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Quantified Boolean Formulas (QBF)

ψ := Q1x1 . . .Qnxn. φ

Qi ∈ {∃, ∀} Prop. formula in CNF

∀x∃y. (x ∨ ¬y) ∧ (¬x ∨ y)
6≡

∃x∀y. (x ∨ ¬y) ∧ (¬x ∨ y)

Recursive QBF Semantics
I Assign variables in prefix order (from left to right)
I Base cases: the QBF > (⊥) is true (false).
I ψ = ∀x . . . φ is true if ψ[x/⊥] and ψ[x/>] are true.
I ψ = ∃x . . . φ is true if ψ[x/⊥] or ψ[x/>] is true.
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Long-distance (LDQ) resolution

∃a, b, c ∀x ∃d, e

(d) (a, e) (a, e) (b, x, d, e) (c, x, d, e) (b, c)

(d) (a, e) (a, e) (b, x, d, e) (c, x, d, e) (b, c)

(a, b, x, d)

(d) (a, e) (a, e) (b, x, d, e) (c, x, d, e) (b, c)

(a, b, x, d)

(a, b, x)

(d) (a, e) (a, e) (b, x, d, e) (c, x, d, e) (b, c)

(a, b, x, d) (b, x, d, e)

(a, b, x)

(a, b)

(d) (a, e) (a, e) (b, x, d, e) (c, x, d, e) (b, c)

(a, b, x, d)

(a, b, x)

(b, x, d, e)

(a, b)
. . .

...
...

⊥

(d) (a, e) (a, e) (b, x, d, e) (c, x, d, e) (b, c)

(a, b, x, d)

(a, b, x)

(b, x, d, e)

(d) (a, e) (a, e) (b, x, d, e) (c, x, d, e) (b, c)

(a, b, x, d)

(a, b, x)

(a, b)

(b, x, d, e)

(x∗, d, e)

∃a, b, c ∀x ∃d, e

Pivot variable left of merged universal variable

∃a, b, c ∀x ∃d, e

All ∃ variables in the clause are quantified left of reduced variable
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Proof Generation

∃a, b, c∀x∃d, e (d) (a, e) (a, e) (b, x, d, e) (c, x, d, e) (b, c)

σ := {}

(b, x, d, e) (c, x, d, e) (b, c)

(b, x, d, e)

(x∗, d, e)

I Learning of tautological clauses was first applied in QBF solver
“yquaffle”.

I This procedure follows the LDQ-calculus.
I Promising experimental results for this procedure in DepQBF.

5 / 10
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Short Proofs for Hard Formulas

Family (ϕt)t≥1 of QBFs in PCNF with prefix

∃d0d1e1∀x1∃d2e2∀x2∃d3e3 · · · ∀xt−1∃dtet∀xt∃f1 · · · ft

and matrix:

K0 d0 K1 d0 ∨ d1 ∨ e1
K2j dj ∨ xj ∨ dj+1 ∨ ej+1 K2j+1 ej ∨ xj ∨ dj+1 ∨ ej+1 j = 1, . . . , t− 1
K2t dt ∨ xt ∨ f1 ∨ · · · ∨ ft K2t+1 et ∨ xt ∨ f1 ∨ · · · ∨ ft
B2j−1 xj ∨ fj B2j xj ∨ fj j = 1, . . . , t

I Any Q-refutation for ϕt is exponential. [?]
I Q-resolution plus resolution over ∀ variables yields polynomial

refutations. [?]
I Polynomial LDQ-refutation is possible. [This work]

9 / 10



Short Proofs for Hard Formulas

Family (ϕt)t≥1 of QBFs in PCNF with prefix

∃d0d1e1∀x1∃d2e2∀x2∃d3e3 · · · ∀xt−1∃dtet∀xt∃f1 · · · ft

and matrix:

K0 d0 K1 d0 ∨ d1 ∨ e1
K2j dj ∨ xj ∨ dj+1 ∨ ej+1 K2j+1 ej ∨ xj ∨ dj+1 ∨ ej+1 j = 1, . . . , t− 1
K2t dt ∨ xt ∨ f1 ∨ · · · ∨ ft K2t+1 et ∨ xt ∨ f1 ∨ · · · ∨ ft
B2j−1 xj ∨ fj B2j xj ∨ fj j = 1, . . . , t

I Any Q-refutation for ϕt is exponential. [?]

I Q-resolution plus resolution over ∀ variables yields polynomial
refutations. [?]

I Polynomial LDQ-refutation is possible. [This work]

9 / 10



Short Proofs for Hard Formulas

Family (ϕt)t≥1 of QBFs in PCNF with prefix

∃d0d1e1∀x1∃d2e2∀x2∃d3e3 · · · ∀xt−1∃dtet∀xt∃f1 · · · ft

and matrix:

K0 d0 K1 d0 ∨ d1 ∨ e1
K2j dj ∨ xj ∨ dj+1 ∨ ej+1 K2j+1 ej ∨ xj ∨ dj+1 ∨ ej+1 j = 1, . . . , t− 1
K2t dt ∨ xt ∨ f1 ∨ · · · ∨ ft K2t+1 et ∨ xt ∨ f1 ∨ · · · ∨ ft
B2j−1 xj ∨ fj B2j xj ∨ fj j = 1, . . . , t

I Any Q-refutation for ϕt is exponential. [?]
I Q-resolution plus resolution over ∀ variables yields polynomial

refutations. [?]

I Polynomial LDQ-refutation is possible. [This work]

9 / 10



Short Proofs for Hard Formulas

Family (ϕt)t≥1 of QBFs in PCNF with prefix

∃d0d1e1∀x1∃d2e2∀x2∃d3e3 · · · ∀xt−1∃dtet∀xt∃f1 · · · ft

and matrix:

K0 d0 K1 d0 ∨ d1 ∨ e1
K2j dj ∨ xj ∨ dj+1 ∨ ej+1 K2j+1 ej ∨ xj ∨ dj+1 ∨ ej+1 j = 1, . . . , t− 1
K2t dt ∨ xt ∨ f1 ∨ · · · ∨ ft K2t+1 et ∨ xt ∨ f1 ∨ · · · ∨ ft
B2j−1 xj ∨ fj B2j xj ∨ fj j = 1, . . . , t

I Any Q-refutation for ϕt is exponential. [?]
I Q-resolution plus resolution over ∀ variables yields polynomial

refutations. [?]
I Polynomial LDQ-refutation is possible. [This work]

9 / 10



Experimental Results

LDQ-resolution in the search-based QBF solver DepQBF:
I Preprocessed benchmarks from QBF Evaluation 2012.
I DepQBF with traditional Q-resolution solves more benchmarks:

QBFEVAL’12-pre (276 formulas)
DepQBF 120 (62 sat, 58 unsat)
DepQBF-LDQ 117 (62 sat, 55 unsat)

I LDQ-resolution (DepQBF-LDQ) results in shorter proofs:

115 solved by both: DepQBF-LDQ DepQBF
Avg. assignments 13.7 × 106 14.4 × 106

Avg. backtracks 43,676 50,116
Avg. resolutions 573,245 899,931
Avg. learn.clauses 31,939 (taut: 5,571) 36,854
Avg. run time 51.77 57.78

I Future work: more detailed experimental analysis.
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