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Abstract

We presentprobabilisticlogic programmingun-

derinheritancewith overriding. This approachs

basedn new notionsof entailmenfor reasoning
with conditionalconstraintswhich areobtained
from theclassicahotionof logical entailmenty

addinginheritancewith overriding. Thisis done
by using recentapproacheso probabilisticde-

fault reasoningwith conditionalconstraints.We

analyzethe semanticpropertiesof the new en-

tailment relations. We also presentalgorithms
for probabilisticlogic programmingunderinher

itancewith overriding, andwe analyzeits com-
plexity in the propositionakase.

1 INTRODUCTION

A numberof recentresearchefforts are directedtowards
integrating logic-orientedand probability-basedepresen-
tation and reasoningformalisms. In particular thereare
approacheso probabilistic logic programmingthat com-

binelogic programmingechniquesvith probabilitiesover

possibleworlds [25, 26, 4, 5, 19]. They arebasedon the

model-theoretinotionof logical entailmentwhichis well-

known from probabilisticpropositionalogics[28, 7, 6].

The notion of logical entailmenthowever, hasoften been
criticizedin the literaturefor its inferentialweaknessFor
this reason,mary recentapproachegowards integrating
logic and probabilities combine logic-basedformalisms
with Bayesiametworks[33, 32, 12, 27, 14].

Anotherway to overcometheinferentialweaknes®f log-
ical entailments to usethe principle of maximumentropy
[24] or the principle of sequentiamaximumentroyy [20],
wherethe latter is closely relatedto Bayesiannetworks.
The maximumentropy approachhowever, hasthe draw-
back that it doesnot properly model imprecisionin our
knowledgebase. Thatis, maximumentrogy always pro-
ducesa singlejoint distribution, for example,alsoin the

extremecasewhenour knowledgebaseis empty

In this paperweinvestigateavery promisingnew approach
of strengtheninghe notion of logical entailmentin prob-
abilistic logic, which doesnot have the abore-mentioned
drawback of the maximum entropy approach. This ap-
proachalso has advantagesover the abose combinations
of logic-basedformalismswith Bayesiannetworks, as it
doesnot assumeagyclic Bayesiametwork structureswith
completeandpreciseconditionalprobabilities.

This new approachis inspiredby refelence-classeason-
ing, which goesbackto Reichenbaclifid4] andwasfurther
refinedespeciallyby Kyburg [16, 17] andPollock[31].

ReichenbacH34] describesreference-classeasoningas
follows: “If we are asled to find the probability holding
for anindividual future event,we mustfirstincorporatehe
casein a suitablereferenceclass. An individual thing or
event may be incorporatedn mary referenceclasses ...
We then proceedby consideringthe narravestreference
classfor which suitablestatisticscanbe compiled:

That is, Reichenbaclsuggestso equateour knowledge
aboutaparticularindividual with the statistic§rom arefer
enceclass,which is informally definedasa setof individ-
ualsto which our particularindividual belongsand about
which we have “suitablestatistics”. Moreover, if thereare
severalreferenceclassesvith conflictingstatisticsthenwe
shouldpreferthe smallestoneandits associatedtatistics.

Interestingly Reichenbacls guidelinesmaybeinterpreted
asinheritancewith overriding asit is known from object-
oriented programminglanguages. The aspectof inheri-

tanceis expressedy the factthatary classcontainingthe

particularindividual canbe consideredasreferenceclass,
while the aspecbf overriding is expressedy thefactthat
smallerreferenceclassesarepreferredo largerones.

It turnsoutthatthe classicahotionof logical entailmentn
probabilisticlogic doesnot follow the principle of inheri-
tancewith overriding. It is thusa naturalideato strengthen
logical entailmentby addinginheritancewith overriding.
In this paper we realize this idea by using recentap-



proachego probabilistic defaultreasoningrom [21, 22].

Themaincontributionsof this paperareasfollows:

e We presentprobabilisticlogic programmingunderin-
heritancewith overriding, which is basedon recentap-
proachego probabilisticdefaultreasoningrom [21, 22].

o We describesomegeneralnonmontonicpropertiesof
entailmentunderinheritancewith overriding.

¢ We presentlgorithmsfor probabilisticlogic program-
ming underinheritancewith overriding.

¢ We analyzethe propositionalcomplexity of probabilis-
tic logic programmingunderinheritancewith overriding.

Notethatall proofsaregivenin the extendedpaper23].

2 PRELIMINARIES

2.1 PROBABILISTIC BACKGROUND

We briefly recall how first-orderlogics of probability are
given a semanticsn which probabilitiesare definedover
a set of possibleworlds (cf. especially[3, 8, 35, 13)).

We restrictour considerationso a languageof first-order
Booleancombinationsof conditional constraintsthat are
implicitly universallyquantifiedandthatareinterpretecby
probabilitiesover a setof Herbrandnterpretations.

Let ® be a first-ordervocahlulary that containsa finite set
of predicatesymbolsanda finite setof constantsymbols.
Let X beasetof objectandboundvariables Objectvari-
ablesrepresentlementsf a certaindomain,while bound
variablesdescribeealnumbersn theunitintenal [0, 1].

An objecttermis a constantsymbolfrom & or an object
variablefrom X. We defineclassicalformulasby induc-
tion asfollows. Thepropositionalkconstantdalseandtrue,
denotedl andT, respectiely, areclassicafformulas.If p
is a predicatesymbolof arity & > 0 from & andty, ..., t
are objectterms,thenp(ty, ..., tx) is a classicalformula
(calledatom). If ¢ and+) areclassicalformulas,thenalso
—¢ and(¢ A1). A conditionalconstaint is an expression
of the form (¢|¢)[l, u] with real numbers, u €[0, 1] and
classicaformulas¢ andi. We defineprobabilisticformu-
lasinductively asfollows. Every conditionalconstrainis a
probabilisticformula. If £ andG areprobabilisticformu-
las,thenalso—F and(F AG). Weuse(F' VG), (F < Q),
and(F < Q) to abbreviate—(—F A -G), ~(-F A G), and
(=(=F AG) A—=(F A—=Q@)), respectiely, and adopt the
usualcorventionsto eliminateparenthesesObjectterms
andformulasare groundiff they do not containary vari-
ables.Thenotionsof substitutionsandof groundinstances
of probabilisticformulasarecanonicallydefined.

We divide conditionalconstraintsnto classicalconditional
constaints which have theform (4|$)[1, 1] or (4|$)[0, 0],
andpurely probabilisticconditionalconstrints which are
of theform (¢|¢)[l, ] with I <1 andu > 0.

We use HBs (resp.,HUg) to denotethe Herbrandbase
(resp., Herbrand universe) over ®. In the sequel, we
assumethat HBg is nonempty A possibleworld I is
a subsetof HBy. We use Zg to denotethe set of
all possibleworlds over ®. A variable assignments
maps each object variable to an elementof HUg, and
each bound variable to a real number from [0,1]. It
is extendedto objecttermsby o(c) =c for all constant
symbolsc from ®. The truth of classicalformulas ¢
in I undero, denoted! =, ¢, is inductively definedas
follows (we write I = ¢ wheng is ground)

o [ =, p(t,...,t) iff p(o(t1),...,0(ty)) € I.
o [ =, n¢iffnotl =, ¢.
o I =, (pAY)iffI =, ¢andl |, 1.

A probabilistic interpretation Pr is a probability func-
tion on Zg (thatis, sinceZg is finite, simply a mapping
from Zs to the unit interval [0,1] such that all Pr(I)
with T € Zg sumup to 1). The probability of a classi-
calformula¢ in the probabilisticinterpretationPr undera
variableassignment, denotedPr, (¢) (or simply Pr(¢)
when ¢ is ground), is definedas the sum of all Pr(I)
suchthatI € Zg andI =, ¢. For classicalformulas¢
and ¢y with Pr,(¢) >0, we use Pr,(¢|¢) to abbreviate
Pr, (¢ A @) | Pry(¢). Thetruth of a probabilisticformula
F in a probabilisticinterpretationPr undera variableas-
signment, denotedPr |=, F, is inductively definedby:

o Pr=g (YI9)l, u] iff Pro(¢)=0o0r Pro(4|¢) €[l u.
e Pr =, -F iff notPr|=, F.
e Pr=, (FAG) iff Pr=, FandPr |=, G.

A probabilisticformula F is true in Pr, or Pr is amodel
of F, denotedPr |= F, iff Pr |=, F for all variable
assignments. We say Pr is a modelof a setof proba-
bilistic formulasF, denotedPr = F, iff Pr isamodelof
all F € F. We sayF is satisfiableiff amodelof F exists.

We next definethe notion of logical entailmentasfollows.
A probabilisticformula F' is a logical consequencef a
setof probabilisticformulasF, denotedF |= F, iff each
modelof F is alsoa modelof F'. A conditionalconstraint
(¥|@)[l,u] is atight logical consequencef F, denoted
F Etight @1#)[L,u], iff I (resp.,u) is theinfimum (resp.,
supremumpf Pr, (1|¢) subjecto all modelsPr of F and
all variableassignments with Pr,(¢) > 0. Note that
we assumé =1 andu =0, whenF = (¢|T)[0, 0] (thatis,
Pr,(¢) = 0 for all modelsPr of F andall o).

2.2 PROBABILISTIC LOGIC PROGRAMS

A (genenrl) probabilisticlogic program P is afinite setof
conditionalconstraintgv|¢)[l, u] with I <w. Theground-
ing of P, denotedground(P), is the setof all groundin-
stanceof membersof P. A probabilistic queryis an ex-
pressionof the form 3(3|a)[s, t], wherea and 8 aretwo



classicaformulas,ands andt areeithertwo realnumbers
from [0, 1] or two distinct boundvariablesfrom X. It is
object-goundiff a andg aregroundands, t € X.

We say (v|¢)[l, u] is conjunctive(resp.,1-conjunctivé iff
1) is a conjunctionof atoms(resp.,+ is an atom) and
¢ is either T or a conjunctionof atoms. A probabilistic
logic programP is conjunctive(resp.,1-conjunctivé iff all
C' € P areconjunctive (resp.,1-conjunctive). A probabilis-
tic query3(B|a)[s, t] is conjunctive(resp.,1-conjunctivé
iff (8|a)[0,1] is conjunctive (resp.,1-conjunctve).

The meaningof probabilisticqueriesto probabilisticlogic
programss definedby entailmensemantic$or probabilis-
tic logic programs Every semantics is associateavith an
s-consequenceelation |~ ° andatight s-consequencee-
lation [rfignt. Which are subsetof 25 x L4, where Lo

denoteghe setof all conditionalconstraintsver ®.

Two entailmentsemanticsbasedon logical entailment,
called0- and1-entailmentaredefinedasfollows. The O-

consequencéesp.,tight 0-consequengeelationis given
by (resp.,|=tight). Note that reasoningn probabilistic
logicsis in generaldonewith 0-entailment.A conditional
constraint(¢y|¢)[l, u] is a 1-consequencef a setof con-
ditional constraint< iff Pr, (1) € [I, u] for all modelsPr

of C andall variableassignments suchthat Pr,(¢) =1.

We say(¢|¢)[l, ] is atight 1-consequencef C iff [ (resp.,
u) is theinfimum (resp.,supremumf Pr,(¢) subjectto

all modelsPr of C andall o suchthat Pr,(¢) =1.

The main differencebetween0- and 1-entailmentis that
0-entailmentis basedon conditioning while 1-entailment
realizessomeconstaining. For example,a groundcon-
ditional constraint(y|¢)[l, u] is a 0-consequencef C iff
Pr(¢](v) € [L, u] for every model Pr of C with Pr(¢) >0,
wherePr[¢] denotegsheconditioningof Pr on¢. Whereas
(¥|P)[!, u] isal-consequencef C iff Pr(y) € [I,u] for ev-
ery model Pr of C with Pr(¢) =1. NotethatunderO- and
1-entailmentprobabilisticlogic programsP areequivalent
to their groundingsground (P).

Givenaprobabilisticquery3(3|a)[l, u] with [, € [0, 1] to
a probabilisticlogic program P, its correct answersub-
stitutions under a semanticss are substitutionsg such
that P |~ °(86]|af)[l, u] andthaté actsonly on variables
in 3(8|a)[l,u]. Its correctanswerunders is Yes if such
a 0 existsand No otherwise. Given a probabilisticquery
3A(Bla)[z,y] with z,y € X to a probabilistic logic pro-
gramP, its tight answersubstitutionsinders aresubstitu-
tionsé suchthat P [ ignt (88|ad)[20, y8], thatd actsonly
onvariablesn 3(3|a)[z, y], andthatz6, y6 € [0, 1].

23 EXAMPLES

We now give someillustrative examples. In the first ex-
ample, 1-entailmentshaws the propertyof inheritanceof
probabilisticknowledge while 0-entailmentoesnot.

Example 2.1 Theknowledge“all penguinsarebirds” and
“birds have legswith a probability of atleast0.95” canbe
expressedy thefollowing probabilisticlogic programP:

P = {(b(X)[p(X))[L,1], (I(X) | b(X))[.95,1]}.

Our wonderingaboutthe tight interval for the probability
that Tweetyhaslegs giventhat Tweetyis a penguincanbe
expressedy the object-grouncprobabilisticquery

Q = F(I(tweety)|p(tweety))[R, S] .

Its tight answersubstitutionsinder0- and1-entailmentre
givenby {R/0, S/1} and{R/.95, S/1}, respectiely, as

P Fright (1(tweety)|p(tweety))[0, 1] and
PU{(p(tweety) | T)[L, 1]} Frigny (I(fweety)|T)[.95,1].

The next example shaws that inheritancein 1-entailment
may often resultin incompatibleprobabilisticknowledge,
asl-entailmentoesnot have overridingmechanisms.

Example 2.2 The knowledge “all penguinsare birds”,
“birds have legswith a probability of atleast0.95", “birds
fly with aprobabilitybetweerD.9and0.95”, and“penguins
fly with a probability of atmost0.05” canbe expressedy
thefollowing probabilisticlogic programP:

P = {(b(X) [p(X))[1,1], (I{X) [b(X))[.95,1],
(f(X) [ 6(X))[.9, .95], (f(X) | p(X))I0, .05]}-
Our wonderingaboutthe tight interval for the probability

that Tweetyhaslegs giventhat Tweetyis a penguincanbe
expressedy theobject-groundprobabilisticquery

Q = 3 (tweety)|p(tweety))[R, 5] .
Its tight answersubstitutionainder0- and1-entailmentre
givenby {R/0, S/1} and{R/1, S/0}, respectiely, as
P ight ((tweety)|p(tweety))[0,1] and
P U {(p(tweety)| T)[1, 1]} Fight (I(tweety)| T)[1,0].

Notethatwe obtain[1, 0] underl-entailmentsground(P)
doesnot have amodel Pr suchthat Pr(p(tweety)) = 1.

Example 2.3 The knowledge “all magpies are birds”,
“birds chirp with a probability between0.7 and0.8", and
“magpieschirp with a probability of at most0.99” canbe
expressedy thefollowing probabilisticlogic programP:

P = {(b(X) [m(X))[1, 1], (c(X) | b(X))[.7, 8],
(e(X) | m(X))[0,.99]}-

Our wonderingaboutthe tight interval for the probability
that Sam chirps given that Samis a magpiecan be ex-
pressedy theobject-groundprobabilisticquery

Q = 3(c(sam)|m(sam))[R, S].

Its tight answersubstitutionainder0- and1-entailmentre
givenby {R/0, S/.99} and{R/.7, S/.8}, respectiely.



3 MOTIVATION AND KEY IDEAS

Under0- andl-entailmentglassicatonditionalconstraints
(¥|#)[1,1] and(y|¢)[0, 0] areinterpretedas” ¢ implies”
and“ ¢ implies ", respectiely. Thatis, both0- and1-
entailmentsatisfythe following propertyof inheritanceof
classicalknowledg alongsubclasgelationships

IC If C I~ (¥|@)[c, c] andg < ¢* is logically valid,
thenC [~ (¢[¢*)[c, ¢,

for all groundclassicalformulasy, ¢, and¢*, all setsof
groundconditionalconstraintg, andall c € {0,1}.

More generally however, 0-entailmentinterpretscondi-
tional constraintgy|¢)[l, u] as“the conditionalprobability
of ¢ given ¢ lies between/ andv”. Thatis, 0-entailment
doesnot have the following property of inheritance of
probabilisticknowled@ along subclasgelationships

IP If C|k (¢]|¢)[l,u] andeg <= ¢* is logically valid,
thenC | (4161, u].

for all groundclassicalformulasy, ¢, and¢*, all setsof
groundconditionalconstraints’, andall I, € [0, 1].

Moreover, 1-entailmeninterprets(y)|@)[l, u] as” ¢ implies
that+ holdswith a probability between and«”. Thatis,
1-entailmensatisfied P, but it doesnot realizeoverriding.
As theinheritedknowledgeis oftenincompatible we thus
oftenconcludetheemptyinterval (seeExample2.2).

In summary 0-entailmentdoesnot have the property| P,
while 1-entailmentsatisfiesl P, but doesnot realizeover
riding. Inheritancewith overriding,however, is adesirable
featureof probabilisticentailmentrelations which is well-
known from refeenceclassreasonind34, 16, 17, 31].

A naturalway to obtaininheritancewith overridingis to
wealen 1-entailmentby interpreting purely probabilistic
conditionalconstraint{«|¢)[l, u] as“geneally, ¢ implies
thaty holdswith a probability betweer] andu”. We for-
malizethis ideaby usingrecentnotionsof entailmentfor
probabilisticdefault theories[21, 22], which arebasedon
defaultreasoningvith conditionalknowledgebases.

4 INHERITANCE WITH OVERRIDING

We briefly recallapproachet probabilisticdefaultreason-
ing from [21, 22], which we thenuseto defineentailment
underinheritancewith overriding. We considemnly z- and
lez-entailmenthere. Anotherapproacho probabilisticde-
faultreasonings c-entailmenf21, 22|, which canalsobe
usedfor entailmentunderinheritancewith overriding.

4.1 PRELIMINARIES

A probabilisticdefaulttheoryT = (S, D) is a pair of finite
setsS and D of groundconditionalconstraints.The ele-
mentsin S and D arecalledstrict conditionalconstaints

anddefeasibleonditionalconstaints(or alsodefaultg, re-
spectvely. Intuitively, every strict conditional constraint
(W|9)[l,u] € S isinterpretedas“the conditionalprobabil-
ity of ¢ given ¢ is between/ andv”, while every default
(W|@)[l,u] € D is interpretedas“generally ¢ impliesthat
1) holdswith a probabilitybetweenl andw”.

A probabilistic interpretation Pr verifies a ground
conditional constraints (¢|@)[l,u] iff Pr(¢)=1 and
Pr=|@)[l, u]. It falsifies(|@)[l, u] iff Pr(¢)=1 and
Pr £ (¢|@)[l,u]. A setof groundconditionalconstraints
D toleratesa groundconditionalconstraintC' undera set
of groundconditionalconstraintsS iff S U D hasa model
thatverifiesC. We say D is underS in conflictwith C iff

no modelof S U D verifiesC.

Given a probabilisticdefault theory T' = (S, D), a default
rankingx on D mapseachC € D to anonnegativeinteger.

We say « is admissiblewith T'= (S, D) iff eachD' C D

thatis underS in conflictwith someC € D containsacon-
ditional constraintC’ suchthatx(C') < k(C). A proba-
bilistic defaulttheoryT' = (S, D) is consistentff thereex-

istsa default rankingon D thatis admissiblewith 7. It is
inconsistentff no suchdefault rankingexists.

A probability rankingx assigngo eachprobabilisticinter-
pretationon Zs a memberof {0,1,...} U {oo} suchthat
k(Pr) =0 for atleastoneinterpretationPr.

4.2 ENTAILMENT IN SYSTEM Z

We now recall z-entailmentfor probabilisticdefault theo-
ries [21, 22], which is a propergeneralizatiorof Pearls
entailmentin systemZ [30, 11]. It is definedwith respect
to a consistenprobabilisticdefaulttheoryT = (S, D).

Thenotionof z-entailmenfor probabilisticdefaulttheories
is linked to an orderedpartition of D, adefault ranking z
on D, anda probabilityrankingx=.

Let (Do, --.,Dy) be the unique orderedpartition of D
suchthateachD; isthesetofalld € D—|J{D; |0<j < i}
toleratedunderS by D — J{D; |0 <j <i}. We call this
(Do, ..., Dy) the z-partition of D.

Foreveryj € {0,...,k}, eachd € D; is assignedhevalue
4 underthe default ranking z. The probability ranking x*
on all probabilisticinterpretationsPr is thendefinedby

00 if Pr £ S
k*(Pr) = {0 if Pri=eSUD
1+ max z(d) otherwise.
deD: PriAd

Notethatz is adefaultrankingadmissiblewith T' [22].

Theprobabilityrankingx* definesa preferenceelationon
probabilisticinterpretationsas follows. For probabilistic
interpretationsPr and Pr’, we say Pr is z-preferable to
Pr' iff k*(Pr) < x*(Pr'). A model Pr of a setof ground



probabilisticformulasF is a z-minimalmodelof F iff no
modelof F is z-preferableto Pr.

For groundprobabilisticformulasE and F', we say F' is a
z-consequencef E, denotedE |~ *F, iff every z-minimal

modelof S U {E} satisfiesF'. A groundconditionalcon-
straint (¢|¢)[l, u] is a tight z-consequencef E, denoted
EHthght (W|P)[l,u], iff I (resp.,u) is theinfimum (resp.,
supremumpf Pr(1|¢) subjecto all z-minimalmodelsPr

of S U {E} with Pr(¢) > 0.

4.3 LEXICOGRAPHIC ENTAILMENT

We next recalllez-entailmenfor probabilisticdefaulttheo-
ries[21, 22], whichis apropergeneralizatiomf Lehmanns
lexicographicentailment[18]. In the sequel,considera
consistenprobabilisticdefaulttheory T' = (S, D).

We usethe z-partition (Dy, . . ., Dy,) of D to definea lexi-
cographicpreferencerelation on probabilistic interpreta-
tions asfollows. For probabilisticinterpretationsPr and
Pr', we say Pr is lez-preferableto Pr' iff thereis some
i€{0,...,k} suchthat|{d € D; | Pr |=d}| > |[{d €
D; | Pr'=d} and|{d € D; | Pr =d}| = |{d € D; |
Pr' = d}| foralli < j < k. A model Pr of a setof
probabilisticformulasF is a lex-minimal modelof F iff
no modelof F is lex-preferableo Pr.

For groundprobabilisticformulas £ and F', we say F' is
alez-consequencef E, denotedE |~ “““ F, iff every lex-
minimal model of S U {E} satisfiesF. A groundcon-
ditional constraint(¢y)|¢)[l,u] is a tight lexz-consequence
of E, denotedEHthfgzht (|P)[l,u], iff I (resp.,u) is the
infimum (resp.,supremumpf Pr(i|¢) subjectto all lez-
minimal modelsPr of S U {E} with Pr(¢) > 0.

44 INHERITANCE WITH OVERRIDING

We now introducez- andlez-entailmentfor probabilistic
logic programswhich arebasedon z- andlez-entailment
for probabilisticdefaulttheories.

Eachprobabilisticlogic programP is associatedvith the
probabilisticdefault theoryT'(P) = (S(P), D(P)), where
S(P) (resp.,D(P)) is thesetof all classicalresp.,purely
probabilistic) membersof ground(P). A probabilistic
logic programP is consisteniff T'(P) is consistent.The
z-partition of P is the z-partitionof T'(P).

We now definethe notion of s-entailment,s € {z,lex},
for probabilisticlogic programsP. A groundconditional
constraintC' = (¢|¢)[l, u] is an s-consequencef P, de-
notedP |k °C, iff (¢|T)[1, 1] |; °(#| T)[I, u] underT'(P).
It is a tight s-consequencef P, denoted P |ignt C,
iff (¢|T)[1,1] ||”t?ght (¥|T)[l,u] underT(P). A condi-
tional constraintC' = (¢|¢)[l, u] is ans-consequencef P,
denoted P | °C, iff all ground instancesof C are s-

consequencesf P. It is a tight s-consequencef P,
denotedP ”"’t?ghtc’ iff [ (resp.u) is the infimum (resp.,
supremumpf a (resp.,b) subjectto P |~ight (¢'[¢')]a, b]
andall groundinstanceg’|¢') of (¢|®).

45 EXAMPLES

We now give someillustrative examples.

Example 4.1 Consideragainthe probabilistic logic pro-
gramP andtheobject-groundgorobabilisticquery@ in Ex-
ample2.1. Thetight answersubstitutionfor () to P under
both z- andlez-entailments givenby {R/.95, S/1}.

Example 4.2 Considerthe probabilisticlogic programP
and the object-groundprobabilistic query ¢ in Exam-
ple 2.2. The tight answersubstitutionfor ¢) to P under
bothz- andlex-entailments givenby {R/.95, S/1}.

Example 4.3 Consideragainthe probabilistic logic pro-
gramP andtheobject-groundgrobabilisticquery@ in Ex-
ample2.3. Thetight answersubstitutionfor () to P under
both z- andlex-entailments givenby {R/.7, S/.8}.

5 SEMANTIC PROPERTIES

We now analyzesomegenerahonmonotonigropertiesof
z- andlez-entailmenffor probabilisticlogic programs.

In the sequelwe write P | (¢|e V.e')[l, u] to denotethat
(elM)L 1]V (| T)[L, 1] | (4] T)[I, u] underT(P). We
useP|l¢ C to denotethatit is not the casethat P |~ C.
We implicitly assumehatall notionsof entailmentarenat-
urally extendedto negationsof conditional constraintsof
theform —(8|a)[r, s], which aretruein a probabilisticin-
terpretationPr iff Pr(a) >0 andPr(8|a) & [r, s].

We first considerthe postulatesRight Wealkening (RW),
Refleivity (Ref) Left Logical Equivalence(LLE), Cut,
CautiousMonotonicity(CM), and Or proposedby Kraus,
Lehmann, and Magidor [15], which are commonly re-
gardedas being particularly desirablefor any reasonable
notion of nonmonotonicentailment. The following result
shavsthatz- andlez-entailmentsatisfythesepostulates.

Theorem 5.1 |~ * and | "*” satisfythefollowing proper
tiesfor all probabilisticlogic programsP, all groundclas-
sicalformulase, €', ¢, ande, andall 1,1’ u,u’ € [0, 1]:
RW. If (¢| T)[I, u] = (| T)[I', w'] is logically valid

and P [~ (¢le)[l, u], thenP |~ (¥ le)[I', u'].
Ref Pl (gle)[1,1].
LLE. If e & ¢’ islogically valid,

thenP [~ (¢le)[l, u] iff P [~ (¢le")[1, ul.
Cut. If P (gle")[1,1] and P | (dle Ae')[1, ul,

thenP |~ (¢le")[1, u].
CM. If P |~ (ele")[1, 1] and P |~ (g]e") 1, .

thenP |~ (ple Ae")[L, u].



Or. If Pl (¢le)[l,u] and P [ (¢le")[1, u],
thenP |k (¢le v eI, ul.

Anotherdesirablepropertyis RationalMonotonicity(RM)
[15], which describesa restrictedform of monotory, and
allowsto ignorecertainkindsof irrelevantknowledge.The
next resultshovsthat z- andlez-entailmentsatisfyRM.

Theorem 5.2 |~* and |~ satisfythe following prop-
ertyfor all probabilisticlogic programsP, all groundclas-
sical formulase, ', and, andall I, « € [0, 1]:

RM. If P |~ (4]e)[l, u] and P [ =('|e)[1, 1], then
Pl (le Ae)l,ul.

We finally considetthe propertiedrr elevance(lrr) andDi-
rect Inference(DI), which are adaptedfrom [2] and [1],
respectiely. Informally, Irr saysthate’ is irrelevantto a
conclusion® P | (|e)[l, u]” whenthey are definedover
disjoint setsof atoms. While DI expresseghat P should
entailall its own conditionalconstraintsThefollowing re-
sultshowsthatz- andlez-entailmentsatisfylrr andDI.

Theorem 5.3 |~ * and |~ satisfythe following prop-
erties for all probabilistic logic programs P, all ground
classicalformulase, ¢', ¢, and), andall I, u € [0, 1]:

Irr. If Pl (¢]e)[l, u], and no atom of ground(P) and
(¢]e)[l,u] occursin ', thenP |~ (Yle Ae’) [, u).

DI. If (¢|9)[L, u] € ground(P) ande<¢ is logically valid,
thenP |~ ($le)[l, ul.

Note that entailmentunder inheritancewith overriding
basedon c-entailmenf21, 22] satisfiesall theabove prop-
ertiesexceptfor RationalMonotonicity.

6 ALGORITHMS

In this section,we give algorithmsfor probabilisticlogic
programmingunderinheritancewith overriding.

6.1 OVERVIEW

We considerthefollowing problems:

CONSISTENCY: Given a probabilistic logic program P,
decidewhetherP is consistent.

TIGHT S-CONSEQUENCE: Givena consistenprobabilis-
tic logic programP andan object-groundprobabilis-
tic query@ = 3(B|a)[z, y], computethetight answer
substitutionfor ) to P undersomefixeds € {z, lex}.

The main idea behind our algorithmsis to reducethese
problemsto the problemof decidingwhethera probabilis-
tic logic programis satisfiableandthe problemof comput-
ing thetight answeisubstitutiorfor anobject-groungrob-
abilistic query to a probabilistic logic programunder O-

entailmentwhich we denoteSATISFIABILITY and TIGHT

LoGicaL CONSEQUENCE, respectiely.

6.2 CONSISTENCY

Algorithm z-partition (seeFig. 1) decidesvhethera prob-
abilistic logic programP is consistent.If thisis the case,
thenz-partition returnsthe z-partitionof P, otherwisenil.
Note thatin Step5 of z-partition, a numberof instances
of SATISFIABILITY mustbesolved. Algorithm z-partition
is essentiallya reformulationof an algorithmfor deciding
e-consisteng in defaultreasoningrom conditionalknowl-
edgebasedy GoldszmidtandPearl[10].

Algorithm z-partition (essentially [10])

Input: Probabilisticlogic programP with D(P) # §.
Output: z-partitionof P, if P is consistentptherwisenil.

R := D(P);

1= —1;

repeat
t:=1+1
D[i] := {C € R | C istoleratedunderS(P) by R};
R := R — DJ[i|

until R=0 or D[i]=0;

if R=0 then return (DI[0], ..
elsereturn nil.

- D[a))
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Figurel: Algorithm z-partition

6.3 TIGHT SCONSEQUENCE

In the sequeljet P be a consistenprobabilisticlogic pro-
gram,andlet (Dy, . .., Dy) beits z-partition.

For G,H C D(P), we say G is z-preferble to H iff
somei € {0, ..., k} existssuchthatD; CG, D;  H, and
D;CG andD; CH foralli<j<k. WesayG is lex-
preferable to H iff somei € {0,...,k} exists suchthat
|G N D;| > |HND;|and|G N D;| = |H N Dy for all
i<j<k. ForDC2P(P) ands ¢ {z,lex}, wesayG is s-
minimalin D iff G € D andno H € D is s-preferabldo G.

We now reduceTIGHT S-CONSEQUENCE to SATISFIA-
BILITY and TIGHT LoGICAL CONSEQUENCE. The key
ideabehindthis reductionis thatthereexists a setDz,(P)
of subsetof D(P) suchthat P |~ *(8|a)[l, u] iff S(P) U
HU{(ao|M[1,1]} E (BIT)[l, u] for all H € Ds(P).

Theorem 6.1 Let P beaconsistenprobabilisticlogic pro-
gram,andlet 3(5|a)[z, y] bean object-goundprobabilis-
tic query Lets € {z,lex}. LetR = S(P)U{(| T)[1,1]},
and let D2 (P) be the setof all s-minimal elementsin
{H CD(P) | RUH issatisfiablg. Then, (resp.u) sut
that P |~ignt (Ble)[l, u] is givenasfollows:

(a) If Risunsatisfiablethenl =1 (resp.;u =0).
(b) Otherwise ! = min ¢ (resp.,u = max d) subjectto
RUH ight (B|T)[e,d] andH € D (P).

Basedon Theorem®6.1, Algorithm tight-z-consequence
(resp., tight-lez-consequence) computes tight answer
substitutionsunder z-entailment(resp., lez-entailment).



Step2 checkswhetherR is unsatisfiablelf thisis thecase,
thend = {z/1, y/0} is returnedby Theorem6.1 (a). Oth-
erwise,we computeD? (P) alongthe z-partition of P in

steps3—7(resp. steps3—15),andthetight answersubstitu-
tion usingTheorem6.1 (b) in step8 (resp.,stepsl6-20).

Algorithm tight-z-consequence

Input: Consistenprobabilisticlogic programP andobject-
groundprobabilisticquery@ = 3(8|a)|z, y].
Output: Tight answersubstitutiond = {z /I, y/u} for Q
to P underz-entailment.
Notation: (Do, ..., Dy) denoteshe z-partitionof T'( P).

R = S(P)U{(a|T)[L, 1]};
if R is unsatisfiablehen return 8 ={z/1, y/0};
j:=k;
while j >0 and RU D; is satisfiabledo begin
R:=RU Dj;
ji=j—1
end;
computel, u € [0, 1] suchthatR |:tight BT, u];
return 8 ={z/l, y/u}.

©CoNoOTAWNE

Figure2: Algorithm tight-z-consequence

Algorithm tight-lexz-consequence

Input: Consistenprobabilisticlogic programP andobject-
groundprobabilisticquery@ = 3(8|a)|z, y].
Output: Tight answersubstitutiord = {z /I, y/u} for @
to P underlez-entailment.
Notation: (Do, . . ., Dy) denoteghe z-partitionof T'(P).

1. R:=S(P)u{(a|T)[1,1]}
2. if Risunsatisfiablehen return 6 ={z/1, y/0};
3. H:={0};
4. for j := k downto 0 do begin
5. n:=0;
6. H :=0;
7. foreach G C Dj andH € H do
8. if RUG U H is satisfiablethen
9. ifn=|G|thenH :=H U{GUH}
10. elseif n < |G| then begin
11. H :={GUHY},
12. n:= |G|
13. end;
14. H:=H;
15. end;

16. (I,u) := (1,0);

17. for each H € H do begin

18. computec,d€[0,1] st RUH '=tight BIM)[e,d];
19.  (l,u) := (min(l, c), max(u,d))

20. end;

21. return8={z/l, y/u}.

Figure3: Algorithm tight-lez-consequence

7 COMPUTATIONAL COMPLEXITY

In this section, we characterizethe computationalcom-
plexity of the problems CONSISTENCY and TIGHT S-
CONSEQUENCE in the propositionakase.

71 COMPLEXITY CLASSES

We briefly describehecompleity classeshatoccurin our
compleity results.See[9, 29 for furtherbackground.

The classNP containsall decisionproblemsthat can be
solvedin nondeterministipolynomialtime. TheclassAY
containsall decisionproblemsthatcanbe solvedin deter
ministic polynomialtime with anoraclefor NP.

To classify problemsthat computean outputvalue,rather
than a Yes/ No-answey function classeshave beenintro-
duced.In particular FAY is thefunctionalanalogto AY.

7.2 COMPLEXITY RESULTS

We considerthe generalpropositionalcaseaswell asthe
restrictionto the 1-conjunctve propositionalcase.In both
casesthe givenprobabilisticlogic programsP areground
and the given probabilistic queries@ are object-ground.
In the 1-conjunctve propositionalcase we thenaddition-
ally assumehat P and@ arel-conjunctve.

The resultson the propositionalcomplexity of CoNsis-
TENCY and TIGHT S-CONSEQUENCE are showvn in Ta-
bles1-2. In detail, CONSISTENCY andTIGHT S-CONSE-
QUENCE are NP- and FAY-complete respectiely, in the
generalandthe 1-conjunctie propositionakase.

Thatis, they have the samecompleity asthe problems
SATISFIABILITY and TIGHT LoGIcAL CONSEQUENCE,

respectiely, in therespectie propositionalcaseq19]. In-

tuitively, addinginheritancewith overridingto probabilis-
tic logic programmingdoesnotincreasets compleity.

Tablel: Prop.Complexity of CONSISTENCY

generakase 1-conjunctvecase
consisteng NP-complete  NP-complete

Table2: Prop.Compleity of TIGHT S-CONSEQUENCE

generakase 1-conjunctiecase
l~ight  FAS-complete  FAZ-complete
Iright  FAD-complete  FAT-complete

8 SUMMARY AND OUTLOOK

We presentegbrobabilisticlogic programminginderinher
itancewith overriding,whichis basednrecentapproaches
to probabilisticdefault reasoningWe describedsomegen-
eral nonmonotonigpropertiesof entailmentunderinheri-
tancewith overriding. Moreover, we presentedilgorithms
for probabilisticlogic programmingunderinheritancewith
overriding,andwe analyzedts propositionacomplexity.



A very interestingtopic of futureresearchs to investigate
the relationshipto probabilisticlogic programmingunder
maximumentropy aspresentedh [24], wherewe alsohave

someform of inheritancewith overriding.
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