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Abstract.Weanalyzethecomputationalcomplexity of HalpernandPearl’s (causal)explanationsin
thestructural-modelapproach,whicharebasedontheirnotionsof weakandactualcause.In particu-
lar, wegiveaprecisepictureof thecomplexity of decidingexplanations,� -partialexplanations,and
partialexplanations,andof computingtheexplanatorypowerof partialexplanations.Moreover, we
analyzethecomplexity of decidingwhetheranexplanationor an � -partialexplanationovercertain
variablesexists. We alsoanalyzethecomplexity of decidingexplanationsandpartialexplanations
in the caseof succinctlyrepresentedcontext sets,the complexity of decidingexplanationsin the
generalcaseof situations,andthe complexity of decidingsubsumptionandequivalencebetween
causalmodels.All complexity resultsarederivedfor thegeneralcase,aswell asfor therestriction
to the caseof binary causalmodels,in which all endogenousvariablesmay take only two values.
To our knowledge,no complexity resultsfor explanationsin the structural-modelapproachhave
beenderivedsofar. Our resultsgive insightinto thecomputationalstructureof HalpernandPearl’s
explanations,andpavetheway for efficientalgorithmsandimplementations.
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e-mail: eiter@kr.tuwien.ac.at.

2Dipartimentodi Informaticae Sistemistica,Universit̀a di Roma“La Sapienza”,Via Salaria113, 00198Rome,
Italy; e-mail: lukasiewicz@dis.uniroma1.it.Alternateaddress:Institut für Informationssysteme,TechnischeUniver-
sität Wien,Favoritenstraße9-11,1040Vienna,Austria;e-mail: lukasiewicz@kr.tuwien.ac.at.

Acknowledgements: This work hasbeenpartially supportedby the AustrianScienceFundunderproject
Z29-INF, by a DFG grant,andby a Marie Curie Individual Fellowship of the EuropeanCommunity(Dis-
claimer:Theauthorsaresolelyresponsiblefor informationcommunicatedandtheEuropeanCommissionis
not responsiblefor any viewsor resultsexpressed).We arethankfulto thereviewersof theKR 2002abstract
of thispaper, whoseconstructivecommentshelpedto improveourwork.

Copyright c
�

2002by theauthors



INFSYS RR 1843-01-08 I

Contents

1 Intr oduction 1

2 Preliminaries 4
2.1 CausalModels . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4
2.2 WeakCauses . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5
2.3 Complexity Classes. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

3 Explanations 7
3.1 Definitions. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7
3.2 Results. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

4 Partial Explanationsand Explanatory Power 12
4.1 Definitions. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12
4.2 Results. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13

5 SuccinctRepresentation 16

6 Generalization: Situations 18
6.1 Definitions. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18
6.2 Results. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21
6.3 CausalFormulaswith ExogenousVariables . . . . . . . . . . . . . . . . . . . . . . . . . . 27

7 RelatedWork 28
7.1 Abductive Explanations. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28
7.2 BayesianNetworks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29

8 Conclusion 29

A Appendix: Proofsfor Section3 30

B Appendix: Proofsfor Section4 33

C Appendix: Proofsfor Section5 38

D Appendix: Proofsfor Section6 42



INFSYS RR 1843-01-08 1

1 Intr oduction

Theautomaticgenerationof explanationsplaysanimportantrole in many AI areaslikeplanning,diagnosis,
naturallanguageprocessing,andprobabilisticinference.Notionsof explanationshave beenstudiedquite
extensively in theliterature,seeespecially[28, 21, 44] for philosophicalwork, and[38, 47, 29] for work in
AI that is relatedto Bayesiannetworks. A critical examinationof suchapproachesfrom theviewpoint of
explanationsin probabilisticsystemsis givenin [6].

In arecentpaper[25, 27],HalpernandPearlintroducedanelegantdefinitionof causalexplanationin the
structural-modelapproach,which is basedon theirnotionsof weakandactualcause[25, 26]. They showed
that this notionof causalexplanationmodelswell many problematicexamplesin the literature. Themain
ideais thatan explanationis a fact that is not known for certainbut, if found to be true,would constitute
a causeof the fact to be explained,regardlessof the agent’s initial uncertainty. An importantnoteis that
HalpernandPearl’s notionof causalexplanationis very differentfrom theconceptsof causalexplanation
whichhave beenconsideredin otherworksin AI, e.g.in [35, 36, 22].

Informally, thebasicideabehindthestructural-modelapproachis thattheworld is modeledby random
variables,which may causallyinfluenceeachother. The variablesaredivided into backgroundvariables,
which areinfluencedby factorsoutsidethemodel,andobservablevariables,whichareinfluencedby back-
groundandobservablevariables.This latterinfluenceis describedby functionsfor theobservablevariables.
The following is a simpleexampledueto HalpernandPearl[25, 26, 27], which illustratesthestructural-
modelapproach.

Example1.1(Arsonists) Supposetwo arsonistslit matchesin differentpartsof adry forest,andbothcause
treesto startburning. Assumenow eithermatchby itself sufficesto burn down thewhole forest. We may
modelsucha scenarioin the structural-modelframework asfollows. We assumetwo binary background
variables��� and ��� , whichdeterminethemotivationandthestateof mindof thetwo arsonists,where ��� is
1 iff arsonist� intendsto startafire. Wethenhave threebinaryvariables	
� , 	�� , and � , whichdescribethe
observablesituation,where	 � is 1 iff arsonist� dropsthematch,and � is 1 iff thewholeforestburnsdown.
Thecausaldependenciesbetweenthesevariablesareexpressedby functions,whichsaythatthevalueof 	
�
is givenby thevalueof ��� , andthat � is � if f either 	�� or 	�� is � . Thesedependenciescanbegraphically
representedasin Fig. 1.

� �� �
� � � �

�

Figure1: CausalGraph

Causesandexplanationsfor events,suchas ����� (thewhole forestburnsdown), aredefinedby con-
sideringthevaluesof variablesin theabove modelandcertainhypotheticalvariants(seeSections2.2,3.1,
and4.1). For example,arsonist� startinga fire is a (weakandanactual)causeof thewholeforestburning
down underevery possiblecontext in whicharsonist� intendsto startafire. Moreover, arsonist� startinga
fire is anexplanationof thewhole forestburningdown relative to thesetof all possiblecontexts in which
eitherarsonistintendsto startafire. �
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For moreexamplesandextensive backgroundonstructuralcausalmodels,wereferespeciallyto [2, 20,
39, 40, 24].

While thesemanticaspectsof explanationsin thestructural-modelapproachhavebeenthoroughlystud-
ied in [25, 27], astudyof theircomputationalpropertiesis missingsofar. In theirpapers,HalpernandPearl
werenot concernedwith algorithmsfor computingexplanations,and thus the issueof how explanations
canbe(asefficiently aspossible)computedremainsto beconsidered.An importantsteptowardsresolving
this issueis ananalysisof thecomputationalcomplexity of explanations.However, no complexity results
for explanations,apartfrom trivial intractability resultswhich areinheritedfrom Booleanfunctions,were
known, andacharacterizationof thecomplexity of explanationswasopen.

In this paper, we aim at filling this gapby giving a preciseaccountof the complexity of explanations
in structuralcausalmodels.It continuesandextendsthework in [14, 15] on thecomplexity of actualand
weakcauses,which area steppingstonefor definingexplanations.As for computationin the structural-
modelapproach,Hopkins[30] recentlyexploredsearch-basedstrategiesfor computingactualcauses(i.e.,
minimalweakcauses)in boththegeneralandrestrictedsettings.However, hedid notpaymuchattentionto
complexity issues,anddid not provide a detailedanalysisof the intrinsic complexity of actualcauses,nor
did headdressthecomputationof explanationson topof weakcauses.

Themaincontributionsof thispapercanbesummarizedasfollows(areview of thementionedcomplex-
ity classesis givenin Section2.3):

� We determinethe complexity of (full) explanationsin the structural-modelapproach[25, 27]. We
considertheproblemsof recognizingexplanationsandof decidingwhetheranexplanationover cer-
tainvariablesexists.As it turnsout, theseproblemsarecompletefor ���� and ���� , respectively, in the
unrestrictedcase,andcompletefor ��� and ���� , respectively, in thebinarycase.Thus,recognitionand
existenceof explanationsreside,looselyspeaking,at thesecondandthethird level of thewell-known
PolynomialHierarchy.

� We thendeterminethecomplexity of partialexplanationsin thestructural-modelapproach[25, 27],
which relax full explanationsin a probabilisticsetting. We considerthe problemsof recognizing -partial/ partial explanations,of decidingwhetheran  -partial explanationover certainvariables
exists,andof computingtheexplanatorypowerof partialexplanations.Theseproblemsturnout to be

completefor !#" $%& , � �� , and '(!)" $%& , respectively, in theunrestrictedcase,andcompletefor !#* �& , � �� ,

and '(! * �& , respectively, in thebinarycase.

� Furthermore,we analyzethecomplexity of explanationsandpartial explanationsin a settingwhere
context setsaresuccinctlyrepresented.In the standardsetting,the contexts +,�.-/+0�1-3232324-/+65 which
ought to be respectedfor forming an explanationaresimply enumeratedin the probleminput. In
another(natural)representation,the contexts aregiven by a membershipfunction 7)89+;: , which on
input of a context + tells whether+ oughtto berespectedor not. This form of representationis more
succinctthansimplecontext enumerationin general,andmayleadto exponentialsavings in storage
for the context setof interest. However, this is tradedfor a significantincreasein the complexity
of explanations.More precisely, we show that recognizingexplanationsandpartial explanationsis
completefor < �= in theunrestrictedcase,andcompletefor < �� in thebinarycase.

� Finally, we analyzethe complexity of explanationsin the generalizationof contexts to situations,
whicharepairs 8?>@-/+A: of acausalmodel > andacontext + [25, 27]; here,alsouncertaintyaboutthe
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causalmodel,andnotonly aboutthecontext whichappliesto theactualscenariocanbemodeled.We
considertheproblemsof recognizingexplanationsanddecidingexplanationexistence.We find that
for the recognitionproblem,moving from contexts to situationsresultsin a complexity increase;as
we show, thisproblemis <��� -completebothin theunrestrictedandthebinarycase.For theexistence
problem,no complexity increasehappensin general,i.e., theproblemremains� �� -complete,but for
thebinarycase,in which theproblembecomes���� -complete.

� In ouranalysisof explanationsfor situations,weencounterandresolve problemsonstructuralcausal
modelswhich areinterestingin their own right. Namely, we considertheproblemsof subsumption
andequivalencebetweencausalmodels>�� and >B� modulothelanguageof causalformulas[25, 27].
Thatis, given >�� and >B� , is it truethateachcausalformula C whichholdson >�� alsoholdson >B�
(denoted> �ED > � ), respectively that > � and > � modelthesamesetof causalformulas(denoted>��GFH>B� ), and thusare indistinguishablein the languageof causalformulas. As we show, both
deciding >I� D >B� anddeciding >��JFK>L� is <��� -complete,in the unrestrictedand,noticeably,
alsoin thebinarycase.Both membershipin < �� andhardnessfor < �� arenot immediate,andrequire
suitableauxiliary resultswhichhelpto distinguishcausalmodels.

Ourresultsin thepresentpaperdraw aprecisepictureof thecomplexity of explanationsin thestructural-
modelapproach,andarevaluableandimportantin severalrespects:

� First andforemost,they provide a handlein understandingthecomputationalnatureof explanations
and the intrinsic difficulties which are at the heartof their computation. They must be reflected
somehow in the worst-casebehavior of “optimal” algorithmssolving theproblem. In this way, our
resultscontribute in paving theway for efficient algorithmsandfor implementationsof explanations
in thestructural-modelapproach.

� Second,theinsightintosourcesof complexity whichmaketheproblemsintractableprovidesastarting
point for identifying casesof lower complexity, andin particularof tractablecases.While we do not
pursethis issuehere,resultson thiscanbefoundin [17, 18].

� Third, theresultsareusefulin comparingHalpernandPearl’snotionof causalexplanationwith other
notionsof explanations(e.g., abductive explanations[34], [46, 12] andmaximuma posterioriex-
planations,aliasmostprobableexplanationsin Bayesiannetworks [38, 33]), andallow to assessthe
existenceof efficient mappingsbetweendifferentframeworksfor generatingexplanations.

The rest of this paperis organizedas follows. Section2 provides somepreliminarieson structure-
basedcausalmodels,thenotionof weakcause,andthecomplexity classesthatwe encounterin this paper.
In Section3, we analyzethe complexity of full explanationsin the structural-modelapproach.Section4
concentrateson the complexity of partial explanations. In Section5, we thenanalyzethe complexity of
explanationsin the caseof succinctlyrepresentedcontext sets. Section6 dealswith the complexity of
explanationsandof relatedproblemsin thegeneralcaseof situations.In Section7, wediscussrelatedwork
on other frameworks of explanations,andcompareour resultsto complexity resultsfor them. Section8
givesa discussionof theresults,in particularof implicationsfor algorithms,andprovidessomeconcluding
remarks,includinganoutlookon futureresearchissues.

While severalof theresultsareintuitive, theirproofs(in particular, thehardnessparts)arenontrivial and
technicallyquiteinvolved.Thus,in ordernot to distractfrom theflow of reading,sometechnicaldetailsare
movedto AppendicesA–D.
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2 Preliminaries

In this section,we give sometechnicalpreliminaries.We first recallstructure-basedcausalmodelsandthe
notionof weakcauseby HalpernandPearl[25, 26]. Wethendescribethecomplexity classesthatappearin
our results.

2.1 CausalModels

We startwith recallingstructure-basedcausalmodels;for a rich background,seeespecially[2, 20, 39, 40,
24]. Roughlyspeaking,the main ideabehindstructure-basedcausalmodelsis that the world is modeled
by randomvariables,which may have a causalinfluenceon eachother. The variablesare divided into
exogenousvariables,which areinfluencedby factorsoutsidethemodel,andendogenousvariables,which
are influencedby exogenousand endogenousvariables. This latter influenceis describedby structural
equationsfor theendogenousvariables.

More formally, weassumeafinite setof randomvariables. Capitalletters �#-NMO-NPQ- etc.denotevariables
and setsof variables. Eachvariable RE� may take on valuesfrom a nonemptyfinite domain ST89RE�U: . A
value for a setof variablesR �WV.RG�.-323232X-/RE5ZY is a mapping [�\]R_^`Sa89RG�b:�c�d3d3dZcQSa89RE5e: suchthat[�89RE�f:bg,Sa89RE�U: ; for Rh�ai , theuniquevalueis theemptymappingi . Thedomainof R , denotedST89RQ: , is
thesetof all valuesfor R . Lowercaseletters[�-/j0-lkm- etc.denotevaluesfor thesetsof variablesRn-lo�-Npq- etc.,
respectively. Assignmentsof valuesto variablesR_�T[ areoften abbreviatedby thevalue [ . For osrJR
and [tg�Sa89Ra: , denoteby [(u o the restrictionof [ to o . For disjoint setsof variablesRv-lo andvalues[tg�Sa89Ra:N-/jwg�Sa8xoy: , denoteby [0j the union of [ and j . As usual,we often identify singletonsV.RE�zY
with RE� andtheir values[ with [�89RE�f: . We oftenidentify thevalues{ and � with theclassicaltruth values|f}6~9�.�

and �4�1� � , respectively.
We arenow readyto definecausalmodels.A causalmodel > is a triple 8��)-NM�-l��: , where � is a finite

setof exogenousvariables,M is afinite setof endogenousvariableswith �L�EM��Qi , and ����V4����u�R`gtMEY
is a setof functions � � \6ST8U�;� � :�^�Sa89Ra: thatassigna valueof R to eachvalueof theparents �;� � r�_cIM���V.RLY of R . Every value +tg�Sa8��w: is also called a context. The parentrelationshipbetween
the variablesof >��I8��)-NM�-l�t: is expressedby the causalgraph for > , which is the directedgraphthat
has �Qc�M asthe setof nodes,anda directededgefrom R to o if f R is a parentof o , for all variablesRv-lo�gy�Qc�M . A causalmodel >���8��#-NMO-l�t: is binary if f u ST89RQ:3u/�L� for all R`gtM .

We focushereon theprincipal classof recursivecausalmodels>��I8��)-NM�-l�t: ; asarguedin [25], we
do not losemuchgeneralityby concentratingon recursive causalmodels.A causalmodel >��I8��)-NM�-l�t:
is recursive, if its causalgraphis a directedacyclic graph.Equivalently, thereexistsa total ordering � onM suchthat osgt�;��� implies os�JR , for all Rv-lo�gtM . In recursive causalmodels,every assignmentto
theexogenousvariables�Q�a+ determinesa uniquevalue j for every setof endogenousvariableso�rnM ,
denotedo]�a89+;: (or simply oG89+A: ). In thefollowing, > is reservedfor denotinga recursive causalmodel.

Example2.1(Arsonistscontinued) In our introductoryexample,thecausalmodel >��I8��#-NMO-l�t: is given
by �Q�BV�� � -�� � Y , MB�BV4	 � -l	 � -l��Y , and �B�BV4���� .-l��� % -1�(¡)Y , where ���, 0�B� � , ��� % �B� � , and �(¡���� if f	��]��� or 	��,��� . Thecausalgraphfor > is shown in Fig. 1. As thisgraphis acyclic, > is recursive. �

In a causalmodel,we may set endogenousvariablesR to a value [ by an “externalaction”. More
formally, for any causalmodel >��I8��#-NMO-l�t: , setof endogenousvariablesRBr�M , andvalue [�g;Sa89Ra: , the
causalmodel >¢��£]¤¥�E8��#-NMO-l����£]¤¦: , where

� ��£]¤ � V4��§auzo�g
M��XRLY�c¨V4� ��© �T[�89R � :;uzR � gªR¢YO-
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is a submodelof > . We use >L¤ and ��¤ to abbreviate >L��£]¤ and ����£]¤ , respectively, if R is understood
from thecontext. Similarly, for asetof endogenousvariableso�rTM , wewrite o0¤e89+;: to abbreviate oA�
«e89+A: .

As for computation,we assumethatin causalmodels>W�I8��)-NM�-l��: , where�_��V4����u�R¬gtMEY , every
function � � \ZST8U�;� � :�^�ST89RQ: with R`gtM is computablein polynomialtime. Thefollowing proposition
is thenimmediate.

Proposition 2.2 For all Rn-losrTM and [�gwST89RQ: , thevaluesoG89+A: and o0¤m89+A: , given +tg
ST8���: , are com-
putablein polynomialtime.

2.2 WeakCauses

We now recall the notionof weakcausefrom [25, 26]. We first defineeventsandthe truth of eventsin a
causalmodel >��I8��#-NMO-l�t: underacontext +�g�ST8���: .

A primitive event is an expressionof the form oI�Tj , where o is an endogenousvariable1 and j is a
valuefor o . Thesetof eventsis theclosureof thesetof primitive eventsundertheBooleanoperations­
and ® (thatis, every primitive eventis anevent,andif C and ¯ areevents,thenalso ­�C and Cy®¨¯ ).

The truth of anevent C in a causalmodel >��I8��)-NM�-l�t: underacontext +�g�ST8���: , denoted8?>@-/+A:�u �C , is inductively definedasfollows:

� 8?>@-/+A:�u ��oI�Tj if f oA�n89+;:O�sj ;
� 8?>@-/+A:�u �°­OC if f 8?>°-/+;:qu �°C doesnothold;

� 8?>@-/+A:�u �°Cy®¨¯ if f 8?>@-/+A:�u �°C and 8?>@-/+A:qu �s¯ .

Furtheroperators± and ^ aredefinedasusual,i.e., CE±¨¯ and C²^�¯ standfor ­�8U­OCE®²­(¯�: and ­OCE±¨¯ ,
respectively. We write C�89+;: to abbreviate 8?>°-/+;:;u �BC . For R`rvM and [�g�Sa89Ra: , we use C6¤m89+;: asanab-
breviation of 8?>L¤m-/+A:�u ��C . For R³�´V.RG�.-3232324-/R�µ¥Y�rTM with ¶ª·¢� and [6�eg�Sa89RE�?: , we use R_�a[,�;d3d3dl[0µ
to abbreviate RG�6�a[,��®T23232�®GR�µ(�T[]µ .

Thefollowing resultfollows immediatelyfrom Proposition2.2.

Proposition 2.3 Let R¬rnM and [�g�ST89RQ: . Given +tg�Sa8��w: andan event C , decidingwhether C�89+A: andC6¤Z89+A: (given [ ) hold canbedonein polynomialtime.

We arenow readyto recall the notion of weakcause[25, 26]. Let >���8��#-NMO-l�t: be a causalmodel.
Let R¬rnM and [tg
ST89RQ: , andlet C beanevent.Then,Rh�T[ is aweakcauseof C under+ if f thefollowing
conditionshold:

AC1. R´89+;:O�s[ and C�89+A: .
AC2. SomeP¸rnM���R andsome[�g�Sa89Ra: and ¹Bg�Sa8UP³: exist suchthat:

(a) ­�C ¤3º)89+A: , and

(b) C ¤3º)»¼ 89+A: for all ½pBrnM´��89RhcEP�: and ½k#�H½p�89+A: .
1Notethat[16] alsoadmittedexogenousvariablesin primitiveevents,while [25,26] doesnot. Thisdoesnotaffect thecomplex-

ity of explanationsin thebasicsetting,but hassomeconsequencesfor thegeneralizationto situations,asdiscussedin Section6.
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Thefollowing exampleillustratesthenotionof weakcause.

Example2.4(Arsonistscontinued) Considerthecontext + �/¾¿� �E8À�1-.�4: in whichbotharsonistsintendto start
a fire. Then, 	
�]��� , 	������ , and 	��]����®E	������ areweakcausesof �I��� . For instance,let usshow that	��]��� is a weakcauseof ����� : (AC1) both 	�� and � is � under+ , (AC2(a))if both 	�� and 	�� aresetto{ , then � hasthevalue { , and(AC2(b)) if 	�� is setto � and 	�� to { , then � is � . Moreover, 	��]��� (resp.,	������ ) is theonly weakcauseof ����� underthecontext +��/¾ Á��Â8À�1-l{¥: (resp.,+0Áb¾¿�0�I8x{e-.�4: ) in which only
arsonist� (resp.,� ) intendsto starta fire. �

Thefollowing propositioncharacterizesirrelevantvariablesin weakcauses.

Proposition 2.5 Let >��I8��#-NMO-l�t: bea causalmodel. Let RÂrnM and [�g�ST89RQ: , let C bean event,and
let +�gwST8���: . Let R�Á�gwR such that in thecausalnetworkfor > , it holdsthat R�Á is not a predecessorof
any variable in C , and R�Á�89+;:/�ª[�89R�Á4: . Let RnÃ.�aR³�#V.R�ÁÄY and [6Ã4�T[�u RvÃ . Then, R_�T[ is a weakcause
of C under + iff R Ã �T[ Ã is a weakcauseof C under + .

Proof. 8UÅ�: Assumethat R_�T[ is a weakcauseof C under + . That is, (AC1) R´89+;:m�a[ and C�89+;: hold,
and(AC2) some PÆrnM���R , [�g�Sa89Ra: , ¹Bg
ST8UP³: exist suchthat (a) ­OC ¤3º 89+;: and(b) C ¤3º#»¼ 89+A: for all½pLrTMB��89Rhc�P³: and ½k#� ½p�89+;: . In particular, RvÃU89+A:m�Q[6Ã and C�89+A: hold. Moreover, as R�Á is no prede-
cessorof any variablein C , it follows that (a) ­�C ¤3ÇÈº Ç 89+A: and(b) C ¤ Ç º Ç »¼ 89+A: hold for all ½p¢rnMy�e89RQcOP³:
and ½k#� ½p�89+;: , where [6Ã4� [�u RvÃ , ¹�Ã4�T¹
[]Á , and [0Á��n[�89R�ÁÄ: . This shows that RvÃ4�T[0Ã is a weakcauseof C
under+ .8UÉ�: Assumethat R Ã �a[ Ã is a weakcauseof C under + . That is, (AC1) R Ã 89+;:m�T[ Ã and C�89+A: hold,
and(AC2) some P�rvM´��RnÃ , [6Ã1g�Sa89RvÃÊ: , ¹�g�Sa8UP³: exist suchthat (a) ­�C ¤�ÇËº 89+A: , and(b) C ¤ Ç º#»¼ 89+;: for
all ½pLrnM���89R Ã c�P³: and ½k)�H½p�89+A: . As R�ÁÌ89+A:m�T[(89R�Á4: , it holds R´89+;:m�a[ and C�89+A: . Furthermore,asR�Á is no predecessorof any variablein C , it follows that (a) ­OC ¤ Ç ¤.Í�º Ç 89+;: and(b) C ¤ Ç ¤.ÍÀº Ç »¼ 89+A: hold for all½pLrTMB��89Rhc�P³: and ½k)� ½p�89+A: , where ¹
Ã4�T¹EuÎ8UP��#V.R�ÁÄYÄ: , and [0Á,�T[�89R�Á4: . Hence, Rh�T[ is a weak
causeof C under+ . �

Wefinally recallaresultfrom [14, 15], whichshowsthatdecidingweakcauseis completefor � �� (resp.,Ï ! ) in thegeneral(resp.,binary)case.Note that this resultholdsalsowhenthedomain ST89RQ:m�BV¥�1-323232Ä-Ð ��Y of eachvariableR¬gE�Qc�M is implicitly specifiedby Ð �´·¢� .
Theorem 2.6(see[14, 15]) Givenacausalmodel>³�E8��#-NMO-l�t: , RBr�M , [�g�ST89RQ: , +tg
ST8���: , andaneventC , decidingwhetherR³�T[ is a weakcauseof C under+ is completefor ���� (resp.,

Ï ! ) in thegeneral (resp.,
binary) case.

2.3 Complexity Classes

We assumethat the readerhassomeelementarybackgroundin complexity theory, and is familiar with
the conceptsof polynomial-timesolvability,

Ï ! , polynomial-timetransformationsamongproblems,and
hardnessresp.completenessof a problemfor a complexity class,ascanbe founde.g.in [31, 32, 37]. We
now briefly recallthecomplexity classesthatweencounterin thispaper.

We recall that thePolynomialHierarchy(PH) containstheclassesÑE� � �a! , ��� � � Ï ! , <�� � �aÒ�Ó - Ï ! ,Ñy�µ3Ô � �Q! " $Õ , ���µ3Ô � � Ï ! " $Õ , and <��µ � co-���µ , for all ¶G·°� .
Fromtheseclasses,furthercomplexity classeshave beenderived. Theclass���µ �ÂV4ÖØ×TÖ Ã ueÖngt���µ -Ö Ã gw<��µ Y , ¶w·L� , is the “conjunction” of ���µ and <��µ ; in particular, ��� � is the familiar class��� . Theclass
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! " $Õ& , ¶ª·¢� , containsthedecisionproblemswhich canbesolvedin polynomialtime with parallelcallsto a

� �µ oracle,andis partof theRefinedPH [50]. Accordingto thecurrentbelief in complexity theory, Fig. 2
shows astricthierarchyof inclusions.

ÙlÚ - Û#ÜÜ Û�Ü Ý#Þ Ü,ß Þà á Þ â ã�äâ
å äâ

Ý#Þâ Ü�æèçéà á Þ ê ã�äê
å äê

Ý#Þê Ü�æèçëà ã�äì
å äì

á Þì

Figure2: ContainmentbetweenComplexity Classes

For classifyingproblemsthat computean output value (e.g., the set of atomsthat are entailedby a
classicalformula C ), functionclassessimilarto theclassesabovehavebeenintroduced(cf. [45, 31]). Among

theseare '(! , '(! * �& �Q'�! " $  & , and '(! " $Õ& , which are the functionalanalogsof ! , ! * �& �a! " $  & , and ! " $Õ ,
respectively. For furtherbackgroundon thesecomplexity classes,we referto [31, 32, 37, 45, 50].

In this paper, unlessstatedotherwise,completenessfor a decisionclassis with respectto standard
polynomial-timetransformations.Completenessfor a function classis understoodin termsof a natural
generalizationof polynomialtime transformations:Theproblem íO� reducesto í�� , if therearepolynomial
time functions î and ï suchthatfor eachinstanceðÄ� of í�� , theoutputfor ðÄ� is givenby ïA8xðÄ�4-lí��Ì8?î�8xðÄ�N:/:/: 2;
see[45, 31] for formal details.In caseof ! and '(! , completenessis understoodin termsof reductionsthat
canbecomputedin logarithmicspace.

3 Explanations

In this section,we analyzethe complexity of (full) explanationsin the structural-modelapproachdueto
HalpernandPearl[25, 27]. Weconsidertheproblemsof recognizingexplanationsandof decidingwhether
anexplanationover certainvariablesexists. We considerthegeneralaswell astherestrictionto thebinary
case.

3.1 Definitions

We now recall the conceptof (full) explanationfrom [25, 27]. Intuitively, an explanationof an observed
event C is a minimal conjunctionof primitive eventsthatcausesC evenwhenthereis uncertaintyaboutthe
actualsituationat hand.Theagent’s epistemicstateis givenby a setof possiblecontexts +�g�Sa8��w: , which
describesall thepossiblescenariosfor theactualsituation.

Moreformally, let >��I8��#-NMO-l�t: beacausalmodel,let RÂrnM and [�g�ST89RQ: , let C beanevent,andletñ r²ST8���: beasetof contexts. Then, Rh�n[ is anexplanationof C relative to
ñ

, if thefollowing conditions
hold:

EX1. C�89+A: holdsfor every context +tg ñ .

EX2. Rh�n[ is a weakcauseof C underevery +tg ñ suchthat R�89+A:O��[ .

2Notethatthefirst argumentof ò allows to accesstheoriginalprobleminstanceó   .
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EX3. R is minimal. That is, for every R Ãxô R , some+�g ñ existssuchthat R Ã 89+A:q�³[(u R Ã and R Ã �T[(u R Ã
is notaweakcauseof C under+ .

EX4. R´89+A:m�Q[ for some+�g ñ , and R´89+ Ã :�õ�T[ for some+ Ã g ñ .

Thefollowing exampleillustratestheabove notionof explanation.

Example3.1(Arsonistscontinued) Considerthesetof contexts
ñ �_V.+��/¾¿�.-/+,�/¾ Á1-1+0Áb¾¿�3Y . Then,both 	��]�I�

and 	������ areexplanationsof �I�I� relative to
ñ

, since(EX1) �G89+��/¾¿�N:m�a�J89+,�/¾ Á.:m�Q�J89+0Áb¾¿�N:m��� , (EX2)	��]��� (resp.,	������ ) is aweakcauseof �I�I� under+,�/¾¿� and +,�/¾ Á (resp.,+��/¾¿� and +0Áb¾¿� ), (EX3) 	�� and 	��
areobviously minimal, and(EX4) 	
�X89+,�/¾¿�b:m��� and 	
�489+0Áb¾¿�b:�õ��� (resp., 	��Ì89+��/¾¿�N:m�I� and 	��Ì89+��/¾ Á.:�õ�I� ).
Furthermore,	 � ����®y	 � ��� is notanexplanationof ���I� relative to

ñ
, ashere,theminimality condition

EX3 is violated. �
3.2 Results

In ourcomplexity analysis,wefocusonthefollowing problems,whicharemajortasksin explanation-based
causalreasoning:

Explanation: Given >���8��#-NMO-l�t: , R`rnM , [tgwSa89Ra: , anevent C , andasetof contexts
ñ rvST8���: , decide

whetherRh�T[ is anexplanationof C relative to
ñ

.

Explanation Existence: Given >��I8��#-NMO-l�t: , R¬rnM , anevent C , andasetof contexts
ñ r²Sa8��w: , decide

whethersomeRnÃ1rGR and [0ÃÄg
ST89RnÃö: exist suchthat RnÃ.�a[6Ã is anexplanationof C relative to
ñ

.

Thefirst problem,Explanation,is therecognitionof anexplanation.It emergesdirectly from thedefi-
nition of explanationin Section3.1andcapturesits intrinsic complexity. Thesecondproblem,Explanation
Existence,is associatedwith theimportanttaskof findinganexplanationfor anevent C . Similarasin other
frameworksfor explanations(e.g.[34, 46]), theset R focusesattentionto asubsetof thevariables,in terms
of which the explanationmustbe formed. Finding explanationsis certainly the centraltaskof a causal-
reasoningsystembuilt for applicationsin practice,and thus this problemdeserves specialattention. We
analyzethecomplexity of theseproblemsfor thegeneralaswell asthebinarycase,where > is restricted
to binarycausalmodels(i.e.,eachendogenousvariablemaytake only two values).

Our complexity resultson thesetwo problemsfor the generalandthe binary casearesummarizedin
Table1. In detail, theproblemExplanationis completefor theclass ���� (resp., ��� ) in thegeneral(resp.,
binary)case,while theproblemExplanationExistenceis completefor ���� (resp.,���� ) in thegeneral(resp.,
binary)case.It thusturnsout thatfinding explanationsis at the third level of PH.Hence,explanationsare
harderto computethanweakcauses,whichlie atthesecondlevel of PH[14]. Ontheotherhand,recognizing
explanationsis only mildly harderthanrecognizingweakcauses,which is � �� -complete.

We now show how thecomplexity resultsin Table1 canbe formally derived. In ordernot to distract
from the flow of reading,we presentthe main partsandkey ideasbehindconstructions,andmove some
technicaldetailsto AppendixA.

Thefollowing resultshows thatdecidingexplanationsis ���� -completein thegeneralcase.Theproblem
is in � � � , asconditionEX2 amountsto aconjunctionof a linearnumberof problemsin � �� , andEX3 to the
negationof sucha problem;EX1 andEX4 areeasilychecked. Thus,by usualtechniques,theexplanation
checkcanbereducedto aconjunctionof problemsin ���� and <��� . Hardnessfor ���� is shown by areduction
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Table1: Complexity of Explanations

Problem generalcase binarycase

Explanation

Ý#Þâ
-complete

Ý�Þ
-complete

ExplanationExistence ã�äê -complete ã�äâ -complete

from the ���� -completeproblemof deciding,givena pair 8U÷��.-N÷��.: of QBFs,whether÷�� is valid and ÷�� is
not valid.

Theorem 3.2 Explanationis ���� -complete.

Proof. As for membershipin ���� , recall that R_�a[ is anexplanationof C relative to
ñ

if f EX1–EX4hold.
Deciding in EX1 whether C�89+A: for every +�g ñ and in EX4 whether R´89+;:m�a[ and R´89+ Ã :�õ�T[ for some+�-/+0Ã�g ñ is polynomial. In EX2, the set

ñ Ã of all +tg ñ suchthat R�89+A:m�¢[ is polynomially computable.
By Theorem2.6andas ���� is closedunderpolynomiallymany conjunctions,decidingwhetherR_�n[ is a
weakcauseof C underevery +tg ñ Ã is in � �� . In EX3, guessingsomeRvÃ ô R andcheckingthat RvÃ4�T[�u RvÃ
is a weakcauseof C underevery +tg ñ suchthat R Ã 89+;:m�a[�u R Ã is in ���� . Thus,decidingEX3 is in <��� . In
summary, decidingwhetherR_�a[ is anexplanationof C relative to

ñ
is in ���� .

Hardnessfor � � � is shown by areductionfrom deciding,givenapair 8U÷��.-N÷��.: of QBFs ÷)�Ì�¢øe	��öùA���Xúè�
with �0gyV¥�1-û�èY , whereeach úè� is a propositionalformula on the variables 	
�²�üV4	
�9¾¿�.-323232X-l	
�9¾ ý#©/Y and�����´V4���9¾¿�.-323232.-l���9¾ 51©ÀY , whether ÷�� is valid and ÷�� is not valid. We construct >��I8��)-NM�-l��: , R¬rnM ,[ag²ST89RQ: , ñ r²Sa8��w: , and C asrequiredsuchthat Rh�n[ is anexplanationof C relative to

ñ
if f ÷�� is valid

and ÷�� is not valid.
Roughlyspeaking,themainideabehindthis constructionis asfollows. We construct>I�0�I8��)-NMA�.-l����:

and > � �I8��)-NM � -l� � : andtwo events C � and C � suchthat (i) M � ��M � �BVÄþtY , and(ii) for every +tg�Sa8��w: ,
it holdsthat þ¢�a{ is a weakcauseof C6� under + in >L� if f ÷)� is valid (seeFig. 3, left side). The causal
model > is theunionof >�� and >B� , enlargedby additionalendogenousvariables(seeFig. 3, right side).
WethenconstructC and +,�3-/+0��g�Sa8��w: suchthat C is under+�� and +0� equivalentto C,� and C0� , respectively.
Finally, theconstructionis suchthat þ¢�Q{#®ÿþ Ã �a{ is anexplanationof C relative to

ñ �BV.+��.-/+0�XY in > , if f
(a) þL�a{ is a weakcauseof C � under + � in > � , and(b) þ¢�a{ is not a weakcauseof C � under + � in > � ,
where(a) (resp.,(b)) is encodedin EX2 (resp.,EX3). Thatis, þ¢�¢{#®�þ�Ã4�a{ is anexplanationof C relative
to
ñ

in > , if f ÷�� is valid and ÷�� is not valid.
More formally, for every �JgÂV¥�1-û�èY , the causalmodel >L�y� 8��#-NMZ�À-l���f: is definedby �w��V � Y andMZ�?�ª	��èc����ècJVÄþ�-��#�zY , whereST8���:m�´V4{e-.�1-û�èY for all �IgJ��� , and Sa8��O:m��V4{e-.�ÄY for all ��ga���èc¨MZ�è����� .

Moreover, wedefine

C6�Ì�I8 ú Ã� ® ��	� ¡ © �Qõ�a�Ì:�±a8��#�¥�a{¥:�±Q8Uþ¢���#®
�#�����)®���
� ¡ © �¢õ�a�Ì:N-
whereú Ã� is obtainedfrom ú¦� by replacingeach�Gg�	���cE��� by “ ����� ”. Thefunctionsin ������V4� �� u��²g
Mm�zY
aredefinedasfollows:

� � �� �Q{ for all �Gg�	��ZcvVÄþy-��#�ÀY ,
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�����

� �
��� � â

� �

� �
� �9¾¿������� � �9¾ ý#© � � ¾¿������� � �9¾ 5Ä©

� �
�

�
� � �

Figure3: SchematicConstructionfor Evaluatingtwo QBFs ÷�� and ÷��

� � �� �¢þ�� �#� for all �Jg���� .
As shown in [14, 15], for every �6gyV¥�1-û�èY and +tg�Sa8��w: , it holdsthat þ¢�a{ is a weakcauseof C6� under +
in >L� if f ÷�� is valid.

Thecausalmodel >W�I8��)-NM�-l��: is now definedby M´�¢MA�ÌcªMZ�ecwVÄþ Ã -"!LY and �B�a����c����¦c�V4�$# Ç � � -��%a��� if f 8 � �a{,®wC � :1±y8 � �I�m®wC � : is trueY . Let C bedefinedas !h�´� , andlet + � -/+ � g�Sa8��w: bedefined
by +��48 � :m�Q{ and +0��8 � :m�I� . Observe that C is primitive.

For every �6gyV¥�1-û�èY and +tg
ST8���: , it holdsthat þ¢�a{ is aweakcauseof C6� under+ in > if f ÷)� is valid.
Hence,for every �6gEV¥�1-û�èY ,

(i) þ¢�Q{ is aweakcauseof C under+0� in > if f ÷)� is valid.

By Proposition2.5,thefollowing statementshold:

(ii) þ¢�Q{ is aweakcauseof C under+�� in > if fþ¢�Q{�®Jþ�Ã4�a{ is aweakcauseof C under+,� in > .

(iii) þ�Ã.�a{ is notaweakcauseof C under+,� in > .

Using theseresults,we now show that þL�Q{
®Qþ Ã �a{ is an explanationof C relative to
ñ �BV.+,�.-/+]�ÄY

if f ÷ � is valid and ÷ � is not valid.8UÅ�: Assumethat þL�Q{¥®Oþ�Ã4�a{ isanexplanationof C relativeto
ñ

. In particular, byEX2, þ¢�a{¥®Oþ�ÃX�Q{
is a weakcauseof C under+�� . Moreover, by EX3, þ¢�Q{ is eithernot a weakcauseof C under +,� , or not a
weakcauseof C under+0� . By (ii), þ¢�Q{ is aweakcauseof C under+�� . Thus, þ¢�¢{ is notaweakcauseofC under+0� . By (i), ÷�� is valid, and ÷�� is not valid.8UÉ�: Assumethat ÷�� is valid and ÷�� is not valid. We first show thatEX1 holds. As �#�l89+A:m�a{ for all�6gyV¥�1-û�èY and +�g ñ , we get C6�À89+;: for all �6gyV¥�1-û�èY and +�g ñ . Thus, C�89+A: for all +tg ñ . To seethat EX4
holds,observe that þE89+��b:m�¢þ Ã 89+,�b:m�a{ , while þE89+0�4:m�Q{ and þ Ã 89+0�4:m�I� . We next show thatEX2 holds.
By (i), þ¢�a{ is a weakcauseof C under +,� . By (ii), it follows that þ¢�Q{�®Qþ�Ã4�a{ is a weakcauseof C
under+,� . Wenow show thatEX3 holds.By (i), þ¢�a{ is notaweakcauseof C under+]� . By (iii), þ Ã �a{ is
notaweakcauseof C under+ � . �
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Thefollowing theoremshows thatdecidingwhetheranexplanationover certainvariablesexists is ���� -
complete.Here,the � �� upperboundis straightforwardby the � �� upperboundof recognizingexplanations,
andastandardguessandcheckargument.The ���� -hardnessof ExplanationExistencestemsfrom asubtlety
in thedefinitionof explanation.Fromsatisfactionof EX1, EX2 andEX4 for R_�T[ we cannot conclude
that someRvÃ4�T[6Ã containedin Rh�T[ existswhich will satisfyEX1-EX4; if we minimize Rh�T[ soasto
satisfyEX3, theresulting R Ã �T[ Ã mayviolateEX4. It is this interplayof theconditionswhich makesthis
problemdifficult, andtheproofsof thehardnessresultsnontrivial.

Theorem 3.3 ExplanationExistenceis ���� -complete.

Proof (sketch). As for membershipin ���� , observe that the problemcan be reducedto guessingsomeRvÃ�rJR and [6Ã1g�Sa89RvÃÊ: , andverifying that RvÃ4�n[0Ã is anexplanationof C relative to
ñ

. By Theorem3.2,
this canbedonein polynomialtime with two callsto a � �� -oracle.Thus,theproblemis in � �� .

Hardnessfor � �� is shown by a reductionfrom decidingwhethera given QBF ÷K�Æøe�
ù&�
ømS�ú is
valid, whereú is apropositionalformulaonthevariables��c'�¢cyS . Weconstruct>��I8��#-NMO-l�t: , R¬rnM ,ñ r²ST8���: , and C suchthat ÷ is valid iff someRnÃ�rGR and [0ÃÄg
ST89RnÃö: exist suchthat RvÃ4�T[0Ã is anexplana-
tion of C relative to

ñ
. Roughly, themainideais to encodethequantor“ øe� ” in guessingsomeR Ã rJR , and

“ ù&�¢ømS�ú ” in checkingthecomplementof a weakcausein EX3. Notethat theconstructionis technically
involved. �

In thebinarycase,thecomplexity of all consideredproblemsdropsby onelevel in PH; thisparallelsthe
dropof thecomplexity of weakcausesfrom � �� to

Ï ! in thebinarycase[14]. Themembershippartscan
bederivedanalogousasin thegeneralcase,andthehardnesspartsby slightadaptationsof theconstructions
in theproofs,wherecertainsubcomponentsfor weakcausetestingaremodularlyreplaced.The following
two resultsshow that recognizingexplanations(resp.,decidingtheexistenceof explanations)is complete
for ��� (resp.,���� ) in thebinarycase.

Theorem 3.4 Explanationis ��� -completein thebinarycase.

Proof. As for membershipin ��� , recall that R_�a[ is anexplanationof C relative to
ñ

if f EX1–EX4hold.
By theproof of Theorem3.2, checkingEX1 andEX4 is polynomial. Moreover, in EX2, the set

ñ Ã of all+tg ñ suchthat R�89+A:m�Q[ is polynomiallycomputable.By Theorem2.6,decidingwhetherR³�T[ is aweak
causeof C underevery +tg ñ Ã is in

Ï ! in thebinarycase.In EX3, guessingsomeRnÃ ô R andcheckingthatR Ã �T[�u R Ã is a weakcauseof C underevery +tg ñ with R Ã 89+A:m�T[�u R Ã is in
Ï ! in thebinary case.Thus,

thecomplementaryproblemof decidingEX3 is in Ò�Ó - Ï ! in thebinarycase.In summary, decidingwhetherRh�n[ is anexplanationof C relative to
ñ

is in � � in thebinarycase.
Hardnessfor ��� is shown by areductionfrom thefollowing ��� -completeproblem.Giventwo proposi-

tionalformulasin 3DNF  �]�  �/¾¿��±qd3d3d]±  �/¾ µ   and  ���  �b¾¿�3±qd3d3d0±  �b¾ µ % onthevariables	
�0�BV4	
�/¾¿�.-3232324-	
�/¾ 5   Y and 	����BV4	��b¾¿�.-3232324-l	��b¾ 5 % Y , respectively, where ¶e�.-û¶¥�1- Ð ��- Ð ��·L� , decidewhether � is not a tau-
tologyand  � is a tautology. Without lossof generality, 	 � �G	 � �ai , and ¶ � -û¶ � ·v� .

We construct>���8��#-NMO-l�t: , RÂrTM , [tg�Sa89Ra: , ñ r²Sa8��w: , and C suchthat Rh�n[ is an explanation
of C relative to

ñ
if f  � is nota tautologyand  � is a tautology. Theconstructionis similar to theonein the

proof of Theorem3.2. Roughly, we replacethepartfor � �� -hardnessof decidingweakcausein thegeneral
caseby anew partfor NP-hardnessof decidingweakcausein thebinarycase.

Moreformally, for every �6gyV¥�1-û�èY , wedefinethecausalmodel >L�,�_8��#-NMZ�À-l���f: asfollows. Theexoge-
nousandendogenousvariablesaregivenby �@��V � Y and MZ����	
�6cnVÄþy-lSy� ¾¿�X-323232.-lS �9¾ µ ©)(;� Y , respectively,
whereSa8��O:m�BV4{e-.�ÄY for all �Ggy�IcvM � . Thefunctions� � �LV4� �� u*�GgtM � Y aredefinedby:
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� � �� �³� for all �Jgw	
�6cnVÄþtY ,
� � �+ ©-,   �@þ�±  � ¾¿� ,
� � �+ ©-, . ��Sy�9¾ /0(;��±  �9¾ / for all 1ÿgaVX�¦-3232324-û¶Ì�&2��ÄY .

Let CZ�Ì�aS �9¾ µ (;� ±  �9¾ µ . As shown in [14, 15], for every �6gEV¥�1-û�èY and +�g�Sa8��w: , it holdsthat þL�I� is a
weakcauseof C6� under+ in >¢� if f  � is nota tautology.

Thecausalmodel >W�I8��)-NM�-l��: is now definedby M´�¢MA�ÌcªMZ�ecwVÄþ Ã -"!LY and �B�a����c����¦c�V4� # Ç � � -� % ��� if f 8 � �a{,®wC,�b:1±y8 � �I�m®wC0�4: is trueY . Let C bedefinedas !h�´� , andlet +���-/+]��g�Sa8��w: bedefined
by +��48 � :m�I� and +0��8 � :m�Q{ . Observe that C is primitive.

By a similar line of argumentationasin theproof of Theorem3.2, it follows that þ¢���)®Tþ Ã ��� is an
explanationof C relative to

ñ ��V.+,�.-/+]�ÄY if f  � is nota tautologyand  � is a tautology. �
Theorem 3.5 ExplanationExistenceis ���� -completein thebinarycase.

Proof (sketch). As for membershipin � �� , by Theorem3.4, guessingsome RnÃxrqR and [0Ã9g�ST89RnÃö: , and
verifying that R Ã �T[ Ã is an explanationof C relative to

ñ
canbe donein polynomial time with two NP-

oraclecallsin thebinarycase.Thisshows thatExplanationExistenceis in ���� in thebinarycase.
Hardnessfor � �� is shown by a reductionfrom the following � �� -completeproblem. Given a QBF÷²�¢øe�¢ù&�nú , whereú is apropositionalformulaonthevariables���
V4�t�.-323232.-l�43?Y and �
�tV5�
�.-3232324-��#ý�Y ,

decidewhether ÷ is valid. We construct>���8��#-NMO-l�t: , R`rnM ,
ñ rvST8���: , and C suchthat ÷ is valid iff

someR Ã rGR and [ Ã gwSa89R Ã : exist suchthat R Ã �T[ Ã is anexplanationof C relative to
ñ

. Theconstruction
is similar to theonein theproof of Theorem3.3.Roughly, we replacethepartfor ���� -hardnessof deciding
weakcausein thegeneralcaseby anew partfor

Ï ! -hardnessof decidingweakcausein thebinarycase.�
4 Partial Explanationsand Explanatory Power

In this section,we analyzethe complexity of partial explanationsin thestructural-modelapproachdueto
HalpernandPearl[25, 27]. We considerthe problemsof recognizing -partial/ partial explanationsand
of decidingwhetheran  -partial explanationover certainvariablesexists. Furthermore,we considerthe
problemof computingtheexplanatorypowerof apartialexplanation.All complexity resultsarederivedfor
thegeneralaswell asthebinarycase.

4.1 Definitions

Wenow recallthenotionsof  -partial/ partialexplanationsandof explanatorypowerof partialexplanations
[25, 27]. Roughly, the main ideabehindpartial explanationsis to generalizethe notion of explanationof
Section3.1to asettingwhereadditionallyaprobabilitydistributionoverthesetof possiblecontexts is given.

Let >W��8��#-NMO-l�t: be a causalmodel. Let RÂrnM and [�g�Sa89Ra: , let C be an event, let
ñ r²ST8���: be

suchthat C�89+A: for all +tg ñ . We usetheexpression
ñ&6��£]¤ to denotetheuniquelargestsubset

ñ Ã of
ñ

such
that Rh�n[ is anexplanationof C relative to

ñ Ã . Thefollowing propositionshows thatif suchaset
ñ Ã exists,

then
ñ 6��£]¤ is defined;it alsogivesausefulcharacterizationof

ñ 6��£]¤ .
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Proposition 4.1 Let >W�I8��)-NM�-l��: bea causalmodel. Let R`rnM and [tg�Sa89Ra: , and let C bean event.
Let

ñ rvST8���: besuch that C�89+;: for all +ng ñ . If R_�T[ is anexplanationof C relativeto some
ñ Ã�r ñ , thenñ 6��£]¤ is thesetof all +�g ñ such thateither(i) R�89+A:wõ��[ , or (ii) R´89+A:m�Q[ and R_�n[ is a weakcauseof C

under + .

Proof. Clearly,
ñ 6��£]¤ doesnot containany +tg ñ suchthat R�89+A:m�a[ andthat Rh�T[ is nota weakcauseofC under + , asotherwiseEX2 would be violated. Hence,

ñ 6��£]¤ is a subsetof thesetof all +�g ñ suchthat

either(i) or (ii). Assumenow thatsome+ Ã g ñ with R�89+ Ã :�õ�a[ doesnotbelongto
ñ 6��£]¤ . Then, R³�T[ is an

explanationof C relative to
ñ ÃZ� ñ 6��£]¤ cÿV.+6Ã9Y . But thiscontradicts

ñ 6��£]¤ beingthelargestsuch
ñ Ã . Assume

next thatsome+ Ã g ñ suchthat R´89+ Ã :m�Q[ andthat Rh�n[ is a weakcauseof C under + Ã doesnot belongtoñ 6��£]¤ . Then, R_�a[ is anexplanationof C relative to
ñ Ã � ñ 6��£]¤ cÿV.+ Ã Y . But this contradictsagain

ñ 6��£]¤
beingthelargestsuch

ñ Ã . Hence,
ñ 6��£]¤ is thesetof all +Tg ñ suchthateither(i) or (ii). �

Let � beaprobabilityfunctionon
ñ

, anddefine

�E8 ñ 6��£]¤ u�Rh�T[A:¢� 78�9;:=<>	?5@A�B 8=C0D)« �E89+A:FE 78G9;:A�B 8=C0D�« �E89+A:02
Then, Rh�n[ is calledan  -partial explanationof C relative to 8 ñ -N��: if f

ñ 6��£]¤ is definedand ��8 ñ 6��£]¤ uRh�n[A:]·  . Wesay R³�T[ is apartial explanationof C relative to 8 ñ -N��: if f R³�a[ is an  -partialexplana-
tion for some IH { ; furthermore,�E8 ñ&6��£]¤ u�Rh�T[A: is calledits explanatorypower(or goodness).

Example4.2(Arsonistscontinued) Considerthe setof contexts
ñ �KV.+,�/¾¿�.-/+��/¾ Á1-Z+0Áb¾¿��Y , and let í be the

uniformdistribution over
ñ

. Then,both 	
�6�I� and 	������ are1-partialexplanationsof ����� . Thatis, both	 � ��� and 	 � �´� arepartialexplanationsof �I��� with explanatorypower � . �
As for computation,we assumethat the above probability functions í arecomputablein polynomial

time.

4.2 Results

In our analysis,we considerthe following importantproblemsrelatedto partial explanationsand their
explanatorypower:

 -Partial Explanation: Given >��I8��#-NMO-l�t: , RÂrTM , [tg�Sa89Ra: , anevent C , a setof contexts
ñ r²Sa8��w:

suchthat C�89+A: for all +tg ñ , a probability function � on
ñ

, and  ·³{ , decidewhetherR_�a[ is an -partialexplanationof C relative to 8 ñ -lít: .
 -Partial Explanation Existence: Given >���8��#-NMO-l�t: , R`rnM , anevent C , a setof contexts

ñ r²Sa8��w:
suchthat C�89+;: for all +�g ñ , a probabilityfunction � on

ñ
, and  ·�{ , decidewhethersomeR Ã r²R

and [0Ã1gwSa89RvÃÊ: exist suchthat RnÃ.�a[6Ã is an  -partialexplanationof C relative to 8 ñ -lít: .
Partial Explanation: Given >��I8��#-NMO-l�t: , RÂrnM , [tg
ST89RQ: , an event C , a setof contexts

ñ r²Sa8��w:
suchthat C�89+;: for all +�g ñ , aprobabilityfunction � on

ñ
, decidewhetherR_�n[ is apartialexplana-

tion of C relative to 8 ñ -lít: .
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Explanatory Power: Given >���8��#-NMO-l�t: , R`rvM , [�gwST89RQ: , anevent C ,
ñ r°Sa8��w: , anda probability

function � on
ñ

, where(i) C�89+A: for all +�g ñ , and(i) R_�T[ is a partial explanationof C relative to8 ñ -lít: , computetheexplanatorypower of R³�T[ .

Theproblems -Partial/ Partial Explanationand  -Partial ExplanationExistencecanbeviewedasre-
laxationsof ExplanationandExplanationExistence,respectively, in a probabilisticcontext. Explanatory
Power is theproblemof computingthe“goodness”of apartialexplanationR³�a[ , givenby thecoverageof
thecaseswhere Rh�T[ is true in thecontexts

ñ
. This informationcanbeusedto rankpartialexplanations

andsingleout “best” ones.
Ourcomplexity resultsontheseproblemsfor thegeneralandthebinarycasearesummarizedin Table2.

In detail,recognizing -partial/ partialexplanationsis completefor !)" $%& (resp.,!�* �& ) in thegeneral(resp.,

binary) case,while decidingthe existenceof  -partial explanationsis completefor ���� (resp., ���� ). Fur-

thermore,computingtheexplanatorypowerof apartialexplanationis completefor '�!)" $%& (resp.,'�! * �& ) in
thegeneral(resp.,binary)case.Hence,finding  -partial explanationshasthesamecomplexity asfinding
full explanations,while recognizing -partial/ partial explanationsis mildly harderthanrecognizingfull
explanations.

Table2: Complexity of PartialExplanationsandExplanatoryPower

Problem generalcase binarycase� -PartialExplanation Ü�æèçéà -complete Ü�ß Þà -complete� -PartialExplanationExistence ã�äê -complete ã�äâ -complete

PartialExplanation Ü æèçéà -complete Ü ß Þà -complete

ExplanatoryPower JAÜ�æèçéà -complete JAÜ ß Þà -complete

Thefollowing resultshows thatrecognizing -partialexplanationsis !#" $%& -complete.Roughly, to recog-

nize an  -partial/ partial explanation,we needto know thesetof contexts
ñ 6��£]¤ . By exploiting thebasic

characterizationresultin Proposition4.1, it canbecomputedefficiently with parallelcalls to a � �� oracle.
Once

ñ 6��£]¤ is known, weneedto checkwhetherR_�a[ is anexplanationrelative to it, therestis easy. Thus,

thecomplexity of theseproblemsliesherein thecomputationof
ñ 6��£]¤ .

Theorem 4.3  -Partial Explanationis ! " $%& -complete.

Proof (sketch). We first prove membershipin !#" $%& . Recall that Rh�T[ is an  -partial explanationof C
relative to 8 ñ -lít: if f (a) R_�T[ is anexplanationof C relative to

ñ 6��£]¤ , and(b) �E8 ñ 6��£]¤ u�R_�a[A:]·  . By

Proposition4.1,
ñK6��£]¤ is the setof all +tg ñ suchthat either(i) R�89+A:�õ�a[ , or (ii) R�89+A:m�¢[ and R_�T[ is

a weakcauseof C under + . As deciding(i) is polynomial,anddeciding(ii) is in ���� , by Theorem2.6,

computing
ñ&6��£]¤ is in '�!�" $%& . Once

ñ&6��£]¤ is given,deciding(a) is possiblewith two � �� -oraclecalls,by

Theorem3.2,anddeciding(b) is polynomial. It is now well-known that two roundsof parallel ���� -oracle
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Figure4: SchematicConstructionfor Evaluating¶ QBFs ÷��3-3232324-N÷�µ

queriesin a polynomial-timecomputationcanbe replacedby a singleone[3]. Hence,the problemis in

!#" $%& .

Hardnessfor ! " $%& is shown by a reductionfrom deciding, given ¶ QBFs ÷)�B� øe	
�4ù]���Xúè� with�ûg(V¥�1-323232X-û¶0Y , where each úè� is a propositionalformula on the variables 	��B� V4	�� ¾¿�.-323232X-l	
�9¾ ý)©ÀY and� � �´V4� �9¾¿� -323232.-l� �9¾ 51© Y , whetherthe numberof valid formulasamong ÷ � -323232.-,÷�µ is even. Without loss
of generality, 	��]cE�
�3-323232.-l	�µOcy�ªµ arepairwisedisjoint, ÷�� is valid, andfor each16g(VX�¦-3232324-û¶0Y , thevalid-
ity of ÷�/ impliesthevalidity of ÷�/0(;� [50]. We construct>��I8��#-NMO-l�t: , R¬rnM , [�g�ST89RQ: , C ,

ñ r²Sa8��w: ,� , and  suchthat R³�a[ is an  -partialexplanationof C relative to 8 ñ -lí�: if f thenumberof valid formulas
among÷���-323232X-N÷�µ is even. Roughly, themain ideabehindthis constructionis asfollows. For each÷�� , we
constructan instanceof weakcause,that is, > � �I8�� � -NM � -l� � : , R � r M � , [ � g
ST89R � : , + � g�Sa8�� � : andan
event C6� , suchthat RE�¥�T[6� is a weakcauseof C6� under+0� in >L� if f ÷�� is valid. Then, > is theunionof all>L� , enlargedby additionalvariables(seeFig. 4), andwe define Rh�TRG�(cQd3d3d�cJR�µ and [w�T[,�;23232N[0µ . By
settingí to theuniformdistribution over

ñ
and  �I��E�u ñ u , weobtainthat Rh�T[ is an  -partialexplanation

of C relative to 8 ñ -lít: if f Rh�T[ is anexplanationof C relative to
ñ 6��£]¤ . The latter is madeto hold iff the

numberof valid formulasamongthe ÷)� ’s is even. In detail,EX3 is violatediff � is even, ÷)� is notvalid, and÷)�P(;� is valid. �
Thefollowing theoremshows thatdecidingtheexistenceof  -partialexplanationsis completefor � �� .

Here,the ���� upperboundfollows from the ! " $%& upperboundof recognizing -partial explanationsby a

standardguessandcheckargument. The ���� -hardnessis inheritedfrom the ���� -hardnessof Explanation
Existence.

Theorem 4.4  -Partial ExplanationExistenceis ���� -complete.

Proof. We first prove membershipin � �� . By Theorem4.3, decidingwhether RnÃö�ª[6Ã is an  -partial ex-

planationof C relative to 8 ñ -lít: is in ! " $%& 2 Hence,guessingsome R Ã r²R and [ Ã g�Sa89R Ã : , anddeciding

whetherR Ã �T[ Ã is an  -partialexplanationof C relative to 8 ñ -lít: is in ���� .
Hardnessfor � �� is shown by a reductionfrom ExplanationExistence(seeTheorem3.3). Given an

instanceof it, let í betheuniformdistributionon
ñ

, andlet  �I� . Then,R Ã �T[ Ã is an  -partialexplanation
of C relative to 8 ñ -lít: if f R Ã �T[ Ã is anexplanationof C relative to

ñ
. �
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The next theoremshows that decidingpartial explanationsis ! " $%& -complete.The membershippart is
provedsimilarly asin theproof of Theorem4.3. Thehardnesspart follows easilyfrom thehardnessresult
in Theorem4.3.

Theorem 4.5 Partial Explanationis !)" $%& -complete.

Proof. As for membershipin ! " $%& , recall that Rh�T[ is a partial explanationof C relative to 8 ñ -lít: if f

(a) R_�T[ is anexplanationof C relative to
ñ 6��£]¤ , and(b)

ñ 6��£]¤ containssome+ suchthat R�89+A:m�Q[ and

�E89+A: H { . By theproof of Theorem4.3, computing
ñ&6��£]¤ is in '�!)" $%& . Once

ñK6��£]¤ is given,checking(a)

is in ���� by Theorem3.2,andchecking(b) is polynomial. As two roundsof parallel ���� -oraclequeriesin
a polynomial-timecomputationcanbe replacedby a singleone[3], decidingwhether Rh�n[ is a partial

explanationof C relative to 8 ñ -lí�: is in ! " $%& .

Wenext show !#" $%& -hardness.If í is theuniformdistribution over
ñ

, then R³�T[ is apartialexplanation

of C relative to 8 ñ -lít: if f R_�n[ is a �Q RSQ -partialexplanationof C relative to 8 ñ -lí�: . By theproof of Theo-

rem4.3,decidingthelatteris completefor !)" $%& . Thus,decidingwhetherR³�a[ is apartialexplanationof C
relative to 8 ñ -lít: is !#" $%& -hard,andhardnessholdsevenif í is theuniformdistribution over

ñ
. �

The following result shows that computingthe explanatorypower of a partial explanationis '(!#" $%& -
complete.Here,themembershippart is provedsimilarly asin theproof of Theorem4.3. Thehardnesspart
is shown by a reductionfrom computingall valid QBFsamong¶ givenQBFs ÷²�¢øe	qù]�tú .

Theorem 4.6 ExplanatoryPoweris '(! " $%& -complete.

Proof (sketch). We first prove membershipin '(!)" $%& . Let Rh�T[ be a partial explanationof C relative to

8 ñ -N��: . To computeits explanatorypower, wecomputefirst
ñ 6��£]¤ andthen ��8 ñ 6��£]¤ u�R_�a[A: . By theproof

of Theorem4.3,theformeris in '(!)" $%& , while thelatteris polynomial.In summary, theproblemis in '�!)" $%& .

Hardnessfor '(! " $%& is shown by a reductionfrom computing,given ¶ QBFs ÷ � ��øe	 � ù]� � ú � with�6gyV¥�1-323232Ä-û¶0Y , whereeachú¦� is a propositionalformulaon thevariables	��Ì�BV4	
�9¾¿�.-323232X-l	
�9¾ ý#©/Y and �����V4���9¾¿�.-323232.-l���9¾ 51©ÀY , thevector 8PT¦�.-323232.-UT�µ1:
g�V4{e-.�ÄY µ suchthat T1�)� � if f ÷�� is valid, for all �6gyV¥�1-323232X-û¶0Y .
Without lossof generality, 	
��cÿ�t�.-323232.-l	�µ�cÿ�ªµ arepairwisedisjoint,and ÷�� is valid. Roughlyspeaking,
themainideais to constructaprobleminstancesuchthat 8PT � -3232324-UT�µ�: is thebit-vectorrepresentationof the
explanatorypower of R_�T[ . For each÷)� , we construct>L�Ì��8����z-ÌMZ�z-l���f: , RE�mrvMZ� , [0�/g;ST89RE�f: , +0�zg,Sa8����U: ,
andanevent C � suchthat R � �a[ � is aweakcauseof C � under+ � in > � if f ÷ � is valid. Thesemodelsarethen
combinedin > suchthat +6�mg ñ 6��£]¤ if f ÷)� is valid. Defining í�89+6�f:m�Q� �P(;� for all �6gyV¥�1-323232Ä-û¶0Y completes
thereduction. �
5 SuccinctRepresentation

Ourcomplexity resultsin Sections3 and4 (assummarizedin Tables1 and2) assumethatthesetof contextsñ
is enumeratedin the input. However,

ñ
maycontainexponentiallymany contexts. Hence,a descriptive

representationcanbemuchmorecompactanddesirablein practice.In thesuccinctrepresentationsetting,
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we thusassumethat
ñ

is givenby a tractablemembershipfunction 7 R 89+;: . That is, on input of +tg�Sa8��w: ,
function 7 R 89+;: reportsin polynomial time whether +tg ñ holds. This includes,e.g.,descriptionsof

ñ
in

termsof propositionalformulasV over � suchthatthemodelsof V describethecontexts in
ñ

.
Table3 shows our complexity resultsfor someof theproblemsin Sections3 and4 in thesettingwhere

contextsaresuccinctlyrepresented.Moreprecisely, recognizingexplanationsandpartialexplanationsin the
caseof succinctcontext setsis completefor <��= (resp.,<��� ) in thegeneral(resp.,binary)case.

Table3: Complexity of ExplanationsandPartialExplanations:SuccinctRepresentation

Problem generalcase binarycase

Explanation
å äì -complete

å äê -complete

Partial Explanation
å äì -complete

å äê -complete

Thus,it turnsout that succinctrepresentationincreasesthecomplexity of ExplanationandPartial Ex-
planationdrastically. Intuitively, in thiscasecheckingapropertyfor all contexts in

ñ
becomesmuchharder,

sincethereseemsnobetterwaythanguessingthe“right” context witnessingor disproving theproperty. The
complexity increaseby two levelsin PH stemsfrom thefactthatconditionEX3 involvestwo nestedchecks
of propertiesfor all contexts in

ñ
. This dominatesthecomplexity of EX1, EX2, andEX4 andleadsto < �=

complexity.
For  -Partial Explanation,we have similar effects. Worse,we needto calculatesumsof probabilities

over succinctlyrepresentedcontext sets.This leadsusoutsidePH: It requiresto solve problemswhich are
at leastasharddecidingwhetheragivenpropositionalCNF V has ·n¶ models,where¶ is in theinput. This
problemis, asgenerallybelieved, not in PH. We refrain from a detailedanalysisof computing  -partial
explanationshere. A complexity increasefor ExplanationExistenceundersuccinctcontext setsto ���W is
plausible,thoughwehavenotanalyzedit; notethatalreadythe < �= -hardnessproof for Explanationis rather
involved.

The following resultshows that decidingexplanationis <��= -completefor succinctcontext sets. Here,
membershipin < �= follows from thefactthatcheckingEX1, EX2, EX3, andEX4 is in Ò�Ó - Ï ! , < �� , < �= , andÏ ! , respectively, for succinctcontext sets.Hardnessfor <��= is shown by areductionfrom decidingwhether
agivenQBF ÷²�²ù]	wøe�
ù&�
ømS�ú is valid, which is essentiallyencodedin conditionEX3.

Theorem 5.1 Explanationis < �= -completefor succinctcontext sets.

Proof (sketch). Recallthat R_�T[ is anexplanationof C relative to
ñ

if f EX1–EX4hold. Undersuccinct
context sets,in EX1, deciding C�89+;: for all +�g ñ is in Ò�Ó - Ï ! . In EX4, decidingwhether R´89+;:m�a[ andR´89+0ÃÊ:�õ�a[ hold for some+�-/+0Ã�g ñ is in

Ï ! . By Theorem2.6,decidingwhetherR_�a[ is a weakcauseofC underevery +�g ñ with R´89+A:m�¢[ in EX2 is in <��� . Thus,decidingwhethersomeR Ã�ô R existssuchthatR Ã �T[�u R Ã is aweakcauseof C underevery +tg ñ with R Ã 89+A:m�a[�u R Ã is in ���= . Thatis, decidingEX3 is in< �= . In summary, decidingwhetherEX1–EX4hold is in < �= undersuccinctcontext sets.
Hardnessfor <��= is shown by a reductionfrom decidingwhethera given QBF ÷²�²ù]	wøe�
ù&�
øeS�ú is

valid, where ú is a propositionalformula on the variables	acy��c'�LcyS . We construct>��I8��#-NMO-l�t: ,R`rvM , [tg�Sa89Ra: , C , and
ñ r²ST8���: suchthat Rh�T[ is an explanationof C relative to

ñ
if f ÷ is valid.

Roughly, themain ideais to encode÷ in EX3, wherethequantor“ ù]	 ” is representedby consideringall
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R Ã�ô R , thequantor“ øe� ” is expressedby finding some+�gwST8���: , and ù&�LøeSIú is expressedby checking
thecomplementof aweakcause.�

Thenext resultshowsthatundersuccinctcontext sets,alsodecidingpartialexplanationis <��= -complete.
Here,membershipin <��= canbeprovedsimilarly asin theproofof Theorem5.1,usingadditionallyProposi-
tion 4.1.Hardnessfor < �= easilyfollows from anextensionof thehardnesspartin theproofof Theorem5.1,
wherewe additionallyassumetheuniform distribution � on thesetof contexts.

Theorem 5.2 Partial Explanationis < �= -completefor succinctcontext sets.

Proof. As for membershipin <��= , recall that Rh�T[ is a partial explanationof C relative to 8 ñ -lít: if f (a)R_�T[ is an explanationof C relative to
ñ 6��£]¤ , and (b)

ñ 6��£]¤ containssome + suchthat R´89+;:m�a[ and�E89+A: H { . By Proposition4.1,
ñ 6��£]¤ is thesetof all +�g ñ suchthateither(i) R´89+;:�õ�Q[ , or (ii) R´89+;:m�a[

and Rh�T[ is a weakcauseof C under + . To checkthat (a) holds,we checkthatEX1–EX4hold. Clearly,
EX1 andEX2 alwayshold. Thecomplementof EX3 saysthatsomeRvÃ ô R existssuchthatfor every +�g ñ
it holds that R Ã 89+A:m�Q[(u R Ã and +tg ñ 6��£]¤ implies that R Ã �a[(u R Ã is a weakcauseof C under + . That is,
someRvÃ ô R existssuchthatfor every +tg ñ , it holdseither(a) RnÃU89+A:�õ�T[�u RvÃ , or (b) R´89+A:m�Q[ and R³�T[
is not a weakcauseof C under + , or (c) R Ã �n[(u R Ã is a weakcauseof C under + . As decidingwhetherR_�T[ (resp., R Ã �T[�u R Ã ) is a weakcauseof C under + is in ���� , decidingwhetherEX3 doesnot hold is
in � �= . That is, decidingwhetherEX3 holdsis in < �= . EX4 saysthat some +�-/+0Ã�g ñ 6��£]¤ exist suchthatR´89+A:�õ�Q[ and R�89+ Ã :m�T[ . Equivalently, some+�-/+ Ã g ñ exist suchthat R´89+;:�õ�a[ , and R�89+ Ã :m�a[ and R³�T[
is a weakcauseof C under +6Ã . Thus,decidingwhetherEX4 holdsis in � �� . In summary, checking(a) is in<��= . Finally, (b) saysthatsome+tg ñ existssuchthat R´89+;:m�a[ , �E89+A: H { , and R³�a[ is aweakcauseof C
under+ . Thus,checking(b) is in ���� . In summary, decidingwhether(a)and(b) hold is in <��= .

Hardnessfor <��= is shown by a reductionfrom the <��= -completeproblemof decidingwhethera QBF÷²�vù]	Qøe�¢ù&�¢øeS�ú is valid, whereú is apropositionalformulaon thevariables	Qcy��c'�¢cES .
Let >��I8��#-NMO-l�t: , R¬rnM , [tg
ST89RQ: , C , and

ñ r²Sa8��w: be definedasin the proof of Theorem5.1,
andlet í be the uniform distribution over

ñ
. By the proof of Theorem5.1, 8YXÄ:)R³�T[ is an explanation

of C relative to
ñ

if f ÷ is valid. Furthermore,C is primitive, C�89+;: for all +tg ñ , andfor every +tg ñ , either
(i) R�89+A:�õ�Q[ , or (ii) R´89+A:m�Q[ and R³�T[ is aweakcauseof C under+ .

By Proposition4.1, R³�a[ is apartialexplanationof C relative to 8 ñ -lít: if f (a) Rh�n[ is anexplanation
of C relative to

ñ
, and(b)

ñ
containssome+ suchthat R´89+;:m�a[ and �E89+A: H { . Here,(a) implies (b). By8YXÄ: , it follows that Rh�T[ is apartialexplanationof C relative to 8 ñ -lít: if f ÷ is valid. �

6 Generalization: Situations

In this section,we analyzethe complexity of recognizingexplanationsandof decidingthe existenceof
explanationsin thegeneralcaseof situations[25, 27]. In thecourseof this,we alsoanalyzethecomplexity
of checkingsubsumptionandequivalencebetweencausalmodels.

6.1 Definitions

We now recall theconceptof explanationfor thecaseof situations[25, 27]. Intuitively, anagentmayalso
be uncertainaboutthe causalmodel,andnot only aboutthe context that appliesto the actualsituationat
hand. Thus,in the generalcaseof situations,theagent’s epistemicstateconsistsof a setof pairs 8?>°-/+;: ,
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calledsituations, where> is acausalmodeland + is acontext. Beforedefiningexplanationsfor situations,
we first definecausalformulasandtheir truthandvalidity.

A basiccausalformula is an expressionof the form Z o,�\[`je��-3232324-lo0µ�[¬jÌµ^]ÄC , where C is an event,o � -323232X-lo0µ arepairwisedistinct endogenousvariables,j � g�ST8xo � : for all �6gyV¥�1-323232Ä-û¶0Y , and ¶w·J{ . The
setof causalformulasis theclosureof thesetof basiccausalformulasundertheBooleanoperations­ and® . For o��BV4o � -3232324-lo]µÌY and j��Tj � 23232ljÌµ , we use Z o_[¬j`]ÄC to abbreviate Z o � [ j � -3232324-¦o]µ�[¬jÌµ^]ÄC . As
usual,weuseC�±ª¯ and a to abbreviate ­q8U­OC�®
­�¯�: and C�±
­�C , respectively. Thetruth of acausalformula¯ in >W��8��#-NMO-l�t: under+tg�Sa8��w: , denoted8?>@-/+A:�u �s¯ , is inductively definedby:

� 8?>@-/+A:�u �bZ oc[¬j*]ÄC if f Ced¦89+;: in > ,

� 8?>@-/+A:�u �°­OC if f 8?>°-/+;:qu �°C doesnothold,

� 8?>@-/+A:�u �°Cy®¨¯ if f 8?>@-/+A:
u �°C and 8?>@-/+A:
u ��¯ .

Wesay ¯ is valid in >��I8��#-NMO-l�t: , denoted> u �a¯ , if 8?>@-/+A:;u �a¯ for all +�g,Sa8��w: . By fhg�8?>³: wedenote
thesetof all causalformulaswhicharevalid in > .

The following result, whoseeasyproof is omitted, shows that decidingvalidity is Ò�Ó - Ï ! -complete.
Roughly, this result is immediateby the fact that checking > u �T¯ amountsto checking 8?>°-/+;:;u �a¯ for
eachof thein generalexponentiallymany contexts in ST8���: .
Proposition 6.1 Givena causalmodel >W��8��#-NMO-l�t: anda causalformula ¯ , decidingwhether> u �_¯
is Ò�Ó - Ï ! -complete.

We arenow readyto definesituations,andexplanationsrelative to situationsasfollows. A situation���I8?>@-/+A: consistsof a causalmodel >��I8��#-NMO-l�t: and a context +tg�Sa8��w: . Informally, ratherthan
having explanationsof the form R_�T[ relative to a set of contexts

ñ
, where R is a set of endogenous

variablesand [�g�ST89RQ: , we now generalizeto explanationsof the form 89¯�-/R��T[A: relative to a set of
situationsi , wherē is acausalformulathatrestrictsthecausalmodelsto beconsideredfrom i .

Beforewe give a formal definition,we introducesomeusefulnotation.Let for any setof situationsi
andcausalformulas ¯ and ¯ Ã denotē�u�hjv¯ Ã that > u �³¯ implies > u �³¯ Ã , for all 8?>@-/+A:�g�i , andlet¯�F j ¯�Ã denotēØu� j ¯�Ã¥®ÿ¯#Ã,u � j ¯ , i.e.,equivalenceof ¯ and ¯�Ã on thecausalmodelsoccurringin i .

Let then ¯ beacausalformula,let R beasetof endogenousvariables,andlet [tg�Sa89Ra: . Furthermore,
let C beanevent,andlet i bea setof situations.Then, 89¯
-/R��T[;: is anexplanationof C relativeto i , if
thefollowing conditionshold:

ES1. 8?>@-/+A:qu �°C for every situation 8?>@-/+A:]gki .

ES2. R³�a[ is a weak causeof C under + in > , for every 8?>@-/+A:]gNi suchthat 8?>@-/+A:Qu �KR_�T[ and> u �s¯ .

ES3. 89¯
-/R��T[;: is minimal. That is, thereis no 89¯ Ã -/R Ã �T[ Ã :aõl j 89¯
-/R��n[A: satisfyingES2suchthat
(i) ¯°u � j ¯#Ã and(ii) RvÃ�rGR and [6Ã.�T[(u RnÃ .

ES4. 8?>@-/+A:;u �aRh�T[ for some 8?>°-/+;:]gki , and 8?> Ã -/+ Ã :;u �¢­�89Rh�n[A: for some 8?> Ã -/+ Ã :]gNi .
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In ES3, 89¯ Ã -/R Ã �a[ Ã :¨õl j 89¯
-/R��T[;: meansthateither ¯ õF j ¯ Ã , i.e., ¯ Ã and ¯ arenot equivalenton the
causalmodelsin i , or that RnÃ4�T[6Ã and R_�T[ aredifferent.

Observe thatthenotionof explanationfor setsof contexts is a specialcaseof thenotionof explanation
for setsof situations,as R_�T[ is anexplanationof C relative to

ñ
in > if f 8�ay-/R_�T[;: is anexplanationofC relative to Vè8?>@-/+A:;ul+tg ñ Y .

Thefollowing exampleillustratesexplanationsrelative to situations.

Example6.2(Arsonistscontinued) Considerthecausalmodel >��I8��)-NM�-l�t: of therunningexamplegiven
in Example2.1.Let thecausalmodel > Ã �I8��)-NM�-l� Ã : beidenticalto > exceptthatthefunction � Ã¡ g�� Ã is
now definedby �wÃ¡ ��� if f 	
�]�´� and 	����´� . Then,both 8�a�-l	
�]���4: and 8�ay-l	����I�4: areexplanationsof�I�I� relative to thesetof situationsiJ�BVè8?>°-/+��/¾¿�b:N-48?>°-/+]Áb¾¿��:N-48?>@-/+,�/¾ ÁX:N-48?> Ã -/+,�/¾¿�b:ûY , as(ES1) �²u�Q�I�I�
for all �Ggmi , (ES2) 	
�]��� (resp., 	��;�I� ) is a weak causeof ����� relative to every �GgyVè8?>@-/+,�/¾¿�3:N-8?>°-/+��/¾ Á4:N-48?> Ã -/+��/¾¿�b:ûY (resp.,�Gg�Vè8?>@-/+,�/¾¿�3:N-68?>°-/+]Áb¾¿��:N-48?> Ã -/+��/¾¿�b:ûY ), (ES3) 	��0��� (resp.,	��;�I� ) is triv-
ially minimal,and(ES4) 	 � 89+ �/¾¿� :m�I� and 	 � 89+ Áb¾¿� :�õ��� (resp.,	 � 89+ �/¾¿� :m��� and 	 � 89+ �/¾ Á :�õ��� ) in > . �

We next definethe conceptsof subsumptionandequivalencebetweencausalmodels. We say that a
causalmodel >���8��)-NM�-l��: subsumesacollectionof causalmodels>���-û>B�1-3232324-û>L5 , where>¢�¥�I8�����-NMZ�À-���f: with M��QMm� , �6gEV¥�1-323232X- Ð Y , denoted>I�.-û>B�1-3232324-û>L5 D > , if f for all causalformulas C on thevari-
ablesin M , it holdsthat >L�mu �LC , for all �6gyV¥�1-323232Ä- Ð Y , implies > u �¢C , that is, n 5�ö£�� f4g�8?>L�U:]rofhg�8?>³: .
Twocausalmodels> � �I8�� � -NM � -l� � : and > � ��8�� � -NM � -l� � : , whereM � �¢M � , areequivalent, denoted> � F>L� , if f >�� D >B� and >L� D >I� . Thatis, >�� and >L� areequivalentiff fhg�8?>��b:m�pfhg�8?>L�4: . In otherwords,>I� and >L� areindiscerniblein thelanguageof causalformulas.

The following resultprovidesa characterizationof thefailureof subsumptionof a collectionof causal
modelsby somecausalmodel. This characterizationis particularlyusefulfor assessingthecomputational
complexity of decidingthis relationshipaswell asof decidingequivalenceof causalmodels.

Theorem 6.3 Let >���8��)-NM�-l��: and >L�Ì�I8����À-NMO-l���f: , � D � D Ð , becausalmodels.Then, >��3-û>L�1-323232X->¢5aõD > iff thefollowingpropertyholds:

8YXÄ: There existssome+�g�ST8���: such that for every �ûg(V¥�1-323232X- Ð Y and for every + � g;Sa8�� � : , there exists
somecausalformula Z o�[¬j`].Ra�ª[ , where o is a (possiblyempty)setof endogenousvariablesandR is a singlevariable, such that (i) 8?>@-/+A:wõu �qZ o_[¬j`].Rh�T[ and(ii) 8?>L�z-/+6�f:qu �bZ oc[¬j`].R_�T[ .

Proof. 8UÅ�: Suppose>��3-û>L�1-323232X-û>¢5yõD > , that is, fa�rn 5� £�� f4g�8?>L�U:²õrqf4g�8?>³: . Let Ctg4fa��fhg�8?>�:
be an arbitrary formula. As C�õgsf4g�8?>³: , thereexists somecontext +�g�ST8���: such that 8?>°-/+;:�õu �LC ,
while 8?>L�z-/+0�?:;u �BC for all �6gyV¥�1-323232X- Ð Y and +6�mgwSa8����f: . As easilyseen,for all recursive causalmodels> Ã �I8�� Ã -NM Ã -l� Ã : and + Ã gwSa8�� Ã : , thefollowing holds(cf. also[24]):

� 8?> Ã -/+ Ã :qu �bZ oc[¬j*]Ä­(¯ if f 8?> Ã -/+ Ã :
u �°­tZ oc[¬j*].¯ ;

� 8?>@Ã -/+0ÃÊ:qu �bZ oc[¬j*]è89¯)�(®ÿ¯��4: if f 8?>@Ã9-/+0ÃÊ:�u �qZ oc[¬j*].¯)��®uZ oc[¬j`].¯�� .
Therefore,C is equivalentto aBooleancombinationof causalformulasof theform Z otÃ^[¬j¦Ãv].RnÃ.�a[6Ã , whereo Ã is a (possiblyempty)setof endogenousvariablesand R Ã is a singlevariable.Moreover, asthedomain
of every variableis finite, wecanequivalentlyrewrite C into adisjunctive normalform

�/ �xw
y �
µ �{z . Z o /û¾ µ$[¬j /û¾ µ|].R /û¾ µ(�T[ /û¾ µ0}(-
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whereeachR /û¾ µ is asinglevariable.Since 8?>L�z-/+0�?:
u �°C , it followsthat 8?>L��-/+0�f:qu �bZ o /l¾ µ$[¬j /û¾ µ|].R /û¾ µ��T[ /û¾ µ
for some 1��~1.Á and all ¶ªgk��/�Í ; on the other hand, since 8?>@-/+A:�õu �´C , some ¶ÌÁ�g&��/zÍ exists such that8?>@-/+A:ªõu �rZ o /zÍN¾ µ Í [¬j /zÍN¾ µ Í ].R /�Íb¾ µ Í ��[ /zÍb¾ µ Í . As 8?>L��-/+0�f:qu �bZ o /�ÍN¾ µ Í [¬j /zÍN¾ µ Í ].R /zÍb¾ µ Í �T[ /zÍN¾ µ Í , thisprovesprop-
erty 8YXÄ: .8UÉ�: Supposethat 8YXÄ: holds.Let C bethedisjunctionof all formulas Z oc[¬j`].R_�T[ for all �6gyV¥�1-323232Ä- Ð Y
and +6� asin 8YXÄ: . Then, 8?>L�z-/+0�?:
u �@C for all �6gyV¥�1-323232X- Ð Y and +0�¦g
ST8����?: , while 8?>@-/+A:�õu �@C by construc-
tion. This shows that n 5�ö£�� fhg�8?>L�f:�õr_fhg�8?>³: , thatis, >��3-û>L�1-323232X-û>¢5yõD > . �

We remarkthata similar resultwould hold for causalmodelswith arbitrary(finite and/orinfinite vari-
abledomains),if alsocausalformulas Z o_[`j*].R õ�T[ , where R_�a[ is a primitive event, areallowed in
Theorem6.3.

6.2 Results

Our complexity resultsfor the caseof situationsare summarizedin Table 4. We considerthe problem
of recognizingexplanations,which turns out to be completefor <��� in the generaland the binary case.
Furthermore,we considerthe problemof decidingthe existenceof explanations,which is shown to be
completefor ���� in thegeneralandthebinarycase.Wealsoconsidertheproblemsof decidingsubsumption
andequivalencebetweencausalmodels,which areshown to be completefor < �� in the generaland the
binarycase.

Table4: Complexity of Explanations:Situations

Problem generalcase binarycase

Explanation
å äê -complete

å äê -complete

ExplanationExistence ã�äê -complete ã�äê -complete

Noticethatby a standardguessandcheckargument,< �� membershipof Explanationfor situationsim-
pliesa ���= upperboundfor decidingtheexistenceof anexplanationfor situations,in asensibleformulation
of the problem(seebelow). Moreover, asexplanationsfor contexts area specialcaseof explanationsfor
situations,the ���� lower boundof ExplanationExistencein thecaseof contexts immediatelyimpliesa ����
lowerboundof ExplanationExistencein thecaseof situations.

As we show, this lower boundis in fact complementedwith a � �� upperbound,which meansthat
decidingtheexistenceof explanationsfor situationsis not harderthanfor contexts. On theotherhand,the
problemis already���� -hardfor binarymodels.This is explainedby subsumptioncheckswhich implicitly
occurin forminganexplanationfor situations,whosecomplexity dominatesthecomplexity of explanations
in thebinarycase.

Weexploit thecharacterizationof subsumptionin Theorem6.3to derive thefollowing complexity result
on checkingsubsumptionbetweencausalmodels.

Theorem 6.4 Givencausalmodels>��I8��#-NMO-l�t: and >L����8����À-NM�-l���f: , � D � D ¶ , decidingwhether>��.-> � 23232.-û>Lµ D > is <��� -complete. Hardnessholdsevenif ¶
�´� , that is, for pairs of causalmodels.
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Proof. We first prove membershipin <��� . By Theorem6.3, to show that >��.-3232324-Ì>Bµ²õD > , we canguess
some+tg�Sa8��w: andthencheckthatfor every �ûg(V¥�1-323232Ä-û¶0Y and+0�mgwST8����U: , thereexistssomecausalformulaZ oc[`j*].Rh�n[ , where o is a (possiblyempty)setof endogenousvariablesand R is a singlevariable,such
that (i) 8?>°-/+;:�õu ��Z o�[¬j`].R_�n[ and(ii) 8?> � -/+ � :;u �cZ oc[¬j`].R_�T[ . This canbedonein nondeterministic
polynomialtime,usinga � �� -oracle.Thus,theproblemis in < �� .

Hardnessfor <��� for ¶q��� is shown byareductionfromdecidingwhetheragivenQBF ÷²�²ù]��ø��nù]SIú
is valid, whereúw�nú�8x�¨-���-lSG: is apropositionalformulaonthevariables���LV4�t�.-3232324-l�43xY , �L�BV5�
�3-323232X-� ý Y , and SØ�BV4S � -323232.-lS 5 Y .

We now constructtwo causalmodels >W�I8��)-NM�-l��: and >I�]��8����.-NMO-l�O��: suchthat >�� D > if f ÷ is
valid. Thesetsof exogenousandendogenousvariablesaredefinedby �Q�B� � �Q�IcI� and M´�aS�c�P cVÄpwY , respectively, where P��BVÄPB�.-323232.-NPu3xY and ST89RQ:m�´V4{e-.�ÄY for all R`gy�¢c�M . The functions �H�V4����u�R`g
MEY and ���)��V4� �� uzR¬gtMyY aredefinedby ���Q�a� �� �a{ for all R¬gtMB�)VÄpwY , ���a��� 3�ö£�� 8x����õ�PT�?: , and � �� � � 3�ö£�� 8x���Aõ�¢PT�U:,±J­�ú (seeFig. 5).

� �G����� � 3

� �G����� � 5 � �G����� � 5
� ������� � ý � ������� � ý

� �G����� � 3

�

� �$����� � 3

�
� �G����� � 3�

��� ���(a) (b)

Figure5: CausalModels(a) >��I8��#-NMO-l�t: and(b) > � �I8�� � -NM�-l� � :

Wenow prove that ÷ is valid iff >�� D >B� . It canbeshown that ÷ is notvalid iff 8YXÄ: some+tg
ST8���: ex-
istssuchthatfor every + � g�Sa8�� � : , thereexistsacausalformula Z o�[¬j`].Rh�T[ , whereo�rvM and R¬g
M ,
suchthat (i) 8?>@-/+A:�õu ��Z o_[¬j`]OR³�a[ and (ii) 8?>��.-/+,�b:;u �cZ o�[¬j`].Rh�n[ (seeAppendix D). By Theo-
rem6.3,this provesthat ÷ is valid iff >�� D >B� . �

By an extensionto the proof of Theorem6.4, we obtain the following complexity result on testing
equivalencebetweencausalmodels.

Theorem 6.5 Giventwo causalmodels>��]��8����.-NMO-l�O�3: and >B���I8����1-NMO-l���4: , decidingwhether >��tF> � is <��� -complete.

Proof. We first show membershipin < �� . Recallthat >��]FQ>B� if f >�� D >B� and >L� D >�� . By The-
orem 6.4, decidingwhether >I� D >L� (resp., >L� D >�� ) holds is in <��� . Thus, as <��� is closedunder
conjunction,theproblemis in <��� .
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For the <��� -hardnesspart,wegiveareductionfromdeciding>I� D >B� . Roughlyspeaking,weconstruct
a causalmodel > suchthat fhg�8?>�:���f4g�8?>��b:��~fhg�8?>B�4: . Then, >�� D >L� if f > F³>�� , which proves
theresult.

We constructthe causalmodel >W�I8��)-NM�-l��: as follows. Assume,without loss of generality, that> � and > � aresuchthat the union þE8?> � :�cQþE8?> � :
� 8UM³cL� � c´� � - � � c � � : of their causalgraphsþE8?>��b:O�_8UMIcÿ�#�.- � �b: and þE8?>B�4:O�_8UM�cG���Ä- � �4: is adirectedacyclic graph;notethat > and >�� in the
proof of Theorem6.4have thisproperty.

The setof exogenousvariablesis given by �¢�B� � c�� � cÿV�� Á Y , where � Á is a freshexogenousvari-
able with domain Sa8���Á4:m�BV¥�1-û�èY . The functions �´�BV4����uzR¬gtMyY areconstructedfrom the functions���]�BV4� �� uzR¬gtMyY and �����´V4� �� u�R¬g�MyY as follows. For each R¬gtM , let the parents�;��� of R in> be the union �;� �� and �;� �� of the parentsof R in >�� and >B� , respectively, plus ��Á , and define���y89[;:m�Q� �� 89[(u¿�;� �� : if [(u ��Á��I� , and ���E89[A:m�Q� �� 89[(u¿�;� �� : if [(u �(Á��Q� . That is, if the ��Á -componentof[ is �6gyV¥�1-û�èY , thenthevalueof � � is thevalueof thefunction � �� for R in themodel > � on [ projected
to theparentsof R .

Noticethat > is a recursive causalmodel,becauseits causalgraphþE8?>�:��_8��QcEMO- � �]c � �;c�V��(Á
^R ueRügIMEYÄ: is a directedacyclic graph.Clearly, for every causalformulaon M , it holdsthat > u �¢C if f>���u �¢C and >B��u �¢C . Thus, fhg�8?>³:m��f4g�8?>��b:m��fhg�8?>B�4: , asdesired.As > canbe built in polynomial
time from >I� and >L� , theresultfollows. �

We finally addressthe issueof recognizingexplanationsrelative to a setof situationsi . In that, we
make useof thefollowing lemma,which is helpful in checkingtheminimality conditionES3.

Lemma 6.6 Let � and ���^�������0�������^������� be setsof causalmodelssuch that ���� o� . Then,there
existsa causalformula ¡ defining� � in � , that is, � � �¢���¤£k� ¥¦�§¥ ��¡&� , iff �c���������^������¨© � holds
for every �ª£k� «$��� .
Proof. ¬�­ ® Let ¡ define � � , andassumetowardsa contradictionthat thereexists some �¤£m� «N� �
suchthat ���;�����0����� © � . Since ¡�£°¯ �±-² �	³h´ ¬)� ± ® , it follows that ¡�£ ³h´ ¬)�µ® , which contradictsthat ¡
defines� � .¬�¶�® Supposethat � � �����^��� � ¨© � holdsfor everymodel �·£k� «$� � . Hence,thereexistsaformula¡\¸µ£�¯ �±-² �
³h´ ¬)� ± ® suchthat ¡\¸º¹£ ³h´ ¬)�»® . Consequently, theformula ¡¼��½ ¸¿¾�À�ÁYÀÃÂ ¡\¸ defines��� ,
thatis, for every �ª£k� , it holdsthat �ª£k� � if f �§¥ ��¡ . Ä

We arenow readyto analyzethecomplexity of recognizingexplanationsin thecaseof situations.The
following theoremshows that this problemis ÅÇÆÈ -complete.Here, ÅhÆÈ -hardnessis inheritedfrom the ÅÇÆÈ -
hardnessof subsumptionchecking. Notice that for binary causalmodels,the complexity of recognizing
explanationsis thesame,assubsumptioncheckingis ÅhÆÈ -hardalreadyfor binarycausalmodels.

Theorem 6.7 Givena causalformula É , a setof endogenousvariables Ê , a value Ë�£kÌÃ¬PÊÃ® , an event ¡ ,
anda setof situationsÍ , decidingwhether ¬PÉÎ�UÊq��Ë&® is anexplanationof ¡ relativeto Í is ÅÇÆÈ -complete.

Proof. We first prove membershipin ÅhÆÈ . Recall that ¬PÉÇ�UÊr��ËK® is an explanationof ¡ relative to Í if f
ES1–ES4hold. Let � denotethesetof all causalmodels� suchthat ¬)���UÏ&®\£kÍ for somecontext Ï .

By Proposition2.3, in ES1,decidingwhether ¬)���UÏK®&¥ ��¡ for all ¬)���UÏK®\£NÍ is polynomial,andin ES4,
decidingwhether¬)���UÏK®&¥ ��Ê»��Ë and ¬)���Ð�UÏe�-®&¥ ��Ñt¬PÊb��ËK® for some ¬)���UÏ&®��^¬)���)�UÏÒ�-®\£kÍ is polynomial.

In ES2,wedecidewhetherfor every ¬)���UÏ&®\£kÍ , it holds(a) ¬)���UÏ&®Ó¥ ��Ñt¬PÊq��Ë&® , or (b) ¬)���UÏ � ®Ó¥ ��Ñ$É
for somecontext Ï � in � , or (c) Êb�pË is a weakcauseof ¡ under Ï in � . By Proposition2.3, (a) is
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polynomialand(b) is in ÔhÕ . By Theorem2.6,(c) is in Ö×ÆØ . In summary, decidingwhetherES2holdsis inÖ ÆØ .
In ES3,weapplyLemma6.6: To disproveES3,wemayguesssomeÊ �  ~Ê andsome� � �°���c�0���������� � �Ù 
� suchthat the following holds: (i) ���ª£k� ¥Ú�¤¥��ÉÎ�Ù 
� � , (ii) � � �������0��� � ¨© � for all�ª£m� «$��� , (iii) Êp�	¨��Ê or ��� £�� ¥x�Û¥��ÉÎ�Î¨�u��� , and(iv) for all ¬)���UÏK®\£�Í , either(a) ¬)���UÏ&®Ç¥ �Ñt¬PÊ � ��Ë�¥ Ê � ® , or (b) � ¨£°� � , or (c) Ê � �ÃË$¥ Ê � is a weakcauseof ¡ under Ï in � . Tasks(i), (iii), and

(iv) areclearlysolvablein polynomialtimewith a Ö ÆØ oracle.As for (ii), by Theorem6.4,checkingwhether�c�0�������������Ü¨© � holdsfor each �ª£k� «$� � canbe donein nondeterministicpolynomialtime with aÖ×ÆØ -oracle.This impliesthatdecidingwhetherES3holdsis in ÅhÆÈ . In summary, decidingwhetherES1–ES4
hold is in Å ÆÈ .

Hardnessfor Å ÆÈ is shown by a reductionfrom the problemof decidingsubsumptionbetweencausal
models,which is Å ÆÈ -completeby Theorem6.4: Giventwo causalmodels���Ò�c¬YÝÙ�0��Þß�"àÙ�|® and � Ø �c¬YÝ Ø �Þ��"à Ø ® , decidewhether��� © � Ø . By theproofof Theorem6.4,we canassumethat ÝO�\��Ý Ø ��Ý .

We now constructa causalformula É , a setof endogenousvariablesÊ , a value Ë�£kÌÃ¬PÊÃ® , anevent ¡ ,
andasetof situationsÍ , suchthat ¬PÉÎ�UÊq��Ë&® is anexplanationof ¡ relative to Í if f ��� © � Ø .

Thesetof situationsis definedby Í~���5á ± �c¬)� ± �UÏ ± ®&¥Uâ ©
ãe©
ä � , wherethecausalmodels� ± �å¬YÝ ± ��Þ ± �à ± ® and the contexts Ï ± are given as follows. For
ã £���âS��������� ä � , the setsof exogenousand endogenous

variablesaredefinedby Ý ± ��Ýuæ¿��Ý$ç5� and Þ ± ��Þ�æ
�0Ê'ç{�"èÙ� ³ � , respectively, whereÌ�¬PÊu®U���^é
�0ê5� for allÊ�£$��Ý$ç{�UÊ'ç{�"èÙ� ³ � . For
ã £ë��âS��������� ä � , thefunctionsà ± ���^à ±ì ¥¦Êí£�Þ ± � aredefinedasfollows:î à È ���^à Èì$ï �Ãé
��à Èð �b¬YÝ ç �ñé*®;òu¬PÊ ç �»ê^®���à Èó �»ê5��æåà � ;

î àGôG���^à ôì ï �Ãé
��à ôð �b¬YÝ�çÎ�ñé*®;òu¬PÊ'çÎ�»ê^®���à ôó �»ê5��æåà Ø ;
î à�õ����^à õì$ï �Ãé
��à õð �öÊ'ç{�$à õó �ñéS��æ÷�^à õì �ÃéÎ¥¦Êí£�Þå� ;
î à�ø����^à øì$ï �_ê{��à øð �Üé
��à øó �ñéS��æ÷�^à øì �uéÎ¥ùÊí£�Þå� .

Thecontexts Ï È �������^�UÏÒø arearbitrarysuchthat Ï È ¬YÝ�ç^®	�Ãé and Ïeô*¬YÝ$ç^®	�_ê .
Observe now that Ê'ç��Ãé is a weakcauseof è_�Ãé under Ï È in � È , while Ê'ç��Ãé is not a weakcause

of èc�Ãé under Ïeô in ��ô (but Ê'çx¬PÏÒô�®	�Ãé in ��ô ). Moreover, noticethat Ê'ç��ué is a weakcauseof è_�ué
underÏÒõ in ��õ , while Ê'ç��Ãé is notaweakcauseof è���é underÏ\ø in ��ø (as Ê'çx¬PÏÒø^®�¨�Ãé in ��ø ).

Intuitively, if we want to form an explanation ¬PÉÎ�UÊ'çG�Ãé*® for è_�Ãé , the situation ¬)��ø{�UÏÒø^® serves,
togetherwith thesituation ¬)� õ �UÏ õ ® , asawitnessto thepropertyES4.By minimality of anexplanation,we
musthave ��õ selectedby É , since Ê'ç��Ãé is in ��õ a weakcausefor è_�ué in context Ï\õ . Furthermore,� È maybeselected;this,however, is only possibleif it doesnot requireto selectalso ��ô by subsumption,
as ¬)��ô��UÏeô�® spoilstheconditionES2. That is, � È may not beselected,just if � È © ��ô holds,which is
equivalentto ��� © � Ø . Thus,if we have a causalformula É whichselectsprecisely��õ and ��ø , thenthe
candidate¬PÉÎ�UÊ ç �ué*® is anexplanationjust if � � © � Ø holds.

We now show that ¬ ³ �Ãé
�UÊ'çG�Ãé*® is anexplanationof è_�Ãé relative to Í if f �c� © � Ø holds.Indeed,
it is easilychecked that by construction,ES1,ES2,andES4hold. If ���ß¨© � Ø , thenES3is violated,as¬ ³ ��éÎúo¡��UÊ'ç��Ãé*® satisfiesES2,where ¡�£ ³h´ ¬)�c��®	« ³h´ ¬)� Ø ® is arbitrary, and ���¤£k� ¥¦� ¥ � ³ �uéÎú¡&���_��� È ����õ�����ø5�Ùûu����õ{����ø5���°���ª£k� ¥U� ¥ � ³ �ÃéS� , where� �¢��� ± ¥Uâ ©~ãe©
ä � . Conversely, if
ES3is violated,then ¬PÉÙ�Ð�UÊp����Ëe�-®4¨ühý ¬ ³ �Ãé
�UÊ'çG�ué*® meansthat Êp�0�ÃËe� coincideswith Ê'ç��Ãé andthus� È ¥ �öÉ � and ��ô'¨¥ �öÉ � musthold (as Ê'ç��Ãé is notaweakcauseof èc�Ãé underÏÒô in ��ô , but Ê'çx¬PÏeô^®	��é
in � ô ). Thus, � � ¨© � Ø holds.
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As theabove reductionis polynomial,this shows ÅhÆÈ -hardness.Ä
Let usnow turn to the issueof decidingtheexistenceof explanationsin thegeneralcaseof situations.

Thisproblemhasto becarefullydefined,sinceotherwisesimple(andperhapsunintended)explanationsmay
befound.

It is notdifficult to seethatif anevent ¡ satisfiesES1for asetof situationsÍ , andif Ê'ç is variableandËÒç avaluefor Ê'ç suchthatES4holdsfor Ê'çÎ�öËÒç , thatthensomeexplanationof form ¬PÉÎ�UÊ'ç4��ËÒç^® for ¡
w.r.t. Í exists. This impliesthatgivena setof variablesÊ to build explanationsusingthemfor ¡ w.r.t. Í ,
decidingwhethersomeexplanationexistsis possiblein polynomialtime.

A moresensibleformulationof ExplanationExistencefor thecaseof situationsis thefollowing.

Explanation Existence(for situations): Given a finite setof situationsÍ , a setof endogenousvariablesÊ , a causalformula É , andanevent ¡ , decidewhethera causalformula É � with É»¥ � ý É � , Ê �  ~Ê ,
and ËÒ�{£mÌÃ¬PÊ
�þ® exist suchthat ¬PÉO�P�UÊp�^��Ëe�-® is anexplanationof ¡ relative to Í .

Here,the causalformula É is a positive selectionconditionfor causalmodelsin ES2,suchthat each
causalmodel � satisfyingÉ mustberespectedandtheevent Ê»��Ë mustbeaweakcauseof ¡ underÏ for
everysituation ¬)���UÏ&®\£kÍ suchthat ¬)���UÏK®&¥ �uÊ»��Ë and �Û¥ ��É . A weakeningof É , thatis, acautiousen-
largementof thesetof respectedcausalmodelsis admissible,whichamountsto addingalternative selection
conditions.Beforewe analyzethecomplexity of ExplanationExistencefor situations,we introducesome
terminology.

We call a pair ¬PÉÎ�UÊr��Ë&® a pseudo-explanation of an event ¡ relative to a set of situations Í , if¬PÉÎ�UÊr��Ë&® satisfiesconditionsES1,ES2,ES4,andthefollowing weakenedform of ES3:

ES3� . Thereis no ¬PÉÎ�UÊp����Ëe�-®4¨ühý ¬PÉÎ�UÊr��ËK® satisfyingES2suchthat Ê
�� ~Ê and Ëe�0��Ë�¥ Ê
� .
Thefollowing resultis usefulfor determiningthecomplexity of ExplanationExistence.

Lemma 6.8 Givena causalformula É , an event ¡ , a setof endogenousvariables Ê , and a finite setof
situationsÍ , there existsan explanation ¬PÉÙ�Ð�UÊp�0�ÃËe�-® of ¡ relativeto Í such that Éí¥ � ý ÉÙ� , Ê
�� ~Ê , andË � £kÌÃ¬PÊ � ® iff thereexistsa pseudo-explanation ¬PÉ � �UÊ � �ÃË � ® of ¡ relativeto Í such that ÉÜ¥ � ý É � , Ê �  ~Ê ,
and Ëe�{£kÌÃ¬PÊ
�þ® .
Proof. ( ­ ) Obviously, any explanationis apseudo-explanation.

( ¶ ) Let ¬PÉÙ�Ð�UÊp�0�ÃËe�-® beapseudo-explanationof ¡ relative to Í suchthat É�¥ � ý ÉO� . Weshow thatthere
existssomeexplanation ¬PÉ � � �UÊ � ��Ë � ® of ¡ relative to Í suchthat É � ¥ � ý É � � . Let É×ÿ bea weakestformulaÉ � � suchthat É � ¥ � ý É � � andES2holdsfor ¬PÉ � � �UÊ � ��Ë � ® . We claim that ¬PÉ×ÿ5�UÊ � ��Ë � ® is anexplanationof¡ relative to Í . SinceÉÜ¥ � ý ÉÚÿ , this will prove theresult.

Towardsa contradiction,suppose¬PÉ � � �UÊ � � �pË � � ® , where ÉÚÿ�¥ � ý É � � , is suchthat it satisfiesES2and
either (i) Ê � ��� Ê � and Ë � � ��Ë � ¥ Ê � � , or (ii) ÉÚÿÜ¨� ý É � � . In case(i), eachcausalmodel � selectedbyÉÙ� is alsoselectedby É ÿ , andthusby ÉÙ� � ; furthermore,Ê
� �^��ËÒ� � is a weakcauseof ¡ in � under Ï for
each ¬)���UÏ&®�£µÍ suchthat � ¥ � É � � and ¬)���UÏ&®u¥ � Ê � � ��Ë � � . This contradictsthat ¬PÉ � �UÊ � �ÃË � ® is a
pseudo-explanationof ¡ relative to Í . Thus, Ê
� �^�pÊ
� musthold, andcase(ii) mustapply. However, this
meansthat É×ÿ is not a weakestformula É � � suchthat É � ¥ � ý É � � and ¬PÉ � � �UÊ � ��Ë � ® satisfiesES2,which is a
contradiction.Thisprovesthat ¬PÉ ÿ �UÊ
�^��ËÒ� ® is anexplanationof ¡ relative to Í . Ä
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Theorem 6.9 ProblemExplanationExistencefor situationsis Ö×ÆÈ -complete.

Proof. We first prove membershipin Ö×ÆÈ . By Lemmas6.6 and6.8, it is sufficient to guesssomeÊ �  oÊ ,Ëe��£�Ì�¬PÊp�þ® , and ���^�����c���������0�����Ò�� o� suchthat(i) ���¤£k� ¥`�§¥�ÃÉÓ�� o��� , (ii) ���0�������0������¨©� for all �ª£m� «$� � , andES1,ES2where“ � £�� � ” replaces“ � ¥ �rÉ ”, ES3� , andES4hold. Task
(i) canbe donein polynomial time with an ÔhÕ -oracle,while task (ii) canbe done,by Theorem6.4, in
nondeterministicpolynomialtimewith a Å ÆØ -oracle.CheckingES1andES4is possiblein polynomialtime,
while ES2 can be checked, by Proposition6.1 and Theorem3.3, in polynomial time with a Ö×ÆØ oracle.
Finally, checkingES3� is in Å ÆØ , sincedecidingtheexistenceof a counterexampleto minimality is in Ö ÆØ .
In summary, the whole procedureruns in nondeterministicpolynomial time using a ÅÇÆØ oracle. Hence,
ExplanationExistenceis in Ö ÆÈ .

For the caseof unrestrictedmodels, Ö ÆÈ -hardnessis inheritedfrom the Ö ÆÈ -completenessof Explana-
tion Existencefor context explanations,which occursasa specialcaseof ExplanationExistencefor situa-
tions. We show Ö×ÆÈ -hardnessfor thebinary caseby a reductionfrom decidingnon-subsumptionbetween
causalmodels,which is Ö×ÆÈ -completeby Theorem6.4: Given two causalmodels ���\�c¬YÝÙ�0��Þß�"àÙ�|® and� Ø �c¬YÝ Ø ��Þ��"à Ø ® , decidewhether� � ¨© � Ø . Without lossof generality, we assumethat Ý � �°Ý Ø ��Ý .

The reductionis similar in spirit to the onein the proof of Theorem6.7, yet different. We construct
a causalformula É , a set of endogenousvariables Ê , an event ¡ , and a set of situations Í , such that
someexplanation ¬PÉÙ�Ð�UÊ
�^��ËÒ� ® of ¡ relative to Í existssuchthat ÉF¥ � ý ÉÙ� , Êp�Ú µÊ , and ËÒ�5£NÌ�¬PÊp�-® if f�c�N¨© � Ø .

Thesetof situationsis definedby Í~���5á ± �c¬)� ± �UÏ ± ®&¥Uâ ©
ãe©
ä � , wherethecausalmodels� ± �å¬YÝ ± ��Þ ± �à ± ® and the contexts Ï ± are given as follows. For
ã £���âS��������� ä � , the setsof exogenousand endogenous

variablesaredefinedby Ý ± ��Ýuæ÷��Ý�ç5� and Þ ± �uÞµæ°�0Ê'ç��UÊ¼�0�"èÙ� ³ � , respectively, where Ì�¬PÊu®U���^é
�0ê5�
for all Ê°£$��Ý�ç{�UÊ'ç{�UÊ¼�0�{èÙ� ³ � . For

ã £ë��âS�������^� ä � , thefunctionsà ± ���^à ±ì ¥YÊF£�Þ ± � aredefinedasfollows:î à È ���^à Èì$ï �Ãé
��à Èì�� �Ãé
��à Èð �b¬YÝ ç �ñé*®;òu¬PÊ ç �»ê^®���à Èó �»ê5��æåà � ;
î àGôG���^à ôì ï �Ãé
��à ôì � �Ãé
��à ôð �b¬YÝ�çÎ�ñé*®;òu¬PÊ'çÎ�»ê^®���à ôó �»ê5��æåà Ø ;
î à�õ����^à õì$ï �Ãé
��à õì�� �Ãé
��à õð �öÊ¼�0�$à õó �ñéS��æ¿�^à õì �ÃéÎ¥¦Êí£�Þå� ;
î à�ø����^à øì$ï �_ê{��à øì�� �Ãé
��à øð �b¬ ³ �_ê^®�òu¬PÊ'ç��_êOú¿Ê¼�\�_ê^®���à øó �ÜéS��æ¼�^à øì �ÃéÎ¥ùÊF£NÞ'� .

Thecontexts Ï È �������^�UÏ ø arearbitrarysuchthat Ï È ¬YÝ ç ®	�Ãé and Ï ô ¬YÝ ç ®	�_ê .
Observe now thatthesituationsá ± have thefollowing weakcausesof èc�Ãé involving only variablesinÊ �q�0Ê'ç{�UÊ¼��� : á È has Ê'ç��Ãé and Ê'ç��Ãéhò¼Ê¼�\�Ãé , á\ô hasno weakcause,áKõ has Ê¼�\�Ãé and Ê'ç��Ãé4òÊ � �Ãé , and á ø hasÊ � �Ãé .
Definenow É � ³ �Ãé , ¡ñ� è_�ué , and Ê �¢�0Ê'ç��UÊ¼��� . Notethat É selectsthemodels��õ and ��ø .
Intuitively, áKõ and á&ø createasinglecandidateevent, Ê'ç��ÃéÙò�Ê¼�Ò�Ãé , for anexplanation¬PÉÙ�)�UÊp�0�ÃËe�-®

of ¡ asdesired.This candidateis goodif á È but not á\ô canberespectedin theexplanation,i.e., É � selects� È but not ��ô , which is equivalentto ���N¨© � Ø .
Formally, in any explanation ¬PÉO�P�UÊp����Ëe�-® for è_�Ãé relative to Í suchthat Éq¥ � ý ÉÙ� , theset Ê
� must

bedifferentfrom Ê'ç ; otherwise,Ê � ��Ë � is not a weakcauseunder Ï\õ in ��õ andunder Ï\ø in ��ø , which
meansthatES2is violated.Thus, Ê
� mustinclude Ê¼� . On theotherhand,Ê ¨�µ�0Ê¼�0� and ËÒ�)¥ Ê¼�\�Ãé must
hold, sinceotherwiseES4is violated.Since Ê'ç��cêÚòoÊ¼�\�Ãé is not weakcauseof èc�Ãé in ��ø under ÏÒø ,
we have that Ê � ��Ë � mustbeof form Ê ç �ÃéÎò÷Ê � �Ãé .
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We claim that some ¬PÉ � �UÊ'ç��Ãé÷ò°Ê¼�\��é*® with ÉÛ¥ � ý É � is an explanationof ¡ relative to Í if f���N¨© � Ø holds.

Supposethat ¬PÉ � �UÊ'ç��ué�òhÊ¼�\�Ãé*® is anexplanationof ¡ relative to Í . Wemusthave É � ¨� ý É : indeed,¬PÉÎ�UÊ ç �ÃéÎò÷Ê � �Ãé*® is notapseudo-explanationof ¡ , sinceES3� fails,which is witnessedby ¬PÉÎ�UÊ � �Ãé*®
satisfyingES2.Therefore,ÉO� mustselecteither � È or ��ô . SinceÊ allows no weakcauseof èc�Ãé in ��ô
underÏeô , É � mustnot select��ô . This implies � È ¨© ��ô , which in turn impliesthat ���N¨© � Ø .

Conversely, supposethat �c�u¨© � Ø . Then, � È ¨© ��ô , andthe set ��� È ����õ{����ø5� is definableby a
formula É � suchthat É�¥ � ý É � . Consider¬PÉ � �UÊ'ç��ÃéOòëÊ¼�\��é*® . Clearly, ES1holdsfor ¡¼�Üèc�Ãé andES4
holdsfor Ê'ç;�Ãé4ò¼Ê¼�\�Ãé . Also ES2holds,since Ê'ç��Ãé4ò¼Ê¼�\�Ãé is a weakcauseof èc�Ãé in � È underÏ È andin ��õ under Ï\õ . Furthermore,neitherfor ¬PÉ � �UÊ'ç��Ãé*® nor for ¬PÉ � �UÊ¼�\�ué*® is ES2satisfied,sinceÊ ç �Ãé is nota weakcauseof èc�Ãé in � õ underÏ õ and Ê � �Ãé is nota weakcauseof èc�Ãé in � È underÏ È . Thus, ¬PÉO�Ð�UÊ'çG��éNòpÊ¼�\�Ãé*® is a pseudo-explanation of ¡ relative to Í . From Lemma6.8, it follows
thatsomeexplanation ¬PÉ � � �UÊ'ç��ÃéÎò÷Ê¼�\�ué*® of èc�Ãé relative to Í exists(in fact, É � � � ý É � musthold).

As theabove reductionis polynomial,this shows Ö ÆÈ -hardness.Ä
Weremarkthattheexistenceof specificexplanationsmayhave highercomplexity. For example,decid-

ing theexistenceof anexplanation ¬PÉO�)�UÊ
�^��Ëe�-® where ÉÙ�K�ñÉ , is both Ö ÆÈ -hardand Å ÆÈ -hard;thelatteris
implicit in theproof of Theorem6.7.

6.3 CausalFormulas with ExogenousVariables

We now give someremarkson the impactof the languageof eventsthat is consideredin definingexpla-
nationsandsituations.In this paper, like in [25, 26], primitive eventsinvolve only endogenousvariables.
Thesettingstatedin [16] is slightly moreliberal andalsoadmitsexogenousvariablesto occurin primitive
events. While suchenhancedexpressivenessdoesnot increasethe complexity resultsfor explanationsin
Sections3–5,it allows to simplify someof thetechnicalhardnessproofs.On theotherhand,thehigherex-
pressivenessof causalformulaswhich mayalsoinvolve exogenousvariablesvia primitive eventsimpliesa
refinementof thesubsumptionandindiscernibilityrelation,whichis alsoeasierto test:Thecharacterization
of �c�0�������������Ã¨© � in Theorem6.3,where � ��¬YÝO��Þß�"à�® and � ± �c¬YÝO��Þß�"à ± ® for all

ã £ë�*ê{�������5���$� , can
bereplacedby thefollowing simplercondition:

¬��	�5® ThereexistssomeÏ�£NÌ�¬YÝk® suchthatfor every
ã £ë�*ê{�������5���$� , thereexistsacausalformula


 è���
��Êq��Ë , where è is a (possiblyempty)setof endogenousvariablesand Ê is a singlevariable,such
that(i) ¬)���UÏK®�¨¥ � 
 è���
��0ÊÃ�4Ë , and(ii) ¬)� ± �UÏK®Î¥ � 
 è���
��0Êb��Ë .

Thecheckof thisconditionis easilyseento be ÔhÕ -complete.Therefore,thesubsumptiontest � � © � Ø
(resp.,equivalencetest �c� � � Ø ) is ��� - ÔhÕ -completeratherthan Å ÆÈ -complete,andthustwo levels lower
in thepolynomialhierarchy. Consequently, it doesnotdominatethecomplexity of theconditionsES1–ES4;
the samealgorithmfor checkingan explanation,performedin this setting,yields thena ��� Ø (resp., ��� )
upperboundin thegeneral(resp.,binary)case.A matchinglower boundis inheritedfrom thecomplexity
of Explanationin thebasicsetting,asit is a specialcaseof situations,andthustheproblemis completefor� � Ø (resp.,� � ). Similarly, for theproblemExplanationExistence,we obtaincompletenessfor Ö×ÆÈ and Ö×ÆØ
in thegeneralandthebinarycase,respectively.
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7 RelatedWork

In thissection,wegiveacomparisonof ourwork to relatedwork oncomplexity of explanationsin theareas
of abductionandof Bayesiannetworks.

7.1 Abductive Explanations

Abductionhasbeenrecognizedasanimportantprincipleof common-sensereasoning,andplaysanimpor-
tantrole in many AI problemsincludingdiagnosis,planning,or naturallanguageprocessingto mentionbut
a few. Oneof the usesof abductionis to obtainexplanationsfor observations,which looselyspeakingis
accomplishedby akind of reversedmodusponens.Thereis quitesomework onalgorithmsandcomplexity
of findingabductive explanations(e.g.[4, 8, 9, 11, 43, 46]).

Roughly, in a logic-basedsetting,abductive explanationsaredefinedasfollows (cf. [34, 46]). Given
somebackgroundknowledge ³ , which is a theory, i.e., a setof sentencesin somelogic, anda setof obser-
vations � , whicharetypically facts,asetof sentences� from asetof hypotheses� is anexplanationof �
from ³ , if f

1. ³ æ�� is satisfiable,i.e.,not contradictory, and

2. ³ æ�� ¥ ��� , i.e., the observationsare logically entailedfrom the backgroundknowledgeandthe
explanation,underanotionof logicalentailment¥ � .

Usually, furtherconditionsareimposedon � in orderto singleoutmostplausibleexplanations.A standard
suchconditionis theapplicationof Occam’s razor, i.e.,minimality in termsof setinclusion.

While causalandabductive explanations,in a standardlogical settingsuchasabove, areapparently
differentconcepts,they havesimilarcomplexity. In particular, decidingtheexistenceof anabductive expla-
nationin thepropositionalcontext (i.e., ³ , � , and � arein classicalpropositionallogic) is Ö ÆØ -complete,as
shown in [11]. This matchesour respective resulton causalexplanationsfor binarycausalmodels.In fact,
computingcausalexplanationscanbepolynomially transformedinto computingabductive explanationsin
thiscase,andviceversa.

In thecaseof causalmodelswith non-binarydomains,explanationsareonelevel higherup in thePoly-
nomialHierarchy, anddecidingtheexistenceof a causalexplanationis Ö×ÆÈ -complete.This matches,inter-
estingly, the complexity of abductive explanationsfrom disjunctive logic programsunderthe stableresp.
answersetsemantics.In thissetting,thebackgroundtheory ³ is apropositionaldisjunctive logic programs,� and � aresetof atoms,and ¥ � is standardcautiousinference,i.e., truth in all stablemodelsresp.answer
setsof aprogram.As wasshown in [12], decidingtheexistenceof anabductiveexplanationis Ö ÆÈ -complete
in this scenario. Thus, decidingthe existenceof causaland of abductive LP explanationsis polynomi-
ally intertranslatable,which extendseasilyto computingsomecausalresp.abductive LP explanation,and
computationalenginescouldbemutuallyexploited.

Theissueof efficient transformationsof causalinto abductive explanations,aswell asinto relatedrea-
soningtasksof nonmonotonicformalisms,is an interestingsubjectfor further work, which may alsobe
exploited for obtainingrapid prototypeimplementations.E.g., by mappingbinary causalexplanationsto
abductive explanations,(extended)variantsof theTruthMaintenanceSystem(cf. [43]) couldbeutilized for
this purpose,or thediagnosticfrontendof theDLV system[10]. Anotherpossibilitywould beanencoding
of causalexplanationsin AnswerSetProgramming,andusingtheDLV engineto computesolutions.For the
caseof generalcausalexplanations,reductionsto QBFsolverssuchas[5, 41, 19] couldbeused.
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7.2 BayesianNetworks

After Cooper’s well-known intractabilityresult[7] for probabilisticinferencein Bayesiannetworks,anum-
berof papersin thisareahave investigatedcomplexity issuesfor reasoningandin particularfor explanation
finding.

A dominatingnotion of explanationin the probabilisticAI literatureis the maximuma posteriori ex-
planation(MAP, aliasmostprobableexplanation[38, 33]), which is an assignmentto all variablesgiven
a partial assignmentto the variablesin a Bayesiannetwork, suchthat its probability is maximum. Some
complexity resultsfor MAPs have beenderived,which however areonly weakly relatedto our resultsfor
causalexplanations.In particular, computinga MAP in a Bayesiannetwork is ÔÇÕ -hard[48], andthesame
appliesto computinga MAP approximation[1]; on theotherhand,this is feasiblein polynomialtime with
an ÔÇÕ oracle.

This resulton computinga MAP is quite differentfrom our resultson � -partial explanations,for two
reasons:firstly, MAPs arecomputedfrom the setof all contexts, which is not part of the input. In this
setting,� -partialexplanationshavehighercomplexity. Secondly, MAPsaresinglecontextswhichmaximize
probability for a givenevidence,while � -partialexplanationssingleout subsetsof contextswhich sensibly
respectrelevant information[27].

Fromthecomputationalside,it is moresuitableto comparedeciding íI¬PÊq��Ë&® �oé in a Bayesiannet-
work with our problemPartial Explanationundersuccinctcontext sets,where ! containsall possiblecon-
texts and í emergesfrom independentexogenousvariables.However, theformerproblemis ÔhÕ -complete
[7], while thelatteris, by our results,Å Æô -completeandthusmuchharder. Wemaythusexpectasimilar re-
lationshipbetweencomputingtheexplanatorypower andtheprobability íI¬PÊb��ËK® in a Bayesiannetwork,
whichcanbedonein polynomialtime with thehelpof a #Poracle[42].

8 Conclusion

In thispaper, wehaveconsideredexplanationsin HalpernandPearl’sstructural-modelapproachto causality
from a computationalperspective, andwe have obtaineda numberof complexity resultswhich precisely
characterizetheintrinsicdifficulty of majorcomputationaltaskson explanations.

Our resultsgive a clearpictureof thecomplexity of explanationsin thecaseof generalstructuralmod-
els, aswell asunderthe restrictionto the casewhereall variablesarebinary. As we have shown, causal
explanationsresideat the third level of the PolynomialHierarchy(PH) in the basicsetting,andthusare,
computationallyspeaking,harderto computethan, for example,abductive explanationsin the standard
logic-basedsetting,which areat the secondlevel of PH. Intuitively, causalexplanationsharborthreein-
termingledsourcesof complexity, which make theconceptdifficult: (1) the, in general,exponentialsetof
candidatesÊ»��Ë for anexplanationformedfrom variablesÊ in a givenset Ê � of variables;(2) condition
AC2(b), which informally is a kind of validity testensuringthat Ê aloneis sufficient to bring aboutthe
changeof theevent ¡ to Ñß¡ , andthusimpactson ¡ ; and(3) minimality of explanations,which impliesan
exponentialsetof candidatesin conditionEX3/ ES3for spoilingacandidateexplanation.Thecomplexity of
causalexplanationsfurther increases,asdemonstratedfor therecognitionproblem,undera naturalconcise
form of modelrepresentationby two levelsin PH. In particular, therecognitionproblemswasprovedto beÅ Æô -complete,andthusis, comparedto validity checkingin classicalpropositionallogic, a rathercomplex
problem.

Someof our hardnessresultsremainvalid underfurther restrictions,suchasa boundednesscondition
on thecausalmodel[14, 15]. In particular, all hardnessresultsfrom Tables1–3 in Sections3–5 hold for
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primitive events ¡ . Thus,complex eventsarenot a sourceof complexity. However, to avoid a proliferation
of results,wedid not furtherconsidersuchrestrictionshere.

For “efficient” algorithmsto generateexplanationsor “best” � -partial explanations,we canconclude
the following. Both mustsolve an inherent Ö×ÆÈ -hardproblem;thus,simplebacktrackingis infeasible,as
well aspolynomialreductionsto a SAT solver or a computationallogic systemwhich canhandleproblems
with complexity up to Ö×ÆØ , suchasDLV [13]. However, an explanationmay be computedusingnested
backtracking,or flat backtrackingcalling a subroutinefor Ö ÆØ tasks(e.g.,callsto DLV). A furtherpossible
perspective are translationsto QBF-solvers, which proved valuablein other applications[41]. We can
computean � -partial explanationsimilarly. Computinga bestoneamountsto an optimizationproblem,
which canbe solved by binary searchover the range[0,1] of � , andthusin polynomialtime with a Ö×ÆÈ -
oracle.A substantiallyfasteralgorithmseemsunlikely to exist.

Oncethebasicresultsaboutthecomplexity of a framework areknown, andintractabilityof sometasks
hasbeenevidenced,anaturalnext stepof researchis to identify casesof lowercomplexity, andin particular
to find islandsof tractability. For that,meaningfulrestrictionsmustbe foundwhich eliminatethevarious
sourcesof complexity, which is not straightforward.

While the complexity resultsfor explanationsestablishedin this papermay look discouraging,and
leave us with little hopefor tractablecases,it turnedout that therearemeaningfulrestrictionsof causal
modelsfor which explanationshave polynomialcomplexity. In a companionpaper[17, 18] to [14, 15] and
the presentpaper, we describenontrivial syntacticrestrictionson causalmodelsunderwhich the notions
of weak causesandexplanationsare tractable. In particular, we have identified a hierarchyof tractable
classes,startingwith simplecausaltrees,i.e., thecausalgraphsaretrees,over layeredcausalgraphs,i.e.,
the causalgraphscanbe layeredso as to permit a stepby steppropagationof effects, to a generalclass
of decomposablecausalgraphs. On suchcausalmodels,small weak causesunderexplanationscan be
computedefficiently underfurtherassumptionswhichareneededto gaintractability. However, thetechnical
definitionsandthecharacterizationsarefar too involvedto bediscussedhere;we refertheinterestedreader
to [17, 18] for details.

Hence,therearesomepositive resultson thecomputationof causalexplanationsfor certaininstances
already. It remains,however, to find otherclassesof instancesthathave lower complexity, andin particular
thatguaranteetractability;delineatingthetractabilityfrontierisachallengingtaskfor futurework. Likewise,
thedevelopmentof suitablealgorithms,continuingandextendingthework of Hopkins[30], is indispensable
for makingthestructural-modelapproachamenableto efficient implementationandusein practice.

A Appendix: Proofsfor Section3

Proof of Theorem 3.3 (continued). Hardnessfor Ö ÆÈ is shown by a reductionfrom decidingwhethera
givenQBF "o��#%$'&)(*#
Ì�+ is valid,where+ is apropositionalformulaonthevariables$c���,$��0�������^�-$/.Ð� ,(����0(Î�0�������0�1(32N� , and ÌÜ���^Ì÷�0�������^�xÌë��� . We construct� �c¬YÝÚ��Þ��"à�® , Ê  pÞ , !å oÌÃ¬YÝm® , and ¡ asin
thestatementof thetheoremsuchthat " is valid iff someÊ �  ¼Ê and Ë � £kÌ�¬PÊ � ® exist suchthat Ê � ��Ë � is
anexplanationof ¡ relative to ! .

We define Ý����,4��|Ý$ç��|Ý�ç � �������^�|Ý65*�|Ý65 � � , where Ì�¬74
®~�·�^é
���������-869qê5� and Ì�¬�áÙ®~�·�^é
�0ê5� for allá¼£ëÝu«Ú�,4	� . Let !N���0Ï ç �UÏ ç|� ������� , Ï .)�UÏ:. � �UÏ .<; � � , where Ï ± (resp., Ï ± � ) is the unique Ï�£kÌÃ¬YÝm® suchthat
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= ± ¬PÏ&® (resp.,= ± � ¬PÏK® ) holds,and = ± (resp.,= ± � ) for every
ã £ë�^é
���������-8�9�ê5� (resp.,

ã £å�^é
���������-8Y� ) is definedby:

= ± � 4ë� ã òpÝ�ç��uéÎòpÝ�ç � �_êÙò .½±-² � ¬YÝ ± �ÃéhòpÝ ± � �ué*®Ò�= ± � � 4ë� ã òpÝ�ç��uéÎòpÝ�ç � �ÃéÎò .½±-² � ¬YÝ ± �ÃéhòpÝ ± � �ué*®Ò�
We define � �c¬YÝO��Þß�"à�® as follows. Let Þ_�>$ æ?$ � æ@(íæ_Ì æ��0Ê'ç{�UÊ'ç � �-�I�-� � �"è¿� , where $ � ��,$ � � ���������-$/. � � , Ì�¬�áß®	�_�^é
�0ê{�BA`� for all á~£kÌ , and ÌÃ¬�áß®	�°�^é
�0ê5� for all á_£pÞ°«$Ì . Let

� � ¬�ÑC+ � ò ½D ¾FE áÃ¨�'Ax®�úÃ¬7�_�Ãé*®�úu¬PÊ'ç��_êOò��_�_êOò?GD ¾FE áu¨�HAx®Ò�
¡e� � � ¬ = çOú = ç|�,I ¬PÊ'ç��ÃéÎò .½±-² � $ ± ¨�H$ ± � ®;úu¬ .G±-² � ¬7$ ± �_êÙò�$ ± � �°ê^®U®Gú��k�0�Ãé*®Ò�
¡ � Ø � .½±-² � ¬ = ± ú = ± � IJ$ ± ��éÇú�$ ± � ��é*®Ò�
¡e�È � ¬ = .K; � I ¬L�~ò .½±-² � $ ± ¨�H$ ± � ®�úÃ¬ .G± ² � ¬7$ ± �°êOòM$ ± � �_ê^®U®�ú��N���ué*®Ò�

where+ � is obtainedfrom + by replacingeachá¼£N$cæO(�æåÌ by “ á'�cê ”. We arenow readyto definethe
functionsà¢�µ�^à D ¥xá¼£�Þå� asfollows:î à6P:QS��Ý ± and à P:Q Â �°Ý ± � for all

ã £ë�*ê{�������^�-8Y� ,
î à ì$ï �¢Ý ç and à ì$ï Â �¢Ý ç � ,
î à D �ué for all á¼£R( æ
�,�I�-�k�Ð� ,
î à D �ÃÊ'çS9T� for all á¼£NÌ ,

î à ð �°ê if f ¡e� � úo¡e�Ø úo¡e�È is true.

Let Êq�H$_æ�$ � æ¿�0Ê'ç{�UÊ'ç � � . Let ¡ be èc�_ê . Noticethat ¡ is primitive.
For every truth assignmentU to the variablesin $ , denoteby


 $'¹0U;¬7$'®V� the substitution

 $���¹0U;¬7$��=®�������0�-$/.P¹0U;¬7$/.�®V� , andwe define �XWÙ�'� 
 $å¹0U;¬7$'®V� . Let ËÒç;�Ãé , and let Ï�£mÌÃ¬YÝm® with Ê'ç�¬PÏK®	�uËÒç . Then,Ê ç ��Ë ç is a weakcauseof �XW under Ï if f #Y(Z&\ÌÜÑC+ 
 $'¹0U;¬7$'®V� is valid [14, 15]. That is, Ê ç �pË ç is not a

weakcauseof � W underÏ if f &)(�#
Ì�+ 
 $'¹0U;¬7$'®V� is valid. Thus,Proposition2.5 impliesthefollowing:

( � ) For every Ê �  @$uæ[$ � æ��0Ê'ç{�UÊ'ç � � with Ê'ç�£kÊ � , it holdsthat Ê � �ÃÊ � ¬PÏK® is notaweakcauseof �\W
underÏ if f &)(�#
Ì@+ 
 $'¹0U;¬7$'®V� is valid.

Wenow show that " is valid iff someÊ
�� ~Ê and Ëe��£kÌÃ¬PÊ
�-® exist suchthat Ê
�^��ËÒ� is anexplanation
of ¡ relative to ! .¬�¶�® AssumethatsomeÊp�� ~Ê and Ëe�{£kÌÃ¬PÊ
�þ® exist suchthat Ê
�^��ËÒ� is anexplanationof ¡ relative
to ! . Then,î Ë � ¬�áß®	�Ãé for all á¼£kÊ ��] ¬7$�æ^$ � æ¿�0Ê ç �5® ,
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asotherwiseÊ � ¬PÏ&®�¨��Ë � for all Ï�£[! , andthusEX4 is violated. For every
ã £��^é
���������-8Y� , it holdseitherÊ
��¬PÏ ± ®	��ËÒ� or Ê
��¬PÏ ± �-®	��ËÒ� . Thus, Êp� ] �,$ ± �-$ ± � �Î¨�'_ for all

ã £ë�*ê{�������^�-8Y� , asotherwiseÊ
�^��ËÒ� is not a
weakcauseof ¡ underany Ï�£å�0Ï ± �UÏ ± � � , andthusEX2 is violated.It follows thatî Ê ç £mÊ � and

î ¥ Ê �`] �,$ ± �-$ ± � �S¥U��ê
for all

ã £ë�*ê{�������5�-8Y� , asotherwiseÊp�^�pËe� is not a weakcauseof ¡ underany Ï�£å�0ÏÒç{�UÏÒç|��� , andthusEX2
is violated.It holdsî Ê'ç � £4Ê
� ,
asotherwiseÊ � ¬PÏK®	��Ë � for all Ï�£/! , andthusEX4 is violated.Wehaveî ËÒ�Ð¬PÊ'ç � ®	�ué ,
asotherwise,by Proposition2.5, Êp� �0�ÃËe� � is aweakcauseof ¡ underevery Ï�£/! , whereÊp� ���ÜÊ
�^«Ù�0Ê ç � �
and Ëe� ���·Ëe��¥ Ê
� � , and thus EX3 is violated. Observe now that Êp� �0�ÃËe� � is not a weak causeof ¡ un-
der Ï4�ÃÏ:.<; � , where Ê � � �ªÊ � «O�0Ê'ç � � and Ë � � � Ë � ¥ Ê � � , as otherwiseEX3 is violated. Let the truth
assignmentU to the variablesin $ be definedby U;¬�áß®��Ûé if f á¼£mÊp� for all á¼£[$ . We now show
that Ê � � ��Ë � � is not a weak causeof �XW under Ï . Towardsa contradiction,assumethe contrary. Thus,
thereexists some a  �Þ°«GÊ � � , Ë � � £kÌÃ¬PÊ � � ® , and b°£mÌÃ¬ca»® suchthat ÑS�XWd Â ÂKe ¬PÏK® and �XWd Â Â e3fg ¬PÏ&® for allhi  �Þ�«t¬PÊ � � æjaµ® and

hk � hi ¬PÏ&® . Here,we canassumethat Ë � � ¬PÊ'ç�®	�cê , Ë � � ¬�áß®	��é for all á¼£mÊ � � «`�0Ê'ç5� ,�,� � ��æo¬U¬7$�æ^$ � ®U«�Ê � � ®× la , andb�¬�áÙ®Ù�»ê for all á¼£ë�,� � ��æo¬U¬7$ æm$ � ®	«�Ê � � ® . Hence,it holds ÑS� d Â Â eÚ¬PÏ&®
and � d Â Â e3fg ¬PÏK® for all

hi  ÇÞp«�¬PÊp� ��æOa»® and
hk � hi ¬PÏK® . Thus, Ñß¡ d Â Â<e ¬PÏK® and ¡ d Â Â e3fg ¬PÏ&® for all

hi  pÞ_«×¬PÊ
� �"æaµ® and
hk � hi ¬PÏ&® . As Ê � � ¬PÏ&®	��Ë � � and ¡�¬PÏ&® , it followsthat Ê � � ��Ë � � is aweakcauseof ¡ underÏ , whichis a

contradiction.Hence,Ê
� �^��Ëe� � is notaweakcauseof � W underÏ . By ( � ), it followsthat &\(�#
ÌT+ 
 $'¹0U;¬7$'®V�
is valid. Thatis, " is valid.¬�­�® Assumethat " is valid. That is, thereexists a truth assignmentU to thevariablesin $ suchthat&)(�#
Ì@+ 
 $'¹0U;¬7$'®V� is valid. Define Ê � ���0Ê'ç{�UÊ'ç � ��æ¿�5á~£n$Û¥oU;¬7$'®	�ÃéS�kæ_�5á � £N$ � ¥6U;¬7$'®	�cê5� andË � ¬�áß®	�Ãé for all á¼£4Ê � . We now show that Ê � ��Ë � is an explanationof ¡ relative to ! . EX1 holds,as¡G¬PÏ&® for all Ï�£p! . EX2 holds,as Ê
�^�pËÒ� is weakcauseof ¡ underevery Ï ± � with

ã £ë�^é
�������5�-8 � . EX4
holds,as Ê � ¬PÏÒç^®�¨��Ë � and Ê � ¬PÏÒç � ®	��Ë � . We next show thatEX3 holds. Towardsa contradiction,assume
the contrary. That is, thereexists some Ê
� � � Ê
� suchthat Êp� �^��ËÒ� � is a weak causeof ¡ undereveryÏ�£/! with Ê � � ¬PÏK®	�uË � � , where Ë � � ��Ë � ¥ Ê � � . It holds Ê � ��] �,$ ± �-$ ± � �Î¨�'_ for all

ã £å�*ê{���������-8 � , asotherwiseÊ � � ��Ë � � is not a weakcauseof ¡ underany Ï�£ë�0Ï ± �UÏ ± � � . It follows that Ê ç £mÊ � � , asotherwiseÊ � � ��Ë � �
is not a weakcauseof ¡ underany Ï�£å�0ÏÒç{�UÏÒç � � . It thusfollows Ê � � ��Ê � «m�0Ê'ç � � . Hence,Ê � � ��Ë � � is a
weakcauseof ¡ under Ïm�ÃÏ:.K; � . That is, someaª pÞ°«�Ê � � , Ë � � £kÌ�¬PÊ � � ® , and b°£mÌÃ¬ca»® exist suchthatÑß¡ d Â Â e ¬PÏK® and ¡ d Â Â e3fg ¬PÏ&® for all

hi  pÞ°«t¬PÊ
� �^æOa»® and
hk � hi ¬PÏ&® . As ÑÙ¡ d Â Â e ¬PÏK® , it follows that �k��£Ra

and bë¬7� � ®	�cê . As ¡ d Â Â e ¬PÏK® , for every á¼£I¬7$�æ^$ � ®	«�Ê � � , it holdseither áÓ¬PÏK®	�cê or á~£na and b�¬�áÙ®	�cê .
As Ñß¡ d Â Â e ¬PÏK® , it thusfollows that Ëe� �Ð¬�áÙ®	�ué for all á¼£4Ê
� �^«O�0Ê'ç5� . Hence, ÑS� d Â Â e ¬PÏK® and � d Â Â e3fg ¬PÏ&® for
all

hi  pÞ°«t¬PÊ � � æOa»® and
hk � hi ¬PÏK® . That is, Ño�\Wd Â Â e ¬PÏK® and �\Wd Â Â eqfg ¬PÏK® for all

hi  pÞ°«t¬PÊ � � æOa»® andhk � hi ¬PÏK® . As Êp� �)¬PÏ&®	�ÃËÒ� � and � W ¬PÏK® , this shows that Ê
� �^��ËÒ� � is a weakcauseof � W under Ï . By ( � ), it
follows that &)(*#
ÌT+ 
 $å¹0U;¬7$'®V� is not valid, which is acontradiction.Thisshows thatEX3 holds. Ä
Proof of Theorem3.5(continued). Wedefine Ým���,4e�|Ý�ç{�|Ý�ç � �������0�|Ý65*�|Ý65 � � , whereÌ�¬74
®ß�¢�^é
���������-8	9cê5�
and ÌÃ¬�áß®÷� �^é
�0ê5� for all á¼£ëÝ�«O�,4	� . Let !k���0Ï ç �UÏ ç|� ������� , Ï .)�UÏ:. � �UÏ .<; � � , where Ï ± (resp., Ï ± � ) is the
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unique Ï�£kÌÃ¬YÝm® suchthat = ± ¬PÏ&® (resp.,= ± � ¬PÏK® ) holds,and = ± (resp.,= ± � ) for every
ã £ë�^é
�������5�-8:9�ê5� (resp.,ã £ë�^é
�������5�-8Y� ) is definedasfollows:

= ± � 4ë� ã òpÝ�ç��uéÎòpÝ�ç � �_êÙò .½±-² � ¬YÝ ± �ÃéhòpÝ ± � �ué*®Ò�= ± � � 4ë� ã òpÝ�ç��uéÎòpÝ�ç � �ÃéÎò .½±-² � ¬YÝ ± �ÃéhòpÝ ± � �ué*®Ò�
We define �º�_¬YÝÚ��Þ��"à�® asfollows. The endogenousvariablesaregiven by Þ �r$qæ'$��eæ�(µæ°�0Ê'ç{�Ê ç � �-� � �"è'� , where $ � �¢�,$ � � �������^�-$/. � � and ÌÃ¬�áß®	���^é
�0ê5� for all á¼£NÞ . Let

� � Ê ç �ÃéÇúj+ � �
¡ � � � ¬ = çOú = ç � I ¬PÊ'ç��ÃéÎò .½±-² � $ ± ¨�H$ ± � ®;úu¬ .G±-² � ¬7$ ± �_êÙò�$ ± � �°ê^®U®Gú�� � �Ãé*®Ò�
¡ � Ø � .½±-² � ¬ = ± ú = ± � IJ$ ± ��éÇú�$ ± � ��é*®Ò�
¡ � È � ¬ = .K; � I ¬L�~ò .½±-² � $ ± ¨�H$ ± � ®�úÃ¬ .G± ² � ¬7$ ± �°êOòM$ ± � �_ê^®U®�ú�� � �ué*®Ò�

where + � is obtainedfrom + by replacingeach á¼£N$cæO( by “ á'�_ê ”. We arenow readyto definethe
functionsà¢�µ�^à D ¥xá¼£�Þå� asfollows:î à6P:QS��Ý ± and à P:Q Â �°Ý ± � for all

ã £ë�*ê{�������^�-8Y� ,
î à ì$ï �¢Ý�ç and à ì$ï Â �¢Ý$ç � ,
î à D �ué for all á¼£R( æ
�,� � � ,
î à ð �°ê if f ¡ � � úo¡ �Ø úo¡ �È is true.

Let Êq�H$�æm$ � æ¿�0Ê'ç{�UÊ'ç � � . Let ¡ be è_�_ê . Notice that ¡ is primitive. For every truth assignmentU to thevariablesin $ , we denoteby

 $'¹0U;¬7$'®V� thesubstitution


 $ � ¹0U;¬7$ � ®��
�����0�-$/.�¹0U;¬7$/.P®V� , andwe define�XWß��� 
 $'¹0U;¬7$'®V� . Let ËÒç��Ãé , andlet Ï�£mÌÃ¬YÝm® with Ê'çx¬PÏ&®	��ËÒç . Then, Ê'ç���ËÒç is a weakcauseof �\W
underÏ if f #Y(�ÑC+ 
 $'¹0U;¬7$'®V� is valid. Thatis, Ê ç �pË ç is notaweakcauseof �\W underÏ if f &\(s+ 
 $'¹0U;¬7$'®V�
is valid. Thus,Proposition2.5 impliesthefollowing fact:

( � ) For every Êp�K @$uæ[$��"æ��0Ê'ç{�UÊ'ç � � with Ê'ç�£kÊ
� , it holdsthat Êp�0�ÃÊ
�)¬PÏK® is notaweakcauseof � W
underÏ if f &)(s+ 
 $'¹0U;¬7$'®V� is valid.

Using( � ), by asimilar line of argumentationasin theproofof Theorem3.3,it follows that " is valid iff
someÊ
�� ¼Ê and ËÒ�5£kÌÃ¬PÊ
�þ® exist suchthat Ê
�^��ËÒ� is anexplanationof ¡ relative to ! . Ä
B Appendix: Proofsfor Section4

Proof of Theorem 4.3 (continued). We construct� �s¬YÝÚ��Þ��"à�® , Ê¤ µÞ , Ë_£�Ì�¬PÊu® , ¡ , !ë oÌÃ¬YÝm® , t ,
and � asin thestatementof thetheorem,suchthat Êq�pË is an � -partialexplanationof ¡ relative to ¬u!$�lí�®
if f thenumberof valid formulasamong" � ���������1"v5 is even.
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For
ã £å�*ê{�������^�BwÒ� , definethecausalmodels� ± �c¬YÝ ± ��Þ ± �"à ± ® asfollows. Theexogenousandendoge-

nousvariablesaredefinedby Ý ± ���,� ± � and Þ ± �Hx ± æR$ ± æ'�0( ± �1y ± � , respectively. Define ÌÃ¬�áß®	���^é
�0ê{�BA`�
for all á¼£n$ ± , and Ì�¬�áÙ®ß�¢�^é
�0ê5� for all ác£ÃÝ ± æ~Þ ± «z$ ± . Wedefine

¡ ± ��¬u+ �± ò*{D ¾	P|Q áÃ¨�'Ax®;úÃ¬c( ± �Ãé*®;ú�¬cy ± �_êÙò}( ± �°êOò*~D ¾FP:Q áÃ¨�'Ax®��
where+Ò�± is obtainedfrom + ± by replacingeachá~£Nx ± æm$ ± by “ áI�°ê ”. Thefunctionsin à ± �¢�^à ±D ¥xá¼£�Þ ± �
aredefinedasfollows:î à ±� Q ��� ± ,
î à ±D �Ãé for all á¼£å�0( ± �ÚæMx ± ,
î à ±D ��y ± 9�( ± for all á¼£N$ ± .

For each
ã £ë�*ê{���������BwÒ� , let Ê ± ���0y ± � , anddefineË ± £kÌ�¬PÊ ± ® and Ï ± £kÌÃ¬YÝ ± ® by Ë ± ¬cy ± ®	�Ãé and Ï ± ¬7� ± ®U�4é .

Then,for every
ã £ë�*ê{���������BwÒ� , Ê ± ��Ë ± is aweakcauseof ¡ ± underÏ ± in � ± if f " ± is valid (theconstruction

is similar as in the proof of Theorem3.2, the only differenceis that we have à ±� Q �>� ± here,insteadofà ±� Q �ué ). Observe alsothat ¡ ± ¬PÏK® holdsfor all Ï�£kÌÃ¬YÝ ± ® .
Define the causalmodel � ��¬YÝO��Þß�"à�® by Ýu�°ÝÙ�Îæ������Òæ�Ý65�æ �,�å� , where Ì�¬7�ë®
�¤�^é
���������BwÒ� ,Þ°��ÞK�Gæ>�����5æ
ÞY5tæp�,��� , and à¢�ÜàÙ��æ>�����{æ÷à�5Óæ
�^à��N� , where

à6���»ê if f ¬ {± ¾`������������� 5�� =
± I·¡ ± ®&òu¬ {± ¾`����������� � 5�� �±

even

= �± Iª¡ ±�� ��®;òÃ¬ {± ¾	������������� 5�� �±
odd

= �± I��N® is true,

and = ± and = �± aredefinedasfollows for every
ã £Ã�*ê{���������BwÒ� :

= ± � ¬7�_� ã ®;òu¬ ½� ¾	����������� � 5�� ¬7� � �ué*®U®Ò�= �± � ¬7�_�ué*®;òu¬7� ± �_ê^®�òÃ¬ ½� ¾`����������� � 5�� Á-� ± � ¬7� � ��é*®U®Ò�
For every

ã £'�*ê{�������^�BwÒ� , let Ï ± (resp., ÏÒ�± ) be the unique Ï�£NÌ�¬YÝk® such that = ± ¬PÏK® (resp., = �± ¬PÏK® ). Letè_���,��� , andlet ¡ be è_�cê . Let !N�°�0Ï � �������^�UÏ 5*�UÏÒ� � �������^�UÏe� 5 � , tå¬PÏK®	��ê�¹6A	w for all Ï�£[! , and �å�_ê�¹6A	w .
Define Ê �¢�0y��0�������^�1y/5`� and Ë~�öË;�)������Ë:5 ( � év�����=é ).

Observe that ¡ is primitive, t is the uniform distribution over ! , and ¡�¬PÏK® for all Ï�£/! . By Proposi-
tion 2.5,thefollowing holdsfor all

ã £'�*ê{�������^�BwÒ� , all Ê �  �Ê , and Ë � �öË�¥ Ê � :
(i) If Ê ±  cÊ � , then Ê � ��Ë � is aweakcauseof ¡ underÏ ± if f " ± is valid.

(ii) If
ã

is evenand Ê ±�� �Î cÊp� , then Êp�0�ÃËe� is aweakcauseof ¡ underÏÒ�± if f " ±�� � is valid.

(iii) If
ã

is odd,then Êp�^��Ëe� is notaweakcauseof ¡ underÏÒ�± .
(iv) If Ê ± ¨ cÊ � , then Ê � ��Ë � is notaweakcauseof ¡ underÏ ± .
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By Proposition4.1, !��ì ² d is thesetof all Ï�£p! suchthateither(a) Ê°¬PÏ&®�¨�ÃË , or (b) Ê°¬PÏK®	�uË and Ê»�ÃË
isaweakcauseof ¡ underÏ . By (i), it thusfollows ! �ì ² d ���0ÏÒ� � �������^�=Ïe� 5 ��æÚ�0Ï ± ¥ ã £å�*ê{���������BwÒ�x� " ± is valid � .

We now show that Êb�pË is an � -partial explanationof ¡ relative to ¬u!$�1tk® if f the numberof valid
formulasamong" � ���������1"v5 is even.¬�­�® Assumethat Êb�ÃË is an � -partial explanationof ¡ relative to ¬u!$�1tk® . In particular, Êq�pË is
an explanationof ¡ relative to !)�ì ² d . Towardsa contradiction,assumethat thenumberof valid formulas
among "Ç�����������1"v5 is odd. Let �Ç£ë�*ê{���������BwÒ� be thesmallestindex suchthat " � is not valid. Notice that� is even. We define Ê
�^��Êb«�Ê � and ËÒ���ÃË$¥ Ê
� . The setof all Ï�£/! �ì ² d suchthat Êp�Ð¬PÏ&®	�ÃËÒ� is given
by ! � � �0Ï �� �Çæu�0Ï;�0�������0�UÏ � � ��� (as " � implies " � � � , for every �Ç£ë��AS�������^�BwÒ� ). By (i) and(ii), Ê � �ÃË � is
a weakcauseof ¡ underevery Ï�£/!\� . That is, Ê
�^��Ëe� is a weakcauseof ¡ underevery Ï�£/! �ì ² d withÊ � ¬PÏ&®	�ÃË � , whichviolatesEX3, andthuscontradictsÊ»��Ë beinganexplanationof ¡ relative to !)�ì ² d .¬�¶�® Assumethatthenumberof valid formulasamong" � ���������1"v5 is even.Wenow show that Êq��Ë is
an � -partial explanationof ¡ relative to ¬u!��lí�® . By Proposition4.1, it is sufficient to show that (a) Ê»�ÃË
is anexplanationof ¡ relative to ! �ì ² d , and(b) t'¬u! �ì ² d ¥YÊb��Ë&® �Z� . We first prove (a) by showing that

EX1–EX4 hold. Clearly, EX1 and EX2 hold. Observe that Ï�� � £/! �ì ² d . As "h� is valid, we also haveÏ;��£p! �ì ² d . Hence,as Ê°¬PÏÒ� � ®�¨��Ë and Ê_¬PÏ;�=®	��Ë , alsoEX4 holds.We next show thatEX3 holds.Towards

acontradiction,assumethatsomeÊ �0� Ê existssuchthat Ê � �pË � is aweakcauseof ¡ underall Ï�£/!)�ì ² d
with Ê
��¬PÏ&®	�ÃËe� , where Ëe�Ù� Ë$¥ Êp� . Let Ê � £mÊ»«�Êp� suchthat �Î£ë�*ê{���������BwÒ� is minimal. As ÏÒ�� £/!)�ì ² d
and Ê � ¬PÏ �� ®	��Ë � , it follows that Ê � ��Ë � is a weakcauseof ¡ under Ï �� . By (iii), � is even. By (ii), " � � � is

valid. By (iv), Ï � doesnotbelongto !)�ì ² d . Thatis, " � is notvalid. But this contradictsthenumberof valid
formulasamong"Ç�����������1"v5 beingeven.Thus,alsoEX3 holds.Clearly, (b) follows from EX4 and t being
theuniformdistribution over ! . Ä
Proof of Theorem 4.6 (continued). We construct� � ¬YÝO��Þß�"à�® , Ê  �Þ , Ë�£�ÌÃ¬PÊÃ® , ¡ , !å oÌÃ¬YÝm® , andt asrequired,suchthat ¬��S�0�������0���	5�® is thebit-vectorrepresentationof theexplanatorypower of Êb��Ë .

For every
ã £ë�*ê{�������5�BwÒ� , define� ± �c¬YÝ ± ��Þ ± �"à ± ® and Ê ±  pÞ ± asin theproofof Theorem4.3.Wedefine� �c¬YÝO��Þß�"à�® by Ý���Ý � æ*�����`æuÝ65Çæ��,�å� , where ÌÃ¬7��®4�s�^é
���������BwÒ� , Þ���Þ � æ*�����xæÃÞ|5Çæ��,��� , andà¢�ÜàÙ��æ>�����5æ~àC5Óæ
�^à6�k� , where

à6�Ü�»ê if f ¬ {± ¾	����������� � 5�� =
± I ¡ ± ®�òu¬ {± ¾	����������� � 5�� = �± I��k® is true,

and = ± and = �± aredefinedasfollows for every
ã £��*ê{�������5�BwÒ� := ± � ¬7�c� ã ®;òÃ¬ ½� ¾	����������� � 5�� ¬7� � �Ãé*®U®Ò�= �± � ¬7�c�Ãé*®;òu¬7� ± �cê^®;òu¬ ½� ¾	����������� � 5�� Á-� ± � ¬7� � �Ãé*®U®Ò�

For every
ã £ë�*ê{���������BwÒ� , let Ï ± (resp., Ï �± ) be the unique Ï�£kÌ�¬YÝk® suchthat = ± ¬PÏK® (resp., = �± ¬PÏ&® ). Letèc���,��� , andlet ¡ be èc�_ê . We define !k�°�0Ï;�0�������0�UÏ 5`�UÏÒ� � �������^�SÏe� 5 � , tå¬PÏÒ�± ®	��é for all

ã £ö�*ê{�������^�BwÒ� ,
and tå¬PÏ ± ®	�'A ±�� � for all

ã £å�*ê{���������BwÒ� . WedefineÊ �µ�0y��0�������^�1y/5*� and Ëo�öË���������Ë:5 .
Observe that ¡ is primitive. Moreover, ¡G¬PÏ&® for all Ï�£[! , andfor all

ã £Ã�*ê{�������5�BwÒ� :
(i) Êq��Ë is aweakcauseof ¡ underÏ ± if f " ± is valid.
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(ii) If Ê �  cÊ and Ë � �öË�¥ Ê � , then Ê � ��Ë � is notaweakcauseof ¡ underÏ �± .
By Proposition4.1, !��ì ² d is thesetof all Ï�£/! suchthateither(a) Ê_¬PÏK®�¨��Ë , or (b) Ê_¬PÏK®	��Ë and Ê»��Ë

is aweakcauseof ¡ underÏ . By (i), it thusfollows ! �ì ² d �°�0Ïe� � �������^�UÏÒ� 5 ��æ÷�0Ï ± ¥ ã £��*ê{�������5�BwÒ�x��" ± is valid � .
By (ii), Êq��Ë is an explanationof ¡ relative to !)�ì ² d . Thus, Êb�ÃË is a partial explanationof ¡ relative
to ¬u!$�lí�® . Its explanatorypower is thesumof all tå¬PÏ ± ®���A ±�� � with

ã £ë�*ê{���������BwÒ� suchthat " ± is valid. Ä
Theorem B.1 � -Partial Explanationis Õ�� �� -completein thebinarycase.

Proof. As for membership,recallthat Ê»��Ë is an � -partialexplanationof ¡ relative to ¬u!��lí�® if f (a) Ê»��Ë
is an explanationof ¡ relative to ! �ì ² d , and(b) tå¬u! �ì ² d ¥\Êq��ËK® �Z� . By Proposition4.1, ! �ì ² d is the
setof all Ï�£/! suchthat either(i) Ê_¬PÏK®~¨�sË , or (ii) Ê_¬PÏK®	�uË and Êb��Ë is a weakcauseof ¡ under Ï .
Deciding(i) is polynomial,and,by Theorem2.6,deciding(ii) is in ÔÇÕ in thebinarycase.Thus,computing! �ì ² d is in �$Õ � �� in the binary case. Once ! �ì ² d is given, deciding(a) is possiblewith two ÔhÕ -oracle
calls, by Theorem3.4, anddeciding(b) is polynomial. As two roundsof parallel ÔÇÕ -oraclequeriesin a
polynomial-timecomputationcanbereplacedby asingleone[3], theproblemis in Õ3� �� .

Hardnessfor Õ�� �� is shown by a reductionfrom the following Õ�� �� -completeproblem[50]. Given w
propositionalformulas+ ± , ã £å�*ê{���������BwÒ� , whereeach+ ± is definedon thevariablesx ± ���,x ± � ���������^�-x ± � 2qQ¦� ,
decidewhetherthenumberof tautologiesamong+e�0�������0��+�5 is even. Without lossof generality, w is even,
the x ± ’sarepairwisedisjoint, + � is notatautology, andfor every �Ç£ë�*ê{�������^�Bwv�oê5� , if + � is atautology, then
also + � ; � [50]. We construct� ��¬YÝO��Þß�"à�® , Ê  �Þ , Ë�£kÌÃ¬PÊÃ® , ¡ , !å ~ÌÃ¬YÝm® , t , and � asrequired,such
that Êb��Ë is an � -partialexplanationof ¡ relative to ¬u!$�lí�® if f thenumberof tautologiesamong+e�0�������^��+�5
is even.Theconstructionis similar to theonein theproof of Theorem4.3.Roughly, wereplacethepartforÖ×ÆØ -hardnessof decidinggeneralweakcauseby anew partfor NP-hardnessof decidingbinaryweakcause.

For
ã £ë�*ê{�������5�BwÒ� , define the causalmodels � ± �c¬YÝ ± ��Þ ± �"à ± ® as follows. The exogenousand en-

dogenousvariablesaredefinedby Ý ± ���,� ± � and Þ ± �Hx ± æ¿�0y ± � , respectively, where Ì�¬�áß®	�_�^é
�0ê5� for
all á~£ëÝ ± æ'Þ ± . Wedefinethefunctionsin à ± �¢�^à ±D ¥�á¼£�Þ ± � asfollows:î à ±� Q ��� ± ,
î à ±D �Ãé for all á¼£nx ± .
We thendefine ¡ ± ��y ± �uéÙúR+ ± � , where + ± � is obtainedfrom + ± by replacingeachá¼£nx ± by “ á¿�_ê ”.

For each
ã £$�*ê{�������^�BwÒ� , let Ê ± �°�0y ± � , anddefineË ± £mÌ�¬PÊ ± ® and Ï ± £;ÌÃ¬YÝ ± ® by Ë ± ¬cy ± ®	�Ãé and Ï ± ¬7� ± ®	�Ãé .

Then,for every
ã £$�*ê{�������5�BwÒ� , Ê ± ��Ë ± is aweakcauseof ¡ ± underÏ ± in � ± if f + ± is nota tautology.

We definethe causalmodel � �c¬YÝO��Þß�"à�® asfollows. The exogenousandendogenousvariablesare
givenby Ýu�°ÝÙ��æH������æpÝ�5ÓæÃ�,�å� and Þ_��ÞK��æ'�����{æoÞ|5Óæp�,��� , respectively, where Ì�¬7�ë®	�°�^é
�������^�BwÒ�
and ÌÃ¬7�u®	�°�^é
�0ê5� . Thefunctionsaregivenby à»�Üàß��æH�����5æ¼à�5×æp�^à6�k� , where

à6���»ê if f ¬ {± ¾`������������� 5�� =
± I·¡ ± ®&òu¬ {± ¾`����������� � 5�� �±

even

= �± Iª¡ ±�� ��®;òÃ¬ {± ¾	������������� 5�� �±
odd

= �± I��N® is true,

and = ± and = �± aredefinedasfollows for every
ã £Ã�*ê{���������BwÒ� := ± � ¬7�_� ã ®;òu¬ ½� ¾	����������� � 5�� ¬7� � �ué*®U®Ò�= �± � ¬7�_�ué*®;òu¬7� ± �_ê^®�òÃ¬ ½� ¾`����������� � 5�� Á-� ± � ¬7� � ��é*®U®Ò�
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For every
ã £ë�*ê{���������BwÒ� , let Ï ± (resp., Ï �± ) be the unique Ï�£kÌ�¬YÝk® suchthat = ± ¬PÏK® (resp., = �± ¬PÏ&® ). Letèc���,��� , andlet ¡ be èc�_ê . Let !N���0Ï;�0���������UÏ:5`�UÏe� � �������0�UÏÒ� 5 � , tå¬PÏ&®	�_ê�¹6A	w for all Ï�£/! , and �å�°ê�¹6A	w .

Define Ê»���0y����������0�1y/5`� and Ë~�öË;�;�����"Ë 5 . Observe that ¡ is primitive, that ¡�¬PÏK® for all Ï�£/! , andthat t
is the uniform distribution over ! . By Proposition4.1, ! �ì ² d is the set of all Ï�£/! suchthat either (a)Ê°¬PÏ&®�¨�ÃË , or (b) Ê_¬PÏK®	�ÃË and Ê»��Ë is a weakcauseof ¡ under Ï . By Proposition2.5, it thusfollows!)�ì ² d ���0ÏÒ� � �������0�UÏe� 5 �Úæp�0Ï ± ¥ ã £å�*ê{�������^�BwÒ�x�|+ ± is nota tautology� .

By a line of argumentationsimilar to theonein theproof of Theorem4.3, it follows that Êb�pË is an� -partial explanationof ¡ relative to ¬u!��1tk® if f the numberof non-tautologiesamong +e���������^��+�5 is even,
thatis, as w is even,iff thenumberof tautologiesamong+e�0�������0��+�5 is even. Ä
Theorem B.2 � -Partial ExplanationExistenceis ÖtÆØ -completein thebinarycase.

Proof. As for membershipin Ö ÆØ , by TheoremB.1, decidingwhetherÊ
�^��ËÒ� is an � -partial explanation
of ¡ relative to ¬u!$�lí�® is in Õ3� �� in the binary case. Thus,guessingsome Ê �  ~Ê and Ë � £NÌ�¬PÊ � ® , and

decidingwhetherÊ � �ÃË � is an � -partialexplanationof ¡ relative to ¬u!��lí�® is in Ö×ÆØ in thebinarycase.
Hardnessfor Ö×ÆØ is shown by a reductionfrom ExplanationExistencein the binary case(seeTheo-

rem3.5). Givenaninstanceof it, let í betheuniform distribution on ! , andlet �å�°ê . Then, Ê
�^��ËÒ� is an� -partialexplanationof ¡ relative to ¬u!$�lí�® if f Ê � ��Ë � is anexplanationof ¡ relative to ! . Ä
Theorem B.3 Partial Explanationis Õ3� �� -completein thebinarycase.

Proof. As for membershipin Õ3� �� , recall that Êq��Ë is a partial explanationof ¡ relative to ¬u!��lí�® if f

(a) Êq��Ë is an explanationof ¡ relative to ! �ì ² d , and (b) ! �ì ² d containssome Ï suchthat Ê_¬PÏK®	�uË
and t'¬PÏK® �
é . By theproof of TheoremB.1, computing! �ì ² d is in �$Õ � �� in thebinarycase.Once ! �ì ² d
is given,checking(a) is in � � in thebinarycase,by Theorem3.4,andchecking(b) is polynomial.As two
roundsof parallel ÔÇÕ -oraclequeriesin apolynomial-timecomputationcanbereplacedby asingleone[3],
PartialExplanationis in Õ � �� in thebinarycase.

Wenext show Õ3� �� -hardness.If í is theuniformdistribution over ! , then Êq��Ë is apartialexplanation

of ¡ relative to ¬u!��lí�® if f Êb��Ë is a ��  �� -partial explanationof ¡ relative to ¬u!$�lí�® . By theproof of Theo-

remB.1,decidingthelatteris completefor Õ3� �� . Thus,decidingwhetherÊq��Ë is apartialexplanationof ¡
relative to ¬u!$�lí�® is Õ3� �� -hard,andhardnessholdsevenif í is theuniform distribution over ! . Ä
Theorem B.4 ExplanatoryPoweris �$Õ � �� -completein thebinarycase.

Proof. We compute! �ì ² d and tå¬u! �ì ² d ¥YÊb�ÃËK® . By theproof of TheoremB.1, theformer is in �$Õ � �� in

thebinarycase,while thelatteris polynomial.Thus,ExplanatoryPower is in �$Õ � �� in thebinarycase.

Hardnessfor �$Õ � �� is shown by a reductionfrom the following �$Õ � �� -completeproblem. Given w
propositionalformulas+ ± , ã £ë�*ê{�������5�BwÒ� , whereeach+ ± is definedon thevariablesx ± ���,x ± � �0�������^�-x ± � 23Q¦� ,
computethe vector ¬��S�0�����������F5�®\£ë�^é
�0ê5� 5 suchthat � ± �_ê if f + ± is not a tautology, for all

ã £'�*ê{�������^�BwÒ� .
Without lossof generality, the x ± ’s arepairwisedisjoint,and +e� is nota tautology.

Weconstruct� �c¬YÝO��Þß�"à�® , Ê  pÞ , Ë�£kÌÃ¬PÊÃ® , ¡ , !ë 
Ì�¬YÝk® , and t asrequired,suchthat ¬��S�0�����������F5�®
is thebit-vectorrepresentationof theexplanatorypower of Êq��Ë . For every

ã £ë�*ê{�������5�BwÒ� , let � ± �c¬YÝ ± �Þ ± �"à ± ® and Ê ±  �Þ ± be definedasin the proof of TheoremB.1. The restof the constructionis similar as
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in the proof of Theorem4.6. We definethe causalmodel � �_¬YÝÚ��Þ��"à�® asfollows. The exogenousand
endogenousvariablesaregivenby Ýu��ÝO��æ������xæuÝ�5Îæ��,�'� and Þ°��Þ&��æ������*æpÞ|5Îæ��,��� , respectively,
where ÌÃ¬7��®h� �^é
���������BwÒ� and Ì�¬7�u®Î�F�^é
�0ê5� . Thefunctionsaregivenby às�bàÙ�ßæ������*æoà�5Çæu�^à��k� ,
where

à6���»ê if f ¬ {± ¾`������������� 5�� =
± I·¡ ± ®&òu¬ {± ¾`����������� � 5�� = �± I¡�k® is true,

and = ± and = �± aredefinedasfollows for every
ã £Ã�*ê{���������BwÒ� := ± � ¬7�_� ã ®;òu¬ ½� ¾	����������� � 5�� ¬7� � �ué*®U®Ò�= �± � ¬7�_�ué*®;òu¬7� ± �_ê^®�òÃ¬ ½� ¾`����������� � 5�� Á-� ± � ¬7� � ��é*®U®Ò�

For every
ã £'�*ê{�������^�BwÒ� , let Ï ± (resp., Ï �± ) be the unique Ï�£NÌ�¬YÝk® such that = ± ¬PÏK® (resp., = �± ¬PÏK® ). Letè_���,��� , andlet ¡ be è_�cê . We define !����0Ï��0�������0�UÏ:5`�UÏe� � ���������	Ïe� 5 � , tå¬PÏe�± ®	�Ãé for all

ã £ë�*ê{���������BwÒ� ,
and t'¬PÏ ± ®	�'A ±�� � for all

ã £Ã�*ê{���������BwÒ� . WedefineÊ»���0y��0���������1y/5`� and Ëm��Ë;�)�����"Ë 5 .
Observe that ¡ is primitive. Moreover, ¡�¬PÏK® for all Ï�£/! , andfor all

ã £Ã�*ê{�������^�BwÒ� :
(i) Êb��Ë is aweakcauseof ¡ underÏ ± if f + ± is nota tautology.

(ii) If Ê �  cÊ and Ë � �öË�¥ Ê � , then Ê � ��Ë � is notaweakcauseof ¡ underÏ �± .
By Proposition4.1, !��ì ² d is thesetof all Ï�£/! suchthateither(a) Ê_¬PÏK®�¨��Ë , or (b) Ê_¬PÏK®	��Ë and Ê»��Ë

is a weakcauseof ¡ underÏ . By (i), it thusfollows !)�ì ² d ���0ÏÒ� � �������^�UÏÒ� 5 ��æ¿�0Ï ± ¥ ã £ë�*ê{���������BwÒ�x�Y+ ± is not a

tautology� . By (ii), Êb��Ë is anexplanationof ¡ relative to !��ì ² d . Hence,Ê»��Ë is apartialexplanationof¡ relative to ¬u!$�lí�® . Theexplanatorypower of Êq��Ë is thesumof all tå¬PÏ ± ®h�JA ±�� � with
ã £å�*ê{�������^�BwÒ�

suchthat + ± is nota tautology. Ä
C Appendix: Proofsfor Section5

Proof of Theorem 5.1 (continued). Hardnessfor Å Æô is shown by a reductionfrom the Å Æô -complete
problemof decidingwhetheragivenQBF "��@& x'#�$�&)(�#
Ì�+ is valid, where+ is apropositionalformula
on the variablesxÃ�_�,x � �������0�Yxp5�� , $����,$ � �������0�-$/.)� , (��°�0( � �������^�1( 2 � , and Ìñ���^Ì � �������0�"Ì � � . We
construct� �q¬YÝO��Þß�"à�® , ÊF pÞ , Ë�£kÌÃ¬PÊÃ® , !' ~Ì�¬YÝk® , and ¡ asin thestatementof thetheoremsuchthatÊb��Ë is anexplanationof ¡ relative to ! if f " is valid.

Wedefinetheexogenousvariablesby Ýu�'$cæ÷��Ý�ç{�|ÝÙ�0�|ÝO� � ���������|Ý�5`�|Ý�5 � � , whereÌÃ¬�áß®	���^é
�0ê5� for allá¼£ëÝ . Wedefinethesetof contexts by !k�°�0Ï�£kÌÃ¬YÝm®&¥�¬ = çOú = ��ú = Ø ®|¬PÏK®�� , where:

= ç��ªÝ$ç&�uéÇò 5½±-² � ¬YÝ ± �ÃéÎòpÝ ± � �Ãé*®Ò�
= �Ã�ªÝ$ç&�uéÇò 5G±-² �

¢ ¬U¬YÝ ± �_êOòpÝ ± � �Ãé*®;ú�¬YÝ ± �ÃéÎòpÝ ± � �_ê^®U®;ò ½� ¾	����������� � 5�� � � ± � ¬YÝ � �Ãéhò
Ý � � �Ãé*®¤£å�
= Ø �ªÝ ç �cêOú 5G±-² � ¬YÝ ± �_êÙòpÝ ± � �_ê^®Ò�
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We define � ��¬YÝO��Þß�"à�® as follows. We define Þ°�Hx¢æ¥x � æ?(bæ�Ì�æ��0Ê'ç{�-�'�-� � �"èI� , where x � ��,xN� � ���������-x�5 � � , Ì�¬�áß®	�_�^é
�0ê{�BA`� for all á~£kÌ , and ÌÃ¬�áß®	�°�^é
�0ê5� for all á¼£�Þ°«$Ì . Let

� � ¬�ÑC+Ò�xòc½D ¾FE áu¨�HAx®;ú�¬7�_�Ãé*®�úu¬PÊ'ç��_êÙò��c�_êÙò GD ¾FE áÃ¨�'Ax®Ò�
¡ � � ¬ = çXI Ê'ç��ué*®;òu¬ = Ø I¦�k®;ò�¬ = � I ¬L�oò 5½±-² � x ± ¨�'x ± � ®&úu¬ 5G±-² � ¬7x ± �_êOòMx ± � �°ê^®U®�ú�� � �Ãé*®Ò�

where+ � is obtainedfrom + by replacingeachá¼£Nxuæ^$�æ�(�æëÌ by “ áI�_ê ”. We arenow readyto define
thefunctionsà¢�¢�^à D ¥*á¼£�Þå� asfollows:î à�§ Q ��Ý ± and à § Q Â ��Ý ± � for all

ã £å�*ê{���������BwÒ� ,
î à ì$ï �¢Ý�ç , and à D �Ãé for all á~£n(�æp�,�'�-�N�Ð� ,
î à D �ÃÊ'çS9T� for all á¼£NÌ ,

î à ð �°ê if f ¡e� is true.

Let Êq�HxÃæ�x � æI�0Ê'ç{� , andlet Ë�£mÌ�¬PÊu® begivenby Ë$¬�áß®	�ué for all á¼£mÊ . Let ¡ be èc�_ê . Notice
that ¡ is primitive. Wenow show that " is valid iff Êq��Ë is anexplanationof ¡ relative to ! .

Wefirst show thatEX1, EX2, andEX4 alwayshold. As ¡�¬PÏK® for all Ï�£p! , EX1 alwaysholds.For everyÏ�£[! with Ê°¬PÏ&®	�uË , it holds = çx¬PÏK® . Hence,Êb�pË is a weakcauseof ¡ underevery Ï�£[! with Ê°¬PÏ&®	�ÃË .
Thatis,alsoEX2 alwaysholds.As someÏG�UÏ � £/! exist suchthat Ê_¬PÏK®	��Ë and Ê°¬PÏ � ®�¨��Ë , alsoEX4 always
holds. It thusremainsto show that " is valid iff EX3 holds. RecallthatEX3 saysthat for every Ê �	� Ê ,
someÏ�£/! existssuchthat(i) Êp�)¬PÏ&®	��Ë$¥ Êp� and(ii) Ê»�ÃË$¥ Ê
� is notaweakcauseof ¡ underÏ . If Ê'çt¨£4Ê
�
or Ê ��] �,x ± �-x ± � ����_ for some

ã £ë�*ê{���������BwÒ� , then(i) and(ii) hold for someÏ�£/! with = Ø ¬PÏK® . If Ê'ç�£mÊ � ,Ê
� ] �,x ± �-x ± � �Î¨�'_ for all
ã £ë�*ê{���������BwÒ� , and x ± �-x ± � £kÊ
� for some

ã £ë�*ê{�������^�BwÒ� , then(i) and(ii) hold for
someÏ�£[! with = ��¬PÏK® .

It thus remainsto show that " is valid iff for every Ê �F� Ê suchthat (a) Ê ç £rÊ � and (b) ¥ Ê �)]�,x ± �-x ± � �S¥U��ê for all
ã £ë�*ê{�������5�BwÒ� , someÏ�£/! existssuchthat(i) Ê
��¬PÏK®	�uË$¥ Ê
� and(ii) Êp�^��Ë$¥ Êp� is not

aweakcauseof ¡ underÏ .
Forall truthassignments̈ andU to thevariablesin x and$ , respectively, denoteby


 xm¹0¨ß¬7x4®��,$'¹0U;¬7$'®V�
thesubstitution


 xN�=¹0¨ß¬7xk�=®����������-x�5�¹0¨ß¬7x�5x®��-$��=¹0U;¬7$��|®��������^��$/.�¹0U;¬7$/.P®V� , andwe define �C© � Wß��� 
 xm¹0¨ß¬7xm®��$'¹0U;¬7$'®V� . Let Ë\ç���é , and let Ï�£ÜÌÃ¬YÝm® suchthat Ê'çx¬PÏK®	�uËÒç . Then, Ê'ç���ËÒç is a weakcauseof � © � W
under Ï if f #Y(s&\ÌÜÑC+ 
 xm¹0¨ß¬7xm®��-$å¹0U;¬7$'®V� is valid [14, 15]. That is, Ê'ç���Ë\ç is not a weakcauseof �C© � W
underÏ if f &)(*#
ÌT+ 
 x4¹0¨ß¬7xm®��-$'¹0U;¬7$'®V� is valid. Thus,Proposition2.5 impliesthefollowing fact:

( � ) For every Ê �  ªx æ}x � æ��0Ê'ç{� with Ê'ç�£mÊ � , it holdsthat Ê � ��Ê � ¬PÏK® is not a weakcauseof �C© � W
underÏ if f &)(�#
Ì@+ 
 xm¹0¨ß¬7x4®��-$'¹0U;¬7$'®V� is valid.

¬�­�® Assumethat " is valid. Let Ê �	� Ê suchthat(a)and(b) holds.Definethetruthassignment¨ to the
variablesin x by ¨ß¬7x ± ®	�ué if f x ± £4Êp� for all

ã £å�*ê{���������BwÒ� . As " is valid, thereexistsa truth assignmentU to the variablesin $ suchthat &)(¥#
ÌT+ 
 x4¹0¨ß¬7xm®��-$'¹0U;¬7$å®V� is valid. Let Ë � ��Ë$¥ Ê � , and let Ï�£kÌÃ¬YÝm®
bearbitrarysuchthat Êp�)¬PÏ&®	��Ëe� , = ��¬PÏ&® , and Ï$¬7$ ± ®	�HU;¬7$ ± ® for all

ã £ë�*ê{�������5�-8Y� . By ( � ), Ê
�^��Ëe� is not a
weakcauseof �C© � W under Ï . We now show that Ê � �pË � is alsonot a weakcauseof ¡ under Ï . Towards
a contradiction,assumethe contrary. Thus, some a  pÞ_«GÊ � , Ë � £kÌÃ¬PÊ � ® , and b°£kÌÃ¬caµ® exist such
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that Ñß¡ d Â e ¬PÏK® and ¡ d Â eqfg ¬PÏK® for all
hi  
Þ_«×¬PÊ � æ�a»® and

hk � hi ¬PÏK® . As Ñß¡ d Â e ¬PÏ&® , it follows that à�£Ra
and bë¬Ðà�®	�cê . As ¡ d Â e ¬PÏ&® , for every á¼£¿¬7xÃæ^xÇ�þ®	«�Ê
� , it holdseither át¬PÏK®	��ê or á¼£ma and b�¬�áÙ®	�cê .
As Ñß¡ d Â e ¬PÏK® , it thusfollows that Ë � ¬�áß®	�Ãé for all áö£uÊ � «O�0Ê'ç5� . Hence,ÑS� d Â e ¬PÏ&® and � d Â eqfg ¬PÏK® for allhi  �Þ�«t¬PÊ � æOa»® and

hk � hi ¬PÏ&® . Thatis, Ño� © � Wd Â e ¬PÏK® and � © � Wd Â eqfg�¬PÏK® for all
hi   Þ°«×¬PÊ � æ�a»® and

hk � hi ¬PÏK® .
As Ê
�)¬PÏK®×��Ëe� and � © � W ¬PÏK® , this shows that Êp����ËÒ� is a weakcauseof � © � W under Ï . Equivalently, by ( � ),&)(�#
Ì@+ 
 xm¹0¨ß¬7x4®��-$'¹0U;¬7$'®V� is not valid, which is a contradiction.This shows that Ê � ��Ë � is not a weak
causeof ¡ underÏ .¬�¶�® Assumethat " is not valid. That is, thereis a truth assignmenẗ to the variablesin x suchthat
for every truth assignmentU to the variablesin $ , it holdsthat &\(�#
Ì@+ 
 xm¹0¨ß¬7x4®��-$'¹0U;¬7$'®V� is not valid.
Let Êp���°�0Ê'ç5��æ÷�5á¼£Nxc¥�¨ß¬�áß®	��éS�Çæu�5á$�{£nxÎ�*¥¤¨ß¬�áß®	��ê5� , andlet ËÒ�$�rË$¥ Êp� . Let Ï�£/! beany context
suchthat Ê
�)¬PÏK®4�qËe� . We now show that Êp�^��Ëe� is a weakcauseof ¡ under Ï . If = ç ¬PÏK® , then Ê
�^��ËÒ� is
trivially aweakcauseof ¡ underÏ . Assumenow = ��¬PÏK® . Let U bethetruth assignmentto thevariablesin $
with Ï�¬7$ ± ®Ù��U;¬7$ ± ® for all

ã £ë�*ê{�������5�-8 � . As &)(�#
Ì@+ 
 xm¹0¨ß¬7x4®��-$'¹0U;¬7$'®V� is not valid, by ( � ), Ê � ��Ë � is a
weakcauseof � © � W underÏ . Thus,someaª 
Þë«�Ê
� , Ëe��£kÌÃ¬PÊ
�þ® , and b_£kÌÃ¬ca»® exist suchthat ÑS� © � Wd Â e ¬PÏ&®
and � © � Wd Â e3fg ¬PÏK® for all

hi  pÞ°«t¬PÊ
�^æOa»® and
hk � hi ¬PÏK® . Here,we canassumethat ËÒ�Ð¬PÊ'ç^®	��ê , Ëe��¬�áß®	�ué for

all á~£4Ê � «Ú�0Ê ç � , �^àå��æo¬U¬7xuæ�x � ®	«$Ê � ®4 «a , and b�¬�áß®	��ê for all á~£��^àë��æo¬U¬7xuæ�x � ®	«�Ê � ® . Hence,ÑS� d Â e ¬PÏ&® and � d Â eqfg ¬PÏK® for all
hi  pÞq«¿¬PÊ
��æ�a»® and

hk � hi ¬PÏK® . Thus, ÑÙ¡ d Â e ¬PÏK® and ¡ d Â eqfg ¬PÏK® for allhi  rÞµ«�¬PÊ � æ�a»® and
hk � hi ¬PÏK® . As Ê � ¬PÏ&®	�ÃË � and ¡�¬PÏK® , it follows that Ê � ��Ë � is a weakcauseof ¡

underÏ . Ä
Theorem C.1 Explanationis ÅÇÆÈ -completefor succinctcontext setsandbinarycausalmodels.

Proof. As for membershipin Å ÆÈ , recallthat Êb��Ë isanexplanationof ¡ relativeto ! if f EX1–EX4hold. As
arguedin theproofof Theorem5.1,decidingwhetherEX1 andEX4 hold is in ��� - ÔhÕ and ÔhÕ , respectively,
for succinctcontext sets. By Theorem2.6, decidingwhether Êq��Ë is a weak causeof ¡ undersomeÏ�£kÌÃ¬YÝm® is in ÔhÕ in thebinarycase.Thus,in EX2, decidingwhetherÊq�pË is a weakcauseof ¡ under
every Ï�£[! with Ê°¬PÏ&®	�ÃË is in ÅhÆØ for succinctcontext setsandbinary causalmodels. Hence,deciding
whethersomeÊ
� � Ê existssuchÊ
�^��Ë$¥ Êp� is a weakcauseof ¡ underevery Ï�£/! with Êp�)¬PÏ&®	�ÃË�¥ Ê
� is
in Ö×ÆÈ for succinctcontext setsandbinarycausalmodels.Thus,decidingwhetherEX3 holdsis in ÅhÆÈ . In
summary, decidingwhetherEX1–EX4hold is in ÅhÆÈ for succinctcontext setsandbinarycausalmodels.

Hardnessfor Å ÆÈ is shown by a reductionfrom the Å ÆÈ -completeproblemof decidingwhethera given
QBF "��¦& x'#�$'&\(s+ is valid, where + is a propositionalformula on the variablesxu���,x � ���������-x�5*� ,$c�°�,$N�0�������^�-$p.�� , and (����0(Î�0�������^�Y(32k� . We construct� �c¬YÝÚ��Þ��"à�® , Ê  pÞ , Ë�£NÌ�¬PÊu® , !å oÌÃ¬YÝm® ,
and ¡ asrequiredsuchthat Êb��Ë is an explanationof ¡ relative to ! if f " is valid. The constructionis
similar to theonein theproof of Theorem5.1. Roughly, we replacethepart for Ö ÆØ -hardnessof deciding
generalweakcauseby anew partfor NP-hardnessof decidingbinaryweakcause.

Wedefinetheexogenousvariablesby Ýu�'$cæ÷��Ý ç �|Ý � �|Ý � � ���������|Ý�5`�|Ý�5 � � , whereÌÃ¬�áß®	���^é
�0ê5� for allá¼£ëÝ . Wedefinethesetof contexts by !k�°�0Ï�£kÌÃ¬YÝm®&¥�¬ = çOú = ��ú = Ø ®|¬PÏK®�� , where:

= ç��¤Ý�ç��ÃéÇò 5½±-² � ¬YÝ ± �uéÇòpÝ ± � �Ãé*®Ò�
= ���¤Ý�ç��ÃéÇò 5G±-² �

¢ ¬U¬YÝ ± �cêOòpÝ ± � �Ãé*®;úu¬YÝ ± ��éhòpÝ ± � �°ê^®U®�ò ½� ¾	����������� � 5�� � � ± � ¬YÝ � �Ãéhò
Ý � � �Ãé*®¤£å�
= Ø �¤Ý ç �_êOú 5G±-² � ¬YÝ ± �cêOòpÝ ± � �_ê^®Ò�
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Wedefinethecausalmodel � �c¬YÝÚ��Þ��"à�® asfollows. Theexogenousvariablesaregivenby Þ°�Hx�æ¬x � æ( æ
�0Ê'çx�-�k�Ð�"è'� , where xÎ�e�¢�,xN� � ���������-x�5 � � and ÌÃ¬�áß®	�°�^é
�0ê5� for all á¼£�Þ . Let

� � Ê'ç��ÃéÎú¬+ � �
¡ � � ¬ = ç I Ê ç �ué*®;òu¬ = Ø I¦�k®;ò�¬ = � I ¬L�oò 5½±-² � x ± ¨�'x ± � ®&úu¬ 5G±-² � ¬7x ± �_êOòMx ± � �°ê^®U®�ú�� � �Ãé*®Ò�

where+ � is obtainedfrom + by replacingeachá¼£Nxuæ^$�æO( by “ áI�_ê ”. We arenow readyto definethe
functionsà¢�µ�^à D ¥xá¼£�Þå� asfollows:î à § Q`��Ý ± and à § Q Â ��Ý ± � for all

ã £å�*ê{���������BwÒ� ,
î à ì$ï �¢Ý ç , and à D �Ãé for all á~£n(�æp�,� � � ,
î à ð �°ê if f ¡ � is true.

Let Êq�HxÃæ�x � æI�0Ê'ç{� , andlet Ë�£mÌ�¬PÊu® begivenby Ë$¬�áß®	�ué for all á¼£mÊ . Let ¡ be èc�_ê . Notice
that ¡ is primitive. For all truth assignments̈ and U to thevariablesin x and $ , respectively, we denote
by


 xm¹0¨ß¬7x4®��-$'¹0U;¬7$'®V� thesubstitution

 xN�=¹0¨ß¬7xk��®��������^�-xp5{¹0¨ß¬7xp5x®��-$N�=¹0U;¬7$��=®����������-$p.Ð¹0U;¬7$/.�®V� , andwe de-

fine �C© � WÙ�'� 
 xm¹0¨ß¬7x4®��Y$'¹0U;¬7$'®V� . Let ËÒç��Ãé , andlet Ï�£kÌÃ¬YÝm® suchthat Ê'ç�¬PÏK®	�uËÒç . Then, Ê'ç��pËÒç is
a weakcauseof � © � W under Ï if f #Y(�Ñ�+ 
 xm¹0¨ß¬7x4®��-$'¹0U;¬7$'®V� is valid. That is, Ê'ç��ÃËÒç is not a weakcause
of �X© � W underÏ if f &\(s+ 
 xm¹0¨ß¬7x4®��`$'¹0U;¬7$'®V� is valid. Thus,Proposition2.5 impliesthefollowing fact:

( � ) For every Ê �  ªx æ}x � æ��0Ê'ç{� with Ê'ç�£mÊ � , it holdsthat Ê � ��Ê � ¬PÏK® is not a weakcauseof �C© � W
underÏ if f &)(s+ 
 xm¹0¨ß¬7xm®��-$å¹0U;¬7$'®V� is valid.

Using( � ), by a line of argumentationsimilar to theonein theproof of Theorem5.1,it follows that " is
valid iff Ê»��Ë is anexplanationof ¡ relative to ! . Ä
Theorem C.2 Partial Explanationis ÅhÆÈ -completefor succinctcontext setsandbinarycausalmodels.

Proof. As for membershipin Å ÆÈ , recall that Ê»��Ë is a partial explanationof ¡ relative to ¬u!$�lí�® if f
(a) Êb��Ë is an explanationof ¡ relative to ! �ì ² d , and (b) Ê°¬PÏ&®	�uË and tå¬PÏK® �pé for some Ï�£/! �ì ² d .
By Proposition4.1, !��ì ² d is thesetof all Ï�£/! suchthateither(i) Ê°¬PÏ&®�¨�ÃË , or (ii) Ê°¬PÏK®	�uË and Êb��Ë is
a weakcauseof ¡ under Ï . To checkthat (a) holds,we checkthatEX1–EX4hold. Clearly, EX1 andEX2
alwayshold. Thecomplementof EX3 saysthatsomeÊ
� � Ê existssuchthatfor every Ï�£[! , it holdsthatÊ � ¬PÏ&®	�ÃË$¥ Ê � and Ï�£p! �ì ² d implies that Ê � ��Ë�¥ Ê � is a weakcauseof ¡ under Ï . That is, someÊ �F� Ê
existssuchthat for every Ï�£/! , it holdseither(a) Ê � ¬PÏ&®�¨�ÃË$¥ Ê � , or (b) Ê_¬PÏK®	�ÃË and Êb��Ë is not a weak
causeof ¡ underÏ , or (c) Ê
�0��Ë�¥ Ê
� is aweakcauseof ¡ underÏ . By Theorem2.6,decidingweakcauseis
in ÔhÕ in thebinarycase.Thus,decidingwhetherEX3 doesnot hold is in ÖtÆÈ for succinctcontext setsand
binarycausalmodels.Hence,decidingwhetherEX3 holdsis in Å ÆÈ . EX4 saysthatsomeÏ��UÏÒ�{£[!��ì ² d exist
suchthat Ê_¬PÏK®�¨�ÃË and Ê_¬PÏ � ®	��Ë . Equivalently, someÏ��UÏ � £p! exist suchthat Ê°¬PÏK®�¨�uË , and Ê°¬PÏ � ®	�ÃË
and Êb�pË is a weakcauseof ¡ under Ïe� . Thus,decidingwhetherEX4 holdsis in ÔhÕ in thebinarycase.
In summary, decidingwhether(a)holdsis in ÅÇÆÈ for succinctcontext setsandbinarycausalmodels.Finally,
(b) saysthat some Ï�£/! exists suchthat Ê_¬PÏK®	��Ë , tå¬PÏ&® �
é , and Ê»��Ë is a weakcauseof ¡ under Ï .
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Thus,checking(b) is in ÔÇÕ in thebinarycase.In summary, decidingwhether(a)and(b) holdsis in ÅÇÆÈ for
succinctcontext setsandbinarycausalmodels.

Hardnessfor Å ÆÈ is shown a reductionfrom the Å ÆÈ -completeproblemof decidingwhethera given
QBF "��¦& x'#�$'&\(s+ is valid, where + is a propositionalformula on the variablesxu���,xk�0���������-x�5*� ,$c�°�,$N�0�������^�,$/.Ð� , and (����0(Î�����������1(32k� . Wedefine� �c¬YÝÚ��Þ��"à�® , ÊF pÞ , Ë�£kÌÃ¬PÊÃ® , ¡ , and !$ ÎÌ�¬YÝk®
asin theproof of TheoremC.1, andlet í be theuniform distribution over ! . Observe that ¡ is primitive
andthat ¡�¬PÏ&® holdsfor all Ï�£/! . For every Ï�£/! , either(i) Ê_¬PÏK®�¨�uË , or (ii) Ê_¬PÏK®	�uË and Ê»��Ë is aweak
causeof ¡ under Ï . By Proposition4.1, Êb��Ë is a partialexplanationof ¡ relative to ¬u!��lí�® if f (a) Ê»��Ë
is an explanationof ¡ relative to ! , and(b) ! containssome Ï suchthat Ê_¬PÏK®	�ÃË and tå¬PÏ&® �
é . Here,
(a) implies (b). By theproof of TheoremC.1, Êq�pË is anexplanationof ¡ relative to ! if f " is valid. In
summary, Êq��Ë is apartialexplanationof ¡ relative to ¬u!$�lí�® if f " is valid. Ä
D Appendix: Proofsfor Section6

Proof of Theorem 6.4 (continued). It remainsto prove that " is not valid iff ¬��5® some Ï�£NÌ�¬YÝk® exists
suchthatfor every Ï;��£mÌÃ¬YÝÙ�=® , thereexistsacausalformula


 è?��
��0Êq��Ë , whereèö pÞ andÊF£�Þ , such
that(i) ¬)���UÏK®�¨¥ � 
 èT�J
��SÊb��Ë and(ii) ¬)�c�0�UÏ��=®&¥ � 
 èT��
��0Êb��Ë .¬�­�® Supposethat " is notvalid. Let then U beany truthassignmentto $ suchthat #Y(p&\ÌO+�¬7$'¹0U;¬7$å®��1(4�Ì¼® is not valid, that is, &)(R#
Ì¼Ñ�+$¬7$'¹0U;¬7$'®��1(h�"Ì¼® is valid. Let Ï be any context from Ì�¬YÝk® suchthatÏ�¬7$ ± ®	�HU;¬7$ ± ® for all

ã £ë�*ê{�������5�-8Y� . Considernow any context Ï;�;£kÌÃ¬YÝÙ�=® . We then distinguishtwo
casesas follows. (a) If Ï��^¬7$ ± ®�¨�HU;¬7$ ± ® for some

ã £ë�*ê{�������^�-8Y� , then ¬)�c�0�UÏ��=®�¥ � 
 a­�JU;¬7$'®V� i �_ê ,
while ¬)���UÏK®�¨¥ � 
 a­�JU;¬7$'®V� i � ê , where a � U;¬7$'® abbreviates a��®� U;¬7$��=®��������^�1aH./� U;¬7$/.�® .
(b) If Ï � ¬7$ ± ®���U;¬7$ ± ® for all

ã £ë�*ê{�������5�-8Y� , thensometruthassignmentU � � to Ì existssuchthat +�¬7$'¹0U;¬7$å®��(h¹0U
��¬c(�®��"Ì¼¹0U
� ��¬ÐÌ¼®U® is false,where U
� is the truth assignmentto ( definedby U
�)¬c( ± ®	��Ï;�^¬c( ± ® for allã £ë�*ê{�������5��¯Ã� . Hence, ¬)�c�0�UÏ��=®�¥ � 
 a­�JU;¬7$'®��"Ì��JU � � ¬ÐÌ~®V� i �_ê , while ¬)���UÏK®¿¨¥ � 
 a­�JU;¬7$'®��"Ì°�U
� ��¬ÐÌ~®V� i �_ê . In summary, if " is not valid, then ¬��5® holds.¬�¶�® Supposethat ¬��5® holds. That is, some Ï�£kÌÃ¬YÝm® exists suchthat for every Ï;��£kÌÃ¬YÝÙ��® , there
exists a causalformula


 è���
��0Êq�pË , where è� �Þ and Ê £�Þ , suchthat (i) ¬)���UÏ&®�¨¥ � 
 è���
��0Ê»��Ë
and(ii) ¬)�c�0�UÏ��=®&¥ � 
 è���
��0Êb��Ë . In particular, some Ï�£kÌÃ¬YÝm® exists suchthat for every Ï���£mÌ�¬YÝO�=®
with Ï�¥ $c�ÃÏ;�5¥ $ , thereexistsa causalformula


 è?�J
��0Êq��Ë asabove with (i) and(ii). Trivially, (i) and
(ii) implies Ê ¨£mè for all such Ï��;£kÌ�¬YÝO�=® . Moreover, as à ì �Ãà �ì �Ãé for all ÊF£�Þ�«Ú� i � , it follows
that Ê»� i musthold for all such Ï;��£NÌ�¬YÝO��® . It thenfollows that ¬)���UÏK®&¥ � 
 è��J
��0a ± ��Ï$¬7$ ± ® for allã £ë�*ê{�������5�-8 � , sinceotherwise ¬)���UÏK®&¥ � 
 è^��
�� i �_ê and ¬)� � �UÏ � ®&¥ � 
 è?�J
�� i �_ê , for all Ï � £mÌ�¬YÝ � ®
with Ï$¥ $ �ÃÏ;��¥ $ . This alsoshows that we have ¬)���UÏK®�¨¥ � 
 èT��
�� i �_ê and that ¬)�c�0�UÏ��=®&¥ � 
 èT��
��i �cê , and, moreover, that Ëm�_ê must hold, for all Ï;��£mÌÃ¬YÝÙ�=® with Ï$¥ $���Ï;��¥ $ . It then follows that
for every truth assignmentU
� to ( definedby U
�)¬c( ± ®	��Ï;�^¬c( ± ® for all

ã £ë�*ê{����������¯Ã� , thereexists a truth
assignmentU � � to Ì which is definedby ¬)���0�UÏ;�=®&¥ � 
 è���
��^Ì ± �'U � � ¬ÐÌ ± ® for all

ã £ë�*ê{�������^���$� , suchthat+$¬7$'¹0U;¬7$'®��1(h¹0U
� ¬c(�®��xÌ¼¹0U
� ��¬ÐÌ~®U® is false,wherethetruth assignmentU to $ is definedby U;¬7$ ± ®	��Ï;�^¬7$ ± ®
for all

ã £å�*ê{�������^�-8Y� . Thisshows that #%$N&\(n#
Ì~ÑC+ is valid. Thatis, "o�s& $O#Y(�&\Ìj+ is not valid. Ä
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