknessof log-
ical entailmentis to usetheprincipleof maximumentropy
[24] or theprincipleof sequentialmaximumentropy [20],
where the latter is closely relatedto Bayesiannetworks.
The maximumentropy approach,however, hasthe draw-
back that it doesnot properly model imprecisionin our
knowledgebase. That is, maximumentropy always pro-
ducesa single joint distribution, for example,also in the

extremecasewhenour knowledgebaseis empty.

In thispaper, weinvestigateaverypromisingnew approach
of strengtheningthe notion of logical entailmentin prob-
abilistic logic, which doesnot have the above-mentioned
drawback of the maximum entropy approach. This ap-
proachalso hasadvantagesover the above combinations
of logic-basedformalismswith Bayesiannetworks, as it
doesnot assumeacyclic Bayesiannetwork structureswith
completeandpreciseconditionalprobabilities.

This new approachis inspiredby reference-classreason-
ing, which goesbackto Reichenbach[34] andwasfurther
refinedespeciallyby Kyburg [16, 17] andPollock[31].

Reichenbach[34] describesreference-classreasoningas
follows: “If we are asked to find the probability holding
for anindividual futureevent,wemustfirst incorporatethe
casein a suitablereferenceclass. An individual thing or
event may be incorporatedin many referenceclasses����� .
We then proceedby consideringthe narrowest reference
classfor whichsuitablestatisticscanbecompiled.”

That is, Reichenbachsuggeststo equateour knowledge
aboutaparticularindividualwith thestatisticsfrom arefer-
enceclass,which is informally definedasa setof individ-
uals to which our particularindividual belongsandabout
which we have “suitablestatistics”.Moreover, if thereare
severalreferenceclasseswith conflictingstatistics,thenwe
shouldpreferthesmallestoneandits associatedstatistics.

Interestingly, Reichenbach’sguidelinesmaybeinterpreted
as inheritancewith overriding asit is known from object-
orientedprogramminglanguages. The aspectof inheri-
tanceis expressedby thefact thatany classcontainingthe
particularindividual canbe consideredasreferenceclass,
while theaspectof overriding is expressedby thefact that
smallerreferenceclassesarepreferredto largerones.

It turnsout thattheclassicalnotionof logicalentailmentin
probabilisticlogic doesnot follow the principle of inheri-
tancewith overriding.It is thusanaturalideato strengthen
logical entailmentby addinginheritancewith overriding.
In this paper, we realize this idea by using recent ap-



proachesto probabilisticdefaultreasoningfrom [21, 22].

Themaincontributionsof this paperareasfollows:� We presentprobabilisticlogic programmingunderin-
heritancewith overriding, which is basedon recentap-
proachesto probabilisticdefault reasoningfrom [21, 22].� We describesomegeneralnonmontonicpropertiesof
entailmentunderinheritancewith overriding.� We presentalgorithmsfor probabilisticlogic program-
mingunderinheritancewith overriding.� We analyzethepropositionalcomplexity of probabilis-
tic logic programmingunderinheritancewith overriding.

Notethatall proofsaregivenin theextendedpaper[23].

2 PRELIMINARIES

2.1 PROBABILISTIC BACKGROUND

We briefly recall how first-orderlogics of probability are
given a semanticsin which probabilitiesaredefinedover
a set of possibleworlds (cf. especially[3, 8, 35, 13]).
We restrictour considerationsto a languageof first-order
Booleancombinationsof conditionalconstraintsthat are
implicitly universallyquantifiedandthatareinterpretedby
probabilitiesoverasetof Herbrandinterpretations.

Let
�

be a first-ordervocabulary that containsa finite set
of predicatesymbolsanda finite setof constantsymbols.
Let � bea setof objectandboundvariables. Objectvari-
ablesrepresentelementsof a certaindomain,while bound
variablesdescriberealnumbersin theunit interval � �	��
�� .
An object term is a constantsymbol from

�
or an object

variablefrom � . We defineclassicalformulasby induc-
tion asfollows. Thepropositionalconstantsfalseandtrue,
denoted
 and � , respectively, areclassicalformulas.If �
is a predicatesymbolof arity ����� from

�
and ����� ����� �����

are object terms,then ��������� ����� ������� is a classicalformula
(calledatom). If � and  areclassicalformulas,thenalso! � and �"��#$ %� . A conditionalconstraint is anexpression
of the form �� �& �'��� ()��*+� with real numbers(���*-,-� �	��
�� and
classicalformulas� and  . We defineprobabilisticformu-
las inductivelyasfollows. Everyconditionalconstraintis a
probabilisticformula. If . and / areprobabilisticformu-
las,thenalso ! . and �".0#-/1� . Weuse �".32$/1� , �4.657/1� ,
and �4.389/1� to abbreviate ! � ! .6# ! /1� , ! � ! .6#$/1� , and� ! � ! .6#$/1�	# ! �4.:# ! /1��� , respectively, and adopt the
usualconventionsto eliminateparentheses.Object terms
andformulasareground if f they do not containany vari-
ables.Thenotionsof substitutionsandof groundinstances
of probabilisticformulasarecanonicallydefined.

Wedivideconditionalconstraintsinto classicalconditional
constraints, whichhavetheform �4 �& �'���;
<��
�� or �� =& �'��� �	�>��� ,
andpurely probabilisticconditionalconstraints, which are
of theform �� =& �'��� ()��*+� with (@?0
 and *-AB� .

We use C�D=E (resp., CGFHE ) to denotethe Herbrandbase
(resp., Herbranduniverse) over

�
. In the sequel, we

assumethat CID E is nonempty. A possibleworld J is
a subsetof CID E . We use K E to denote the set of
all possibleworlds over

�
. A variable assignmentL

mapseachobject variable to an elementof C�F E , and
each bound variable to a real number from � �	��
�� . It
is extendedto object terms by LM�"N��+OPN for all constant
symbols N from

�
. The truth of classical formulas �

in J under L , denotedJQ& O�RS� , is inductively definedas
follows(wewrite JT& OU� when � is ground):� JT& O�RV����� � � ����� ��� � � if f �W�"LM��� � �X� ����� ��LM�4� � ���Y,�J .� JT& O R ! � if f not JZ& O R � .� JT& O�RT�[�-#Z \� if f JT& O�R$� and JZ& O�R] .

A probabilistic interpretation ^%_ is a probability func-
tion on K E (that is, since K E is finite, simply a mapping
from K E to the unit interval � �	��
�� such that all ^\_@�"J`�
with JV,YK E sum up to 1). The probability of a classi-
cal formula � in theprobabilisticinterpretation̂\_ undera
variableassignmentL , denoted̂%_ R �"�'� (or simply ^%_a�[�b�
when � is ground), is definedas the sum of all ^\_@�"J`�
suchthat JV,YKcE and Jd& O�Re� . For classicalformulas �
and  with ^%_�Rc�"�'�'AG� , we use ^%_�Rc�� =& �'� to abbreviate^%_�Rc�� B#$�'�+fg^%_�R'�"�'� . Thetruth of a probabilisticformula. in a probabilisticinterpretation̂%_ undera variableas-
signmentL , denoted̂%_h& O�R-. , is inductively definedby:� ^%_h& O�RZ�� =& �'��� ()��*+� if f ^%_�Rb�[�'�+O0� or ^%_�Rc�� =& �'�',i� ()��*+� .� ^%_h& O�R ! . if f not ^%_h& O�R-. .� ^%_h& O R �4.j#B/1� if f ^%_h& O R . and ^\_$& O R / .

A probabilisticformula . is true in ^%_ , or ^%_ is a model
of . , denoted ^%_Q& Ok. , if f ^%_Q& O R . for all variable
assignmentsL . We say ^%_ is a modelof a setof proba-
bilistic formulas l , denoted̂%_T& Oel , if f ^%_ is a modelof
all .m,�l . We say l is satisfiableif f a modelof l exists.

We next definethenotionof logical entailmentasfollows.
A probabilistic formula . is a logical consequenceof a
setof probabilisticformulas l , denotedln& Oo. , if f each
modelof l is alsoa modelof . . A conditionalconstraint�� =& �'��� (���*p� is a tight logical consequenceof l , denotedlq& O tight �� =& �'��� (���*p� , if f ( (resp., * ) is the infimum (resp.,
supremum)of ^%_ R �� =& �'� subjectto all modelŝ%_ of l and
all variableassignmentsL with ^\_ R �[�'�0Ar� . Note that
weassume(<Os
 and *=Ot� , when l9& Ou�"�v& �=��� �+����� (thatis,^%_�Rc�"�'�gOU� for all modelŝ%_ of l andall L ).

2.2 PROBABILISTIC LOGIC PROGRAMS

A (general) probabilistic logic program ^ is a finite setof
conditionalconstraints�4 �& �'��� ()��*p� with (awB* . Theground-
ing of ^ , denotedx�_�y�za{b|c�}^=� , is the setof all groundin-
stancesof membersof ^ . A probabilistic query is an ex-
pressionof the form ~c���%& �v��� �����}� , where � and � aretwo



classicalformulas,and � and � areeithertwo realnumbers
from � �	��
�� or two distinct boundvariablesfrom � . It is
object-groundif f � and � aregroundand �����',1� .

We say �� =& �'��� (���*p� is conjunctive(resp.,1-conjunctive) if f is a conjunctionof atoms(resp.,  is an atom) and� is either � or a conjunctionof atoms. A probabilistic
logic program̂ is conjunctive(resp.,1-conjunctive) if f all� ,]^ areconjunctive(resp.,1-conjunctive).A probabilis-
tic query ~c�4��& ����� �����}� is conjunctive(resp.,1-conjunctive)
if f �4��& ����� �+��
�� is conjunctive(resp.,1-conjunctive).

Themeaningof probabilisticqueriesto probabilisticlogic
programsis definedby entailmentsemanticsfor probabilis-
tic logic programs.Everysemantics� is associatedwith an� -consequencerelation ����� anda tight � -consequencere-
lation ��� �tight , which aresubsetsof �<�+���v� E , where � E
denotesthesetof all conditionalconstraintsover

�
.

Two entailmentsemanticsbasedon logical entailment,
called0- and1-entailment, aredefinedasfollows. The0-
consequence(resp.,tight 0-consequence) relationis given
by & O (resp., & O tight). Note that reasoningin probabilistic
logics is in generaldonewith 0-entailment.A conditional
constraint �� �& �'��� ()��*+� is a 1-consequenceof a setof con-
ditional constraints� if f ^%_�Rc�4 %�',i� ()��*+� for all modelŝ%_
of � andall variableassignmentsL suchthat ^%_�R'�[�b�pO�
 .
Wesay �� �& �'��� ()��*+� is a tight 1-consequenceof � if f ( (resp.,* ) is the infimum (resp.,supremum)of ^%_�Rc�4 %� subjectto
all modelŝ%_ of � andall L suchthat ^%_�R'�"�'�+O�
 .
The main differencebetween0- and 1-entailmentis that
0-entailmentis basedon conditioning, while 1-entailment
realizessomeconstraining. For example,a groundcon-
ditional constraint �4 �& �b��� (���*p� is a 0-consequenceof � if f^%_a� �	���� \�',T� ()��*+� for every model ^%_ of � with ^%_a�[�b�cA�� ,
wherê%_a� �	� denotestheconditioningof ^\_ on � . Whereas�� =& �'��� (���*p� is a1-consequenceof � if f ^%_a�� %�c,h� ()��*+� for ev-
ery model ^%_ of � with ^%_a�[�b�pO6
 . Notethatunder0- and
1-entailment,probabilisticlogic programs� areequivalent
to their groundingsx�_�y�za{b|'�"�1� .
Givenaprobabilisticquery ~�����& ����� (���*p� with ()��*],h� �+��
�� to
a probabilistic logic program � , its correct answersub-
stitutions under a semantics� are substitutions � such
that �j� � � �����p& �W����� (���*p� and that � actsonly on variables
in ~c����& �v��� ()��*p� . Its correct answerunder � is �b��� if such
a � exists and ��� otherwise. Given a probabilisticquery~c�4��& �v��� �����`� with �W����,1� to a probabilistic logic pro-
gram � , its tight answersubstitutionsunder � aresubstitu-
tions � suchthat �j��� �tight �����b& �W����� �+�+���@��� , that � actsonly
on variablesin ~c����& �v��� �����`� , andthat �+�	���`�h,:� �	��
�� .
2.3 EXAMPLES

We now give someillustrative examples. In the first ex-
ample,1-entailmentshows the propertyof inheritanceof
probabilisticknowledge,while 0-entailmentdoesnot.

Example 2.1 Theknowledge“all penguinsarebirds” and
“birds have legswith a probabilityof at least0.95” canbe
expressedby thefollowing probabilisticlogic program� :

��O �@� b �4¡P��& p ��¡P�����;
<��
��[��� l �4¡P��& b ��¡P����� � ¢`£ ��
��[¤ �
Our wonderingaboutthe tight interval for the probability
thatTweetyhaslegsgiventhatTweetyis a penguincanbe
expressedby theobject-groundprobabilisticquery¥ O ~c� l ��¦"§g¨©¨�¦"ª@��& p ��¦"§g¨©¨�¦"ªa����� «$�>¬v� �
Its tight answersubstitutionsunder0- and1-entailmentare
givenby �­«®f��	�	¬�fa
�¤ and �­«1f � ¢�£ �a¬�fa
�¤ , respectively, as

�¯& O tight � l �)¦[§g¨©¨�¦[ª@��& p �)¦[§g¨©¨�¦[ª`����� �	��
�� and

�3°T�`� p �)¦[§g¨©¨�¦[ª`��& �=���±
���
��"¤]& O tight � l �)¦[§g¨©¨�¦[ª`��& �=��� � ¢�£ ��
�� �
The next exampleshows that inheritancein 1-entailment
may often result in incompatibleprobabilisticknowledge,
as1-entailmentdoesnot haveoverridingmechanisms.

Example 2.2 The knowledge “all penguinsare birds”,
“birds have legswith a probabilityof at least0.95”, “birds
fly with aprobabilitybetween0.9and0.95”,and“penguins
fly with a probabilityof at most0.05” canbeexpressedby
thefollowing probabilisticlogic program� :

� O �@� b �4¡P��& p ��¡P�����;
<��
��[��� l ��¡P��& b ��¡0����� � ¢�£ ��
��}�� f ��¡P��& b ��¡0����� � ¢ � � ¢�£ �[��� f �4¡P��& p ��¡P����� �	� � � £ �[¤ �
Our wonderingaboutthe tight interval for the probability
thatTweetyhaslegsgiventhatTweetyis a penguincanbe
expressedby theobject-groundprobabilisticquery¥ O ~c� l ��¦"§g¨©¨�¦"ª@��& p ��¦"§g¨©¨�¦"ªa����� «$�>¬v� �
Its tight answersubstitutionsunder0- and1-entailmentare
givenby �­«®f��	�	¬�fa
�¤ and �­«1f@
<�	¬�f��a¤ , respectively, as

�²& O tight � l �)¦[§g¨>¨�¦[ª@��& p ��¦"§g¨©¨�¦"ªa����� �+��
�� and

�j°G�@� p �)¦[§g¨>¨�¦[ª`��& �=���;
<��
��[¤]& O tight � l ��¦"§g¨©¨�¦"ªa��& �=���;
<�>��� �
Notethatweobtain �;
<�>��� under1-entailmentas x<_�y�za{b|c�"�1�
doesnot havea model ^%_ suchthat ^%_a� p �)¦[§g¨©¨�¦[ª`���+Os
 .
Example 2.3 The knowledge “all magpies are birds”,
“birds chirp with a probability between0.7 and0.8”, and
“magpieschirp with a probabilityof at most0.99” canbe
expressedby thefollowing probabilisticlogic program� :

��O �`� b ��¡0��& m��¡0�����;
<��
��}��� c ��¡P��& b �4¡P����� �´³ � � µ �[�� c ��¡0��& m�4¡P����� �+� � ¢<¢ �[¤ �
Our wonderingaboutthe tight interval for the probability
that Samchirps given that Sam is a magpiecan be ex-
pressedby theobject-groundprobabilisticquery¥ O�~c� c ��¶�·�¸T��&m�)¶�·�¸T����� «$�©¬�� �
Its tight answersubstitutionsunder0- and1-entailmentare
givenby �­«®f��	�	¬�f � ¢�¢ ¤ and �­«®f ��³ �	¬�f � µ ¤ , respectively.



3 MOTIVATION AND KEY IDEAS

Under0-and1-entailment,classicalconditionalconstraints�� =& �'���±
���
�� and �� =& �'��� �	�>��� areinterpretedas“ � implies  ”
and“ � implies !  ”, respectively. That is, both 0- and1-
entailmentsatisfythefollowing propertyof inheritanceof
classicalknowledgealongsubclassrelationships:

IC If �¹� �6�� =& �'��� N��>N©� and �=5o�pº is logically valid,
then �h���s�� =& �pº���� N���NX� ,

for all groundclassicalformulas  , � , and �pº , all setsof
groundconditionalconstraints� , andall Nv,$�»�+��
�¤ .
More generally, however, 0-entailmentinterpretscondi-
tionalconstraints�� =& �'��� ()��*+� as“the conditionalprobability
of  given � lies between( and * ”. That is, 0-entailment
does not have the following property of inheritance of
probabilisticknowledgealongsubclassrelationships:

IP If �i� �6�� =& �'��� ()��*+� and �=5o�pº is logically valid,
then �h���s�� =& �pº���� ()��*+� .

for all groundclassicalformulas  , � , and �pº , all setsof
groundconditionalconstraints� , andall ()��*],h� �+��
�� .
Moreover, 1-entailmentinterprets�4 �& �'��� ()��*p� as“ � implies
that  holdswith a probabilitybetween( and * ”. That is,
1-entailmentsatisfiesIP, but it doesnot realizeoverriding.
As theinheritedknowledgeis oftenincompatible,we thus
oftenconcludetheemptyinterval (seeExample2.2).

In summary, 0-entailmentdoesnot have the propertyIP,
while 1-entailmentsatisfiesIP, but doesnot realizeover-
riding. Inheritancewith overriding,however, is a desirable
featureof probabilisticentailmentrelations,which is well-
known from referenceclassreasoning[34, 16, 17, 31].

A naturalway to obtain inheritancewith overriding is to
weaken 1-entailmentby interpretingpurely probabilistic
conditionalconstraints�� �& �'��� ()��*+� as“generally, � implies
that  holdswith a probabilitybetween( and * ”. We for-
malizethis ideaby usingrecentnotionsof entailmentfor
probabilisticdefault theories[21, 22], which arebasedon
default reasoningwith conditionalknowledgebases.

4 INHERITANCE WITH OVERRIDING

Webriefly recallapproachesto probabilisticdefaultreason-
ing from [21, 22], which we thenuseto defineentailment
underinheritancewith overriding.Weconsideronly ¼ - and(4½»� -entailmenthere.Anotherapproachto probabilisticde-
fault reasoningis N -entailment[21, 22], which canalsobe
usedfor entailmentunderinheritancewith overriding.

4.1 PRELIMINARIES

A probabilisticdefaulttheory ¾GO��"¬M��¿T� is a pair of finite
sets ¬ and ¿ of groundconditionalconstraints.The ele-
mentsin ¬ and ¿ arecalledstrict conditionalconstraints

anddefeasibleconditionalconstraints(or alsodefaults), re-
spectively. Intuitively, every strict conditionalconstraint�� =& �'��� (���*p�v,3¬ is interpretedas“the conditionalprobabil-
ity of  given � is between( and * ”, while every default�� =& �'��� (���*p�v,P¿ is interpretedas“generally, � impliesthat holdswith aprobabilitybetween( and * ”.

A probabilistic interpretation ^%_ verifies a ground
conditional constraints �4 �& �'��� ()��*p� if f ^%_a�"�'�+Os
 and^%_Y& Os�4 �& �'��� ()��*p� . It falsifies �� =& �'��� (���*p� if f ^%_	�[�b�pO6
 and^%_IÀ& Os�4 �& �'��� ()��*p� . A setof groundconditionalconstraints¿ toleratesa groundconditionalconstraint

�
undera set

of groundconditionalconstraints¬ if f ¬�°�¿ hasa model
thatverifies

�
. We say ¿ is under ¬ in conflictwith

�
if f

no modelof ¬�°B¿ verifies
�

.

Given a probabilisticdefault theory ¾tO6�[¬v��¿Z� , a default
ranking Á on ¿ mapseach

� ,1¿ to anonnegativeinteger.
We say Á is admissiblewith ¾tO��"¬v�>¿T� if f each ¿TÂ<Ã�¿
thatis under¬ in conflictwith some

� ,®¿ containsacon-
ditional constraint

� Â suchthat ÁW� � ÂÄ�'?�ÁW� � � . A proba-
bilistic default theory ¾tO��"¬M��¿T� is consistentif f thereex-
istsa default rankingon ¿ that is admissiblewith ¾ . It is
inconsistentif f no suchdefault rankingexists.

A probability ranking Á assignsto eachprobabilisticinter-
pretationon KcE a memberof �»�+��
�� ����� ¤I°6��Åj¤ suchthatÁW�[^%_��+OP� for at leastoneinterpretation̂\_ .
4.2 ENTAILMENT IN SYSTEM Æ
We now recall ¼ -entailmentfor probabilisticdefault theo-
ries [21, 22], which is a propergeneralizationof Pearl’s
entailmentin systemÇ [30, 11]. It is definedwith respect
to a consistentprobabilisticdefault theory ¾tO6�[¬v��¿Z� .
Thenotionof ¼ -entailmentfor probabilisticdefaulttheories
is linked to an orderedpartition of ¿ , a default ranking ¼
on ¿ , anda probabilityranking Á+È .
Let �"¿$É�� ����� ��¿ � � be the unique orderedpartition of ¿
suchthateach¿hÊ is thesetof all Ë¹,G¿�ÌIÍ¹�»¿]Îg&)�Yw¹ÏY?�Ð>¤
toleratedunder ¬ by ¿9Ì�ÍT�»¿]Îg&)�YwhÏV?�Ð>¤ . We call this�4¿$É�� ����� �>¿ � � the ¼ -partition of ¿ .

For every ÏV,$�­�	� ����� �©�b¤ , eachËH,®¿1Î is assignedthevalueÏ underthe default ranking ¼ . Theprobability ranking Á È
on all probabilisticinterpretationŝ%_ is thendefinedby

Á+È`�[^\_��GO
ÑÒÒÓ ÒÒÔ
Å if ^\_iÀ& OU¬� if ^\_$& OU¬�°B¿
�Õ Ö¹×�ØÙ�Ú<Û=Ü`Ý@Þ�ßà á Ù ¼p�"Ë`� otherwise.

Notethat ¼ is adefault rankingadmissiblewith â [22].

Theprobabilityranking ÁpÈ definesapreferencerelationon
probabilistic interpretationsas follows. For probabilistic
interpretationŝ%_ and ^%_ Â , we say ^%_ is ¼ -preferable to^%_ Â if f ÁpÈ`�[^%_��'?�ÁpÈ��}^%_ Â � . A model ^%_ of a setof ground



probabilisticformulas l is a ¼ -minimalmodelof l if f no
modelof l is ¼ -preferableto ^%_ .
For groundprobabilisticformulas ã and . , we say . is a¼ -consequenceof ã , denotedãä��� È . , if f every ¼ -minimal
modelof ¬t°3�»ãh¤ satisfies. . A groundconditionalcon-
straint �4 �& �'��� ()��*p� is a tight ¼ -consequenceof ã , denotedãä��� Ètight �� =& �'��� (���*p� , if f ( (resp., * ) is the infimum (resp.,
supremum)of ^\_@�4 �& �'� subjectto all ¼ -minimalmodelŝ%_
of ¬�°t�»ãh¤ with ^%_a�[�b�YAm� .
4.3 LEXICOGRAPHIC ENTAILMENT

Wenext recall (4½»� -entailmentfor probabilisticdefaulttheo-
ries[21, 22], whichis apropergeneralizationof Lehmann’s
lexicographicentailment[18]. In the sequel,considera
consistentprobabilisticdefault theory â�O��"¬M��¿T� .
We usethe ¼ -partition �4¿ É � ����� ��¿¹��� of ¿ to definea lexi-
cographicpreferencerelation on probabilistic interpreta-
tions as follows. For probabilisticinterpretationŝ%_ and^%_ Â , we say ^%_ is (4½»� -preferable to ^%_ Â if f thereis someÐb,-�­�	� ����� �©�b¤ suchthat &��­Ë�,å¿hÊh&�^\_�& OæË	¤a&%Ar&´�»Ëç,¿hÊH&p^\_ Â & OuË+¤@& and &´�»Ët,:¿1ÎT&p^\_�& OQË	¤a&+Oè&��­ËG,:¿]ÎT&^%_ Â & OéË	¤a& for all Ð�?êÏewë� . A model ^\_ of a setof
probabilisticformulas l is a (4½»� -minimal modelof l if f
no modelof l is ("½»� -preferableto ^%_ .
For groundprobabilisticformulas ã and . , we say . is
a (4½»� -consequenceof ã , denotedãä� �Pì´í[î<. , if f every (4½»� -
minimal model of ¬m°ç�­ãh¤ satisfies. . A groundcon-
ditional constraint �4 �& �b��� (���*p� is a tight ("½�� -consequence
of ã , denotedãä��� ì´í[îtight �4 �& �b��� (���*p� , if f ( (resp., * ) is the
infimum (resp.,supremum)of ^%_a�� =& �'� subjectto all (4½»� -
minimal modelŝ%_ of ¬�°��­ãh¤ with ^%_a�"�'�VA�� .
4.4 INHERITANCE WITH OVERRIDING

We now introduce ¼ - and ("½»� -entailmentfor probabilistic
logic programs,which arebasedon ¼ - and (4½»� -entailment
for probabilisticdefault theories.

Eachprobabilisticlogic program ^ is associatedwith the
probabilisticdefault theory ¾-�[^=�+O6�"¬Y�}^=�X��¿t�[^=��� , where¬Y�}^=� (resp.,¿��[^=� ) is thesetof all classical(resp.,purely
probabilistic) membersof x<_�y�za{'|c�[^=� . A probabilistic
logic program ^ is consistentif f ¾]�}^=� is consistent.The¼ -partition of ^ is the ¼ -partitionof ¾-�[^=� .
We now define the notion of � -entailment, ��,$�»¼p��("½»��¤ ,
for probabilisticlogic programŝ . A groundconditional
constraint

� Os�� �& �'��� ()��*+� is an s-consequenceof ^ , de-
noted ^m��� � � , if f �"�v& �=���;
<��
��@��� � �� �& �=��� ()��*+� under¾]�}^=� .
It is a tight s-consequenceof ^ , denoted ^m�����tight

�
,

if f �[��& �=���;
<��
��a� � �tight �� �& �=��� ()��*+� under ¾]�[^=� . A condi-
tional constraint

� O��� �& �'��� ()��*+� is ans-consequenceof ^ ,
denoted ^���� � � , if f all ground instancesof

�
are s-

consequencesof � . It is a tight s-consequenceof ^ ,
denoted̂����t�tight

�
, if f ( (resp.,* ) is the infimum (resp.,

supremum)of ï (resp.,ð ) subjectto �ç��� tight �4 �Â}& �bÂÄ��� ïb�>ð>�
andall groundinstances�� %Â�& �bÂÄ� of �4 �& �'� .
4.5 EXAMPLES

We now givesomeillustrativeexamples.

Example 4.1 Consideragain the probabilistic logic pro-
gram � andtheobject-groundprobabilisticquery

¥
in Ex-

ample2.1. Thetight answersubstitutionfor
¥

to � under
both ¼ - and (4½»� -entailmentis givenby �»«1f � ¢�£ �@¬�fa
�¤ .
Example 4.2 Considerthe probabilisticlogic program �
and the object-groundprobabilistic query

¥
in Exam-

ple 2.2. The tight answersubstitutionfor
¥

to � under
both ¼ - and (4½»� -entailmentis givenby �»«1f � ¢�£ �@¬�fa
�¤ .
Example 4.3 Consideragain the probabilistic logic pro-
gram � andtheobject-groundprobabilisticquery

¥
in Ex-

ample2.3. Thetight answersubstitutionfor
¥

to � under
both ¼ - and (4½»� -entailmentis givenby �»«1f �´³ �	¬�f � µ ¤ .
5 SEMANTIC PROPERTIES

We now analyzesomegeneralnonmonotonicpropertiesof¼ - and ("½�� -entailmentfor probabilisticlogic programs.

In the sequel,we write �ç���6�"�v& ñ�2 ñ�Âò��� (���*p� to denotethat�Äñ+& �=���;
<��
���2ä��ñ�Â}& �=���;
<��
��@���3�[��& �=��� ()��*+� under ¾-�4�1� . We
use �êÀ��� � to denotethat it is not the casethat �m��� � .
We implicitly assumethatall notionsof entailmentarenat-
urally extendedto negationsof conditionalconstraintsof
the form ! �4��& �v��� ó��>��� , which aretrue in a probabilisticin-
terpretation̂%_ if f ^\_@�"���cA�� and ^%_a���%& �v�=À,3� ó��©��� .
We first considerthe postulatesRight Weakening (RW),
Reflexivity (Ref), Left Logical Equivalence(LLE), Cut,
CautiousMonotonicity(CM), andOr proposedby Kraus,
Lehmann, and Magidor [15], which are commonly re-
gardedas being particularly desirablefor any reasonable
notion of nonmonotonicentailment. The following result
shows that ¼ - and (4½»� -entailmentsatisfythesepostulates.

Theorem 5.1 ��� È and ����ô;õ�ö satisfythefollowingproper-
tiesfor all probabilisticlogic programs� , all groundclas-
sical formulasñ , ñ�Â , � , and  , andall (���(4Â4��*���*'Â�,¹� �+��
�� :
RW. If �"�v& �=��� ()��*+��÷æ�� =& �=��� ("Â4��*bÂ±� is logically valid

and �j���:�[��& ñ<��� ()��*+� , then �j� �s�� =& ñ<��� ("Â4��*bÂ´� .
Ref. �ç���6��ñ+& ñ<���;
<��
�� .
LLE. If ñM8øñ�Â is logically valid,

then �ç� �s�"�v& ñ<��� ()��*p� iff �j���:�[�v& ñ�ÂÄ��� ()��*+� .
Cut. If �m���s�Äñ+& ñ Â ���;
<��
�� and �j� �6�"�v& ñM#-ñ Â ��� ()��*p� ,

then �ç� �s�"�v& ñ�Âù��� (���*p� .
CM. If �ç���6�Äñ+& ñ�Âù���;
<��
�� and �j� �6�"�v& ñ�ÂÄ��� (���*p� ,

then �ç� �s�"�v& ñM#]ñ�Âù��� ()��*p� .



Or. If �ç���6�[�v& ñ<��� ()��*+� and �ç���6�[��& ñ�ÂÄ��� ()��*p� ,
then �ç� �s�"�v& ñM2 ñ�Âù��� ()��*p� .

Anotherdesirablepropertyis RationalMonotonicity(RM)
[15], which describesa restrictedform of monotony, and
allowsto ignorecertainkindsof irrelevantknowledge.The
next resultshows that ¼ - and ("½�� -entailmentsatisfyRM.

Theorem 5.2 ��� È and ��� ô;õ)ö satisfythe following prop-
ertyfor all probabilisticlogic programs� , all groundclas-
sical formulasñ , ñ�Â , and  , andall ()��*],h� �+��
�� :
RM. If �m���s�� =& ñ<��� ()��*+� and �úÀ��� ! �Äñ�Â�& ñ����±
���
�� , then�j���:�4 �& ñM#]ñ�Âò��� (���*p� .
Wefinally considerthepropertiesIrrelevance(Irr) andDi-
rect Inference(DI), which are adaptedfrom [2] and [1],
respectively. Informally, Irr saysthat ñ�Â is irrelevant to a
conclusion“ �j���:�4 �& ñ<��� ()��*p� ” when they are definedover
disjoint setsof atoms. While DI expressesthat � should
entailall its own conditionalconstraints.Thefollowing re-
sult shows that ¼ - and (4½»� -entailmentsatisfyIrr andDI.

Theorem 5.3 ��� È and ��� ô;õ)ö satisfythe following prop-
erties for all probabilistic logic programs � , all ground
classicalformulasñ , ñ�Â , � , and  , andall ()��*],$� �+��
�� :
Irr. If �m���s�� =& ñ<��� ()��*+� , and no atom of x<_�y�za{'|c�4�1� and�4 �& ñ���� (���*p� occurs in ñ�Â , then �j���:�4 �& ñM#]ñ�Âò��� (���*p� .
DI. If �� �& �'��� ()��*+�`,®x<_�y�za{b|c�"�1� and ñ�8�� is logically valid,

then �ç� �s�� =& ñ<��� (���*p� .
Note that entailment under inheritancewith overriding
basedon N -entailment[21, 22] satisfiesall theaboveprop-
ertiesexceptfor RationalMonotonicity.

6 ALGORITHMS

In this section,we give algorithmsfor probabilisticlogic
programmingunderinheritancewith overriding.

6.1 OVERVIEW

We considerthefollowing problems:

CONSISTENCY: Given a probabilistic logic program � ,
decidewhether� is consistent.

TIGHT S-CONSEQUENCE: Given a consistentprobabilis-
tic logic program� andanobject-groundprobabilis-
tic query

¥ OP~c���%& �v��� ������� , computethetight answer
substitutionfor

¥
to � undersomefixed �g,$�»¼p��û;¨>ü�¤ .

The main idea behind our algorithmsis to reducethese
problemsto theproblemof decidingwhethera probabilis-
tic logic programis satisfiableandtheproblemof comput-
ing thetight answersubstitutionfor anobject-groundprob-
abilistic query to a probabilistic logic programunder 0-
entailment,which we denoteSATISFIABIL ITY andTIGHT

LOGICAL CONSEQUENCE, respectively.

6.2 CONSISTENCY

Algorithm ¼ - ý­þ<ÿ���� ��� ��� (seeFig. 1) decideswhethera prob-
abilistic logic program ^ is consistent.If this is the case,
then ¼ - ý�þ�ÿ���� ��� ��� returnsthe ¼ -partitionof ^ , otherwisenil.
Note that in Step5 of ¼ - ý­þ<ÿ���� ��� ��� , a numberof instances
of SATISFIABIL ITY mustbesolved.Algorithm ¼ - ý�þ<ÿ���� ��� ���
is essentiallya reformulationof analgorithmfor decidingñ -consistency in defaultreasoningfrom conditionalknowl-
edgebasesby GoldszmidtandPearl[10].

Algorithm � -partition (essentially [10])

Input: Probabilisticlogic program	 with 
���
������� .
Output: � -partitionof 	 , if 	 is consistent,otherwisenil.

1. ��� � 
���
�� ;
2. ��� ����� �
3. repeat
4. ��� � �"! �
5. 
�# �%$&� �('*),+ ��- ) is toleratedunder ./��
�� by ��0 ;
6. ��� � � � 
�# �%$
7. until � �1� or 
�# ��$ �2� ;
8. if � �2� then return ��
�# 34$�5768686859
�# �%$��
9. else return nil.

Figure1: Algorithm ¼ - ý�þ�ÿ���� ��� ���
6.3 TIGHT S-CONSEQUENCE

In thesequel,let � bea consistentprobabilisticlogic pro-
gram,andlet �"¿ É � ����� �>¿¹��� beits ¼ -partition.

For /h��: Ã�¿t�4�1� , we say / is ¼ -preferable to : if f
someÐp,-�»�+� ����� �©�b¤ existssuchthat ¿ Ê ÃB/ , ¿ Ê ÀÃ;: , and¿ Î ÃB/ and ¿ Î Ã<: for all Ðb?hÏVw�� . We say / is (4½»� -
preferable to : if f some Ðb,$�»�+� ����� �>�b¤ exists such that& />=0¿hÊ�&gAë& :?=P¿hÊ>& and & /@=0¿1Î�&vO & :?=P¿]Î`& for allÐb?hÏHw�� . For AäÃ�� ÛCB�D�E

and �g,-�­¼	�>(4½»�c¤ , we say / is � -
minimal in A if f /m,FA andno :ø,GA is � -preferableto / .

We now reduceTIGHT S-CONSEQUENCE to SATISFIA-
BIL ITY and TIGHT LOGICAL CONSEQUENCE. The key
ideabehindthis reductionis that thereexistsa set A �H �"�1�
of subsetsof ¿��"�1� suchthat ^m� �P�­���%& �v��� ()��*+� if f ¬Y�4�1��°
:7°t�`�4�\& �=���;
<��
��"¤]& Ou����& �=��� ()��*+� for all :ø,GA �H �4�1� .
Theorem 6.1 Let � bea consistentprobabilisticlogic pro-
gram,andlet ~c����& �v��� �����`� beanobject-groundprobabilis-
tic query. Let �1,t�­¼+�>(4½»��¤ . Let «SOä¬Y�"�1��°]�`�4�\& �=���;
<��
��"¤ ,
and let A �H �"�1� be the set of all � -minimal elementsin�I: ÃG¿��"�1�Y&�«B°G: is satisfiable¤ . Then,( (resp.,* ) such
that ^m��� �tight ����& �v��� ()��*p� is givenasfollows:

(a) If « is unsatisfiable, then (<Os
 (resp.,*=Ot� ).
(b) Otherwise, (`OSÖ�J�KGN (resp., *®OSÖ¹×�ØBË ) subjectto«m°1: & O tight ����& �=��� N��>Ë�� and : ,GA �H �"�1� .

Basedon Theorem6.1, Algorithm ��� L�MI� - ¼ - N����­��� O�P­�Q�RN��
(resp., ��� L�M � - (4½»� - N����»��� O�P»�S�TN�� ) computes tight answer
substitutionsunder ¼ -entailment(resp., ("½�� -entailment).



Step2 checkswhether« is unsatisfiable.If this is thecase,
then ��O:���cf@
��a�	f��a¤ is returnedby Theorem6.1 (a). Oth-
erwise,we computeA �H �"�1� alongthe ¼ -partition of � in
steps3–7(resp.,steps3–15),andthetight answersubstitu-
tion usingTheorem6.1(b) in step8 (resp.,steps16–20).

Algorithm tight- � -consequence

Input: Consistentprobabilisticlogic program
 andobject-
groundprobabilisticquery U �<V �XWY- Z���# [\5^]R$ .

Output: Tight answersubstitution_ �<' [�` ab5c]d`*e�0 for U
to 
 under � -entailment.

Notation: ��
FfI586868675g
GhI� denotesthe � -partitionof ij��
�� .
1. ��� � .Y��
��dk ' �%Z/- l���# � 5 � $X0 ;
2. if � is unsatisfiablethen return _ �<' [�` � 5m]d`*3R0 ;
3. no� ��p ;
4. while nrqs3 and �2kG
�t is satisfiabledo begin
5. ��� � �<kG
 t ;
6. no� � n �u�
7. end;
8. computeab5ve + # 3Q5 � $ suchthat ��- � tight �XWY- l���# ab5^ec$ ;
9. return _ �w' ["` ab5d]d`*e�0 .

Figure2: Algorithm ��� L�M � - ¼ - N����»��� O�P»�S�TN��
Algorithm tight- aXx7[ -consequence

Input: Consistentprobabilisticlogic program
 andobject-
groundprobabilisticquery U �<V �XWY- Z���# [\5^]R$ .

Output: Tight answersubstitution_ �<' [�` ab5c]d`*e�0 for U
to 
 under aXx7[ -entailment.

Notation: ��
 f 586868675g
 h � denotesthe � -partitionof ij��
�� .
1. ��� � .Y��
��dk ' �%Z/- l���# � 5 � $X0 ;
2. if � is unsatisfiablethen return _ �<' [�` � 5m]d`*3R0 ;
3. yz� �('*� 0 ;
4. for no� ��p downto 3 do begin
5. {1� � 3 �
6. y}|\� ��� ;
7. for each ~���
 t and � + y do
8. if �<kG~<kG� is satisfiablethen
9. if { � - ~o- then y | � � y | k ' ~1kG�20

10. else if {2��- ~o- then begin
11. y}|\� ��' ~<kG�20 ;
12. {2� � - ~o-
13. end;
14. y�� � y | ;
15. end;
16. ��a�5^e���� � � � 5g3T� ;
17. for each � + y do begin
18. compute� 5^� + # 3S5 � $ s.t. �2kG��-� tight �XW�- l���# � 5v�T$ ;
19. ��ab5^e"�Y� � �%�}������ab5v�7��5^���4���%e\5^�S�^�
20. end;
21. return _ �w' ["` ab5d]d`*e�0 .

Figure3: Algorithm ��� L�M � - (4½»� - N����»��� O�P»�S�TN��
7 COMPUTATIONAL COMPLEXITY

In this section,we characterizethe computationalcom-
plexity of the problems CONSISTENCY and TIGHT S-
CONSEQUENCE in thepropositionalcase.

7.1 COMPLEXITY CLASSES

Webriefly describethecomplexity classesthatoccurin our
complexity results.See[9, 29] for furtherbackground.

The classNP containsall decisionproblemsthat can be
solvedin nondeterministicpolynomialtime. Theclass����
containsall decisionproblemsthatcanbesolved in deter-
ministicpolynomialtime with anoraclefor NP.

To classifyproblemsthat computean outputvalue,rather
thana Yes/ No-answer, function classeshave beenintro-
duced.In particular, �Q���� is thefunctionalanalogto ���� .

7.2 COMPLEXITY RESULTS

We considerthe generalpropositionalcaseaswell as the
restrictionto the1-conjunctivepropositionalcase.In both
cases,thegivenprobabilisticlogic programs� areground
and the given probabilisticqueries

¥
are object-ground.

In the 1-conjunctive propositionalcase,we thenaddition-
ally assumethat � and

¥
are1-conjunctive.

The resultson the propositionalcomplexity of CONSIS-
TENCY and TIGHT S-CONSEQUENCE are shown in Ta-
bles1–2. In detail,CONSISTENCY andTIGHT S-CONSE-
QUENCE areNP- and �Q���� -complete,respectively, in the
generalandthe1-conjunctivepropositionalcase.

That is, they have the samecomplexity as the problems
SATISFIABIL ITY and TIGHT LOGICAL CONSEQUENCE,
respectively, in therespective propositionalcases[19]. In-
tuitively, addinginheritancewith overriding to probabilis-
tic logic programmingdoesnot increaseits complexity.

Table1: Prop.Complexity of CONSISTENCY

generalcase 1-conjunctivecase

consistency NP-complete NP-complete

Table2: Prop.Complexity of TIGHT S-CONSEQUENCE

generalcase 1-conjunctivecase��� Ètight �Q� � � -complete �Q� � � -complete��� ì´í[îtight �Q���� -complete �Q���� -complete

8 SUMMARY AND OUTLOOK

Wepresentedprobabilisticlogic programmingunderinher-
itancewith overriding,whichis basedonrecentapproaches
to probabilisticdefault reasoning.Wedescribedsomegen-
eral nonmonotonicpropertiesof entailmentunderinheri-
tancewith overriding. Moreover, we presentedalgorithms
for probabilisticlogic programmingunderinheritancewith
overriding,andweanalyzedits propositionalcomplexity.



A very interestingtopic of futureresearchis to investigate
the relationshipto probabilisticlogic programmingunder
maximumentropy aspresentedin [24], wherewealsohave
someform of inheritancewith overriding.
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