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Abstract. Thispapelis onthecombinatiorof two powerful approacheto uncertairreasoninglogic
programmingn a probabilisticsetting,on the one hand,andthe information-theoreticaprinciple
of maximumentropy, on the otherhand. More precisely we presenttwo approacheso proba-
bilistic logic programmingundermaximumentropy. The first oneis basedon the usualnotion of
entailmentundermaximumentrogy, andis definedfor the very generalcaseof probabilisticlogic
programsover Booleanevents.The secondneis basedn a new notionof entailmentundermaxi-
mumentropy, wheretheprincipleof maximumentroyy is coupledwith theclosedworld assumption
(CWA) from classicallogic programming.lt is only definedfor the morerestrictedcaseof proba-
bilistic logic programsover conjunctive events.We thenanalyzethe nonmonotonidehaior of both
approachealongbenchmarlexamplesandalonggenerabpropertiefor defaultreasoningrom con-
ditional knowledgebases .t turnsout thatboth approachesave very nice nonmonotonideatures.
In particular they realizesomeinheritanceof probabilisticknowledgealongsubclasselationships,
without suffering from the problemof inheritanceblocking andfrom the drowning problem. They
bothalsosatisfythe propertyof rationalmonotonicityandseveralirrelevanceproperties We finally
presentlgorithmsfor bothapproachesyhich arebasedn generalizationsf techniquegrom prob-
abilistic logic programmingunderlogical entailmentin [45]. The algorithmfor the first approach
still producegqquite large weightedentropy maximizationproblems,while the onefor the second
approachgenerate®ptimizationproblemsof the samesize asthe onesproducedby probabilistic
logic programmingunderlogical entailmenin [45].

Fachbereichnformatik, FernUnversitit Hagen PO. Box 940,D-58084Hagen Germaly; e-mail: gabriele.lern-
isberner@fernuni-hagen.de.

2Dipartimentodi Informaticae SistemisticaUniversiti di Roma“La Sapienza”Via Salarial13,00198Rome,
Italy; e-mail: lukasievicz@dis.uniromal.itAlternateaddressinstitut fur InformationssystemelechnischeJniver-
sitat Wien, Favoritenstra3®-11,1040Vienna,Austria; e-mail: lukasievicz@krtuwien.ac.at.

Acknowledgements This work hasbeenpartially supportedoy the Austrian ScienceFundunderproject
N Z29-INF, by a DFG grant,andby a Marie Curie Individual Fellowship of the EuropearCommunity(Dis-
claimer: Theauthorsaresolely responsibldor informationcommunicateéndthe EuropearCommissions
notresponsibldor ary views or resultsexpressed)We areverygratefulto thereviewersof the ECSQARJ-99
abstracof this paper[48], whoseconstructve commentelpedto improve our work.

Copyright © 2002by theauthors



INFSYS RR 1843-02-12

Contents

1 Intr oduction

2 Preliminaries

2.1
2.2
2.3
24

ProbabilisticBackground. . . . . . . . . .. ... .. e
Syntaxof ProbabilisticLogicPrograms . . . . . . ... . . .. ... . ..o
Semantic®f ProbabilisticLogicPrograms . . . . .. .. ... ... ... ... ... ..
ProblemStatements . . . . . . . . . e

3 Entailment Semantics

3.1
3.2
3.3

LogicalEntailment . . . . . . . . . .
EntailmentunderMaximumEntropy . . . . . . . . . . e
EntailmentunderMaximumEntrogy andCWA . . . . . . . . . . . o

4 Examples

5 NonmonotonicProperties

5.1
5.2
5.3
54
5.5

Nonmonotonicityof ProbabilisticReasoning . . . . . . .. ... ... ... ... .....
BenchmarkExamples. . . . . . . . . . . e e
GeneralProperties . . . . . . . e
RelationshibetweerProbabilisticFormalisms . . . . .. . ... ... ... ... .....
Relationshipo ClassicaFormalisms. . . . . . . . ... ... . .. ... .. ........

6 Naive Characterizations

6.1
6.2
6.3
6.4
6.5

Preliminaries . . . . . . . . e
Positve Probability . . . . . . . . . . . e
TightLogicalConsequence . . . . . . . . . . . it i e
Tight ConsequencenderMaximumEntropy . . . . . . . . . . .. ... ... ... ....
Tight ConsequencanderMaximumEntroy andCWA . . . . . . . . . . . ... ... ...

7 Exploiting ClassicalKnowledgeand Clustering PossibleWorlds

7.1
7.2
7.3
7.4
7.5
7.6

Preliminaries . . . . . . . . .
Positve Probability . . . . . . . . . .
TightLogicalConsequence . . . . . . . . . i it e e e e e e e
Tight ConsequencaenderMaximumEntropy . . . . . . . . . .. ... . ... ..
ComputingtheWeightsa, . . . . . . . . . .
SolvingtheOptimizationProblem . . . . . . . ... ... ... ... .. . ...

8 Efficient Reductions

8.1
8.2
8.3
8.4

Adding ClassicalConditionalConstraints . . . . . . .. ... ... ... .. ... .....
Remaing VacuousConditionalConstraints. . . . . . .. . ... ... ... ... .....
Remwing Inactive ConditionalConstraints . . . . . .. ... ... ... ..........
Decomposition . . . . . . . . e e e e e e

10

13
13
14
18
20
21

21
21
22
22
23
23

23
24
25
25
25
26
26



I INFSYS RR 1843-02-12

9 Reduction-BasedAlgorithms 31
9.1 PositveProbability . . . . . . .. e 32
9.2 TightLogicalConsequence . . . . . . . . . . . i i e e 34
9.3 TightConsequencanderMaximumEntropy . . . .. . . . . ... ... ... ... ..., 36
9.4 TightConsequencanderMaximumEntropyandCWA . . . . . . . . ... ... .. .... 36

10 Conclusion 38

A Appendix: Proofsfor Section3 39

B Appendix: Proofsfor Section5 40

C Appendix: Proofsfor Section7 45

D Appendix: Proofsfor Section8 46



INFSYS RR 1843-02-12 1

1 Intr oduction

A numberof recentresearchefforts are directedtowardsintegrating logic-orientedand probability-based
representatiomndreasoningormalisms. Probabilisticpropositionallogics andtheir variousdialectshave
beenthoroughlystudiedin the literature(seeespeciallythework by Nilsson[56], Faginetal. [15], Dubois
andPradeet al. [12, 11], FrischandHaddavy [17], andthe secondauthor[41, 42]). Their extensionsto
probabilisticfirst-orderlogics canbe classifiednto first-orderlogicsin which probabilitiesaredefinedover
thedomainandthosein which probabilitiesaregiven over a setof possibleworlds (seeespeciallythe work
by Bacchuset al. [2] andHalpern[23]). The first onesare suitablefor describingstatisticalknowledge,
while thelatterareappropriatdor representinglegreesof belief. The sameclassificatiorholdsfor existing
approacheto probabilisticlogic programming In particular Ng [52] concentratesn probabilitiesoverthe
domain,while Subrahmaniaandhis group[53, 54, 8, 9] focuson annotation-basedpproaches degrees
of belief. Anotherapproacho probabilisticlogic programmingwith degreesof belief, which is especially
directedtowardsefficientimplementationshasbeenrecentlyintroducedin [40, 45]. The following shavs
avery simple probabilisticlogic programasin [40, 45], which expresseshat“all penguinsarebirds” and
that“birds have legswith a probability of atleast0.98":

P = {(bird(T) |penguir(T))[1, 1],
(havelegs(T) | bird(T))[0.98,1]} .

Nearly all the above approache®f integrating logic and probability are basedon the notion of model-
theoreticlogical entailment. This notion, however, hasoften beencriticized in the literature for its in-
ferentialweakness.For example,the tight probability intenal that follows undermodel-theoretidogical
entailmentfrom theabove programP for “Tweetyhaslegs, giventhat Tweetyis a penguin”is given by the
uninformatve intenal [0, 1]. For this reasonmary recentapproachesowardsintegratinglogic andproba-
bilities combinelogic-basedormalismswith Bayesiametworks[60]. In particular Pooles work [63, 62
describesinapproacho Horn clauseabductionin which probabilitiesareassociatedvith hypothesesit is
implementedy a generalizatiorof SLD resolution.Haddavy andhis group[22, 55 describeanapproach
to queryprocessingn first-orderprobabilisticknonvledgebasedy Bayesiametwork constructiorandinfer-
ence.Jagerswork [24, 25] goesin asimilar direction Thereis lesscloselyrelatedwork on object-oriented
Bayesiametworksby Koller andPfefer [32] andby Laskey andMahong [36] wheremethod$rom object-
orientedprogramminganguagesreusedto enableflexible andlarge-scaleknowledgerepresentatiomwith
Bayesiametworks.

Anotherpromisingway towardsstrongerentailmentrelationsarethe recentapproacheto probabilistic
default reasoningvith conditionalconstraintsn [47] andto probabilisticlogic programmingunderinheri-
tancewith overridingin [44]. Theseapproachearebasedon new notionsof entailmentfor reasoningwith
conditionalconstraintswhich areobtainedfrom the classicalnotion of logical entailmentoy addinginher
itancewith overriding, usingtechniquegrom default reasoningwith conditionalconstraints.For example,
underprobabilisticdefault entailmentthe tight probability interval thatfollows from the above programpP
for “Tweetyhaslegs, giventhat Tweetyis a penguin”is given by [0.98, 1]. The new notionsof entailment
have very nicenonmonotonigropertiesandthey canalsobe usedin reasoningrom statisticalknowledge
anddegreesof belief[47]. A companiorpaper[46] exploresrelatednotionsof entailmentfor conditioning
on zeroevents.

A furtherway to overcomethe inferentialweaknes®f model-theoretidogical entailmentis to usethe
principle of maximumentrogy. In generalthe available probabilisticknonvledgedoesnot suffice to com-
pletely specifya uniqueprobability distribution. Rather it specifiesa large setof probability distributions,
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giving rise to anincorvenientimprecisenessf the inferred probability internvals. Applying the principle
of maximumentropy is a well-appreciatedneansto improve probabilisticinference,both from a statisti-
cal point of view, andfor commonsensesasong58]. Entropy is aninformation-theoretial measurdg75]
reflectingthe indeterminatenessherentto a distribution. Given somesatisfiablesetof probabilisticfacts
andrules,the principle of maximumentrofy choosessthe mostappropriateepresentatiothe uniquedis-
tribution, amongall the distributions satisfyingthoseformulas,that hasmaximumentropy. For example,
undermaximumentropy, theabove programP entailsthe probability0.98 for “Tweetyhaslegs, giventhat
Tweetyis apenguin”.Within arich statisticafirst-orderlanguageGrove etal. [21] shawv thatthis maximum
entropy distribution maybetakento computedegreesof belief of formulas.ParisandVencwska[59] inves-
tigatethefoundationsof consistenprobabilisticinferenceandsetup postulateghatcharacterizanaximum
entrogy inferenceuniquelywithin thatframework. A similarresultwasstatedn [76], basedn optimization
theory Jayneg26] regardecthe principleof maximumentrofy asaspecialcaseof amoregeneralprinciple
for translatinginformationinto a probability assignmentOne of the authorg[29] provedit to be the most
appropriateprinciple for dealingwith conditionals(thatis, usingthe notionsof the presentpaper ground
conditionalconstraintf theform (v|¢)[c, c]), andworked outits relevancealsofor qualitative approaches
to uncertainreasoning31].

Themainideaof this paperis to elaborateanapproacho probabilisticlogic programminghatis based
on the inferentially powerful notion of entailmentundermaximumentrogy. We thusfollow an old idea
thatis alreadystatedin theimportantwork by Nilsson[56], however, lifted to thefirst-orderframevork of
probabilisticlogic programs.To our knowledge,thisis thefirst work in theliteratureon probabilisticlogic
programmingundermaximumentopy.

Our researclin this paperis directedtowardsan approachto probabilisticlogic programmingunder
maximumentropy, which hasnice nonmonotonigropertiesandin the sametime alsonice computational
features At first sight, this projectmight seema very hardtask,especiallyfrom the computationapoint of
view, sincealreadypropositionalprobabilisticlogics undermaximumentropy suffer from efficiency prob-
lems(dueto anexponentialnumberof possibleworldsinvolved in the optimizationprocess)ln this papey
however, we will seethatthisis notthecase.In particular we shav thatthe efficientapproacho probabilis-
tic logic programmingn [45], refinedby new ideas,andcombinedwith a new notion of entailmentunder
maximumentroy, canbeextendedo anefficientandsemanticallyappealingapproacho probabilisticlogic
programmingundermaximumentropy.

More generallyin this paperwe considetthefollowing two approacheto probabilisticlogic program-
ming undermaximumentroyy:

e Ourfirst approacltombinegheefficientapproacho probabilisticlogic programmingn [45] with the
classicahotionof entailmentundermaximumentrogy. This approachs definedfor thevery general
caseof probabilisticlogic programsover Booleanevents.We shaw thatit hasvery nicenonmonotonic
propertiesHowever, it producesjuitelarge entropy maximizationproblems.

e Oursecondapproactcombinegheapproachn [45] with anew notionof entailmentundermaximum
entrogy, wherethe principleof maximumentropy is coupledwith theclosedworld assumptioffCWA)
from classicalogic programming.This approachs definedfor themorerestrictedcaseof probabilis-
tic logic programsover conjunctie events. It hasnearlythe samenice nonmonotonigropertiesas
ourthefirst approachbut it hasalsonice computationafeatures.

Themaincontritutionsof this papercanbe summarizedsfollows:
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¢ Werecallthesyntaxof probabilisticlogic programsrom [45] anddefinetheir new semanticshrough
the classicalnotion of entailmentundermaximumentrogy (or me-entailmentyandthe nex notion of
entailmentundermaximumentroy andCWA (or mc-entailment).We provide several exampleghat
shaw the relevanceof probabilisticlogic programsin practice,andthat give a comparatie view on
me-entailment,mc-entailment,andlogical entailment.In particular they shav thattherearecases
wherelogical entailmentis simply too weak.

¢ \We explore the nonmonotonidehaior of me-entailment,mc-entailment,andlogical entailmentin
standardenchmarlexamplesfrom default reasoningrom conditionalknovledgebaseslit turnsout
thatme- andmc-entailmenthave very nice properties Differently from logical entailmentthey both
inherit probabilisticknowledge along subclasgelationshipsandthey ignoreirrelevant knowledge.
Moreover, they shav neitherthe problemof inheritanceblocking, nor the drovning problem. We
alsostudythebehaior of thethreeentailmentrelationsin the caseof conflictingandnon-conflicting
information.

¢ Weexplorethegenerahonmonotonigropertieof the notionsof me-entailment;nc-entailmentand
logical entailment Also here,me- andmc-entailmentehae very nicely. In particular we shav that
bothme-entailmentndlogical entailmensatisfyall thepostulate®f SystemP, while mc-entailment
satisfiemearlyall of them. Moreover, all threenotionsof entailmenthave the directinferenceprop-
erty. Furthermoreyne- and mc-entailmentboth satisfythe rationalmonotonicityproperty andthey
have someirrelevanceandstrongirrelevancepropertieswhile logical entailments lacking all these
properties.

e As for therelationshipbetweenme-entailment,nc-entailmentandlogical entailmentwe shaw that
both me- and mc-entailmentare strongerthan logical entailment,and that they coincide on non-
probabilisticconclusions.Furthermoreall threenotionsof entailmentare probabilisticgeneraliza-
tions of model-theoretidogical entailmentin classicalpropositionalogics.

e We presentalgorithmsfor the problemsPosITIVE PROBABILITY (given a probabilisticlogic pro-
gram P anda groundevent «, decidewhetherP hasa model Pr with Pr(a)>0) and TIGHT 0-
CONSEQUENCE (givenaprobabilisticlogic programP anda groundconditionalevent3|«, compute
therealsl, u € [0, 1] suchthat (5|«)[l, u] is atight logical consequencef P). They reducePosI-
TIVE PROBABILITY andTIGHT 0-CONSEQUENCE to linear optimizationproblems,andthey make
useof the following techniquedor anincreasedefficiengy: (i) makinghiddenclassicalknowvledge
explicit, (if) removing vacuousconditionalconstraints(iii) remaoving inactive conditionalconstraints,
(iv) decomposing probabilisticlogic program (v) exploiting classicaknowledge,and(vi) clustering
possibleworlds. Here,(i)—(iii), (v), and(vi) arerefinement®f implicit techniquesn [45], while (iv)
is inspiredby similar methodsin [49, 14].

e We presentlgorithmsfor thetasksTIGHT me-CONSEQUENCE (resp., TIGHT mc-CONSEQUENCE):
Givenaprobabilisticlogic programP andagroundconditionalevent|«, computehereals], u€|0,1]
suchthat (8|a)[l, u] is a tight me-consequencéesp., mc-consequencedf P. They reducethese
problemdo entropy (resp. weightedentrofy) maximizationssubjectto asystenof linearconstraints,
andthey malke useof the above techniqueq(i), (ii), and (iv)—(vi) (resp.,the above techniqueqi)—
(vi)), which areshawvn to carryoverto solving TIGHT me-CONSEQUENCE (resp., TIGHT mc-CON-
SEQUENCE). In particular thisshavsthat TIGHT mc-CONSEQUENCE andTIGHT 0-CONSEQUENCE
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arereducedo two optimizationproblemsof the samesize,while TIGHT me-CONSEQUENCE is re-
ducedto a significantly larger optimizationproblem,sincethe technique(iii) of removing inactive
conditionalconstraintsannotbe applied.

A numberof examplesthroughoutthe papershedlight on mary interestingaspectof maximumentropy
reasoningandillustratethe presentedechniqueslin particular we give anexampleof a small probabilistic
logic programwherethe size of the generatedsystemof linear constraintsdropsdowvn from 120 linear
constraintsover 264 ~ 18108 (1) variablesin the naive characterizatiorto 6 linear constraintsover 6
(resp.,7) variablesin the characterizatioproduceddy our algorithmsfor POSITIVE PROBABILITY (resp.,
TIGHT 0- andmc-CONSEQUENCE).

The restof this paperis organizedas follows. In Section2, we give sometechnicalpreliminaries.
Section3 introducegheentailmensemanticgor probabilisticlogic programshatwe considelin this paper
In Section4, we give someexamplesthat shav the relevanceof probabilisticlogic programsin practice.
Section5 thenanalyzeghe semantiqropertieof thediscusse@ntailmentsemanticgor probabilisticlogic
programs.n Section6, we give naive algorithmsfor probabilisticlogic programmingunderthe entailment
semanticof this paper Sections7—9thenpresenmoresophisticatedechniquesin Section10, we finally
summarizehe mainresultsandgive anoutlookon futureresearch.

In orderto not distractfrom the flow of reading,sometechnicaldetailsandproofshave beenmovedto
AppendicesA-D.

2 Preliminaries

In this section,we first describethe probabilistichackgroundof this work. We thendefinethe syntaxof
probabilisticlogic programsand of probabilisticqueriesto probabilisticlogic programs. We next define
the meaningof probabilisticqueries,usingnotionsof entailmentfor probabilisticlogic programsandwe
finally describethe probabilisticlogic programmingasksthatwe especiallyffocusonin this paper

2.1 Probabilistic Background

We now briefly describehow first-orderlogics of probability are given a semanticsn which probabili-
ties aredefinedover a setof possibleworlds (cf. especiallythe work by Carnap[4], Gaifman[18], Scott
and Krauss[74], andHalpern[23]). We restrictour considerationgo a languageof first-orderBoolean
combinationf conditionalconstraintghatareimplicitly universallyguantifiedandthatareinterpretedby
probabilitiesover a setof Herbrandinterpretations.

Let ® beafirst-ordervocalulary thatcontainsafinite setof predicatesymbolsandafinite setof constant
symbols(thatis, we do not considerfunction symbolsin the framework of this paper).Let X be a setof
objectvariablesandboundvariables Objectvariablesepresentlementf a certaindomain,while bound
variablesdescriberealnumbersn theunitintenal [0, 1].

An objecttermis eithera constansymbolfrom & or anobjectvariablefrom X'. We defineeventsby
inductionasfollows. The propositionakconstantgalseandtrue, denotedL and T, respectiely, areevents.
If p is apredicatesymbolof arity & > 0 from ® andty, . .., tx areobjectterms,thenp(ty, ..., tx) isanevent
(calledaton). If ¢ andy areevents,thenalso—¢ and(¢ A 1). A conditionaleventis anexpressiorof the
kind 1|¢ with eventsy and¢. A conditionalconstaint is an expressiornof the form (v|¢$)[l, u] with real
numberd, u € [0, 1] andeventsy and¢. We call ¢ its consequenfor head and¢ its antecedenfor body).
We defineprobabilistic formulasby induction asfollows. Every conditionalconstraintis a probabilistic
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formula.If F andG areprobabilisticformulasthenalso—F and(F A G). Weuse(F' V G), (F < G), and
(F < G) to abbreiate =(—F A =G), =(-=F A G), and(=(=F AG) A—~(F A—=Q)), respectiely, where F
and( areeithertwo eventsor two probabilisticformulas.We eliminateparentheseasusual.Objectterms,
events,conditionalevents,andprobabilisticformulasaregroundiff they do not containary variables.The
notionsof substitutionsgroundsubstitutionsandgroundinstance®f conditionaleventsand probabilistic
formulasarecanonicallydefined.

We distinguishbetweerclassicalandpurely probabilisticconditionalconstraints Classicalconditional
constaints areof thekind (v|¢)[1, 1] or (1|¢)[0, 0], while purely probabilistic conditionalconstaints are
of theform (¢|¢)[l, u] with I < 1 andu > 0. We oftenidentify theclassicatonditionalconstraint(+|¢)[1, 1]
(resp.,(¢]$)[0,0]) with theeventy < ¢ (resp.,L < A ¢).

WeuseHB g (resp.,HU ¢) to denotetheHerbrandasgresp. Herbranduniverse)over ®. In thesequel,
we assumehat HB ¢ is nonempty A possibleworld I is a subsebf HBg. We useZs to denotethe setof
all possibleworldsover ®. A variableassignment mapseachobjectvariableto anelementof HU ¢, and
eachboundvariableto arealnumberfrom [0, 1]. It is extendedto objecttermsby o(c) = ¢ for all constant
symbolsc from &. Thetruth of events¢ in I undero, denoted! =, ¢, is inductively definedasfollows
(wewrite I = ¢ wheng is ground):

o ] |:(7 p(tl,...,tk) iffp(a(tl)a'--’a(tk)) €
o ] |:U —|¢ iff notl |:o' ¢1
o T, ($A9)iff I =, ¢ andl =, 9.

An event ¢ is true in a possibleworld I, or I is amodelof ¢, denoted! |= ¢, iff I =, ¢ for all variable
assignments. A possibleworld I is a modelof a setof eventsF iff I is amodelof all ¢ € F. A setof
eventsF is satisfiableiff amodelof F exists. An event¢ is alogical consequencef F, denotedF = ¢, iff
eachmodelof F is alsoamodelof ¢. We useF [~ ¢ to denotethat F = ¢ doesnot hold.

A probabilisticinterpretation Pr is a probabilityfunctiononZs (thatis, asZs is finite, amappingfrom
Zs to theunitintenal [0, 1] suchthatall Pr(I) with I € Zg sumupto 1). The probability of anevent¢ in
the probabilisticinterpretationPr undera variableassignment, denotedPr, (¢), is the sumof all Pr(I)
suchthat € Zg andI =, ¢ (wewrite Pr(¢) wheng is ground).For events¢ andy with Pr,(¢) > 0, we
thendefinePr, (1y|¢) = Pr (1 A ¢) / Pry(¢). Forgroundeventsg with Pr(¢) > 0, theconditioningof Pr
on ¢, denotedPr, is definedby Pry(I) = Pr(I) / Pr(¢) forall I € Iy with I = ¢, andby Pr (1) = 0 for
all otherT € Zg. Thetruth of a probabilisticformula F' in a probabilisticinterpretationPr underavariable
assignmend, denotedPr =, F, is definedby inductionasfollows:

o Pri=; ($l)ll,u] iff Pro(d)=0 or Pro(sl¢) € [I,ul;
e Pr=, —F iff notPr =, F;
e Pri=, (FAQG) iff Pr=, FandPr =, G.

A probabilisticformula F' is true in a probabilisticinterpretationPr, or Pr is a modelof F', denoted
Pr = F, iff Pr =, F for all variableassignments. A probabilisticinterpretationPr is amodelof a setof
probabilisticformulasF, denotedPr |= F, iff Pr is amodelof all F' € F. A setof probabilisticformulas
F is satisfiableiff amodelof F exists.
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2.2 Syntaxof Probabilistic Logic Programs

A probabilisticlogic program P is afinite setof conditionalconstraintof theform (v|¢)[l, u] wherel < u.
We useground (P) to denotethe setof all groundinstance®f conditionalconstraintsn P. We useHBp to
denotethe setof all groundatomspe HB¢ thatoccurin ground(P). A probabilisticqueryis anexpression
of theform 3(8|a)(s, t], wherea and aretwo events,ands andt¢ areeithertwo realnumbersfrom [0, 1]
or two distinctboundvariablesfrom X. A probabilisticquery3(8|a)[s, t] is object-gpundiff o andj are
groundands, t € X.

An event ¢ is conjunctiveiff ¢ is either T or a conjunctionof atoms. A conditionalevent ¢|¢ is
conjunctive(resp.,1-conjunctive iff 1 is a conjunctionof atoms(resp.,an atom)and ¢ is conjunctie.
A conditionalconstraint(¢|$)[l, u] is conjunctive(resp.,1-conjunctivg iff 1|¢ is conjunctve (resp.,1-
conjunctve). A probabilisticlogic programP is conjunctiveiff all F' € P areconjunctie. A probabilistic
query3(B|a)[s, t] is conjunctiveiff S|« is conjunctie.

Conjunctve conditionalconstraints(«|$)[l, u] with [ <wu are also called probabilistic Horn clauses
They areclassifiednto integrity clausesandprobabilisticprogramclauseswhichareof theform (1|¢)[0, 0]
and (y|¢)[l, u], respectiely, wherew > 0. The latter aredivided into probabilistic factsand probabilistic
rules which areof theform (| T)[l, u] and(+|$)[l, u], respectiely, where¢ # T.

A classicalHorn clauseis a classicall-conjunctve conditionalconstraintof the form (v|$)[1, 1] or
(®|#)[0,0]. A classicallogic programis a finite setof classicaHorn clauses A classicalprogram clause
is a classicalHorn clauseof thekind (|¢)[1,1]. A classicaldefinitelogic programis afinite setof clas-
sical programclauses Finally, classicalfactsandclassicalrules areclassicalprogramclausef the form
(| T)[1,1] and(%|¢)[1, 1], respectiely, where¢ # T.

2.3 Semanticsof Probabilistic Logic Programs

To definethe meaningof probabilisticqueriesto probabilisticlogic programs,we first have to definea
notionof entailmentfor probabilisticlogic programs.Thereareseveral differentsuchnotions.Eachnotion
of entailments is associatedvith a consequenceelation | * anda tight consequenceelation |~ ;.
which relateprobabilisticlogic programswith their entailedconditionalconstraints.

In orderto specifya notionof entailments, it is suficient to only definethe consequenceelation | *
for the groundcase. The tight consequenceelation waight for the groundcaseis then canonicallyde-
fined by P|}~t§ght(ﬁ\a)[1,u] iff 1 (resp.,u) is the supremum(resp.,infimum) of a (resp.,b) subjectto
P~ *(Ble)a, b]. Furthermorethe relations |~° and |~ ,, arenaturally extendedto the non-ground
caseas follows. For all probabilisticlogic programsP and all conditional constraints(5|a)[l, u], we
define P |~ *(B|a)[l, u] iff ground (P) |~ °(B'|a')[l, ] for all groundinstances3’|«’ of Bla. We define
P waight(ﬁ\a)[l,u] iff [ (resp.,u) is the supremum(resp.,infimum) of a (resp.,b) subjectto ground(P)
I~ tignt (B'l0’)[a, b] andall groundinstances'|o’ of f|a.

We arenow readyto definethe meaningof probabilisticqueriesto probabilisticlogic programsunder
somenotion of entailments. Given a probabilisticquery 3(5|a)[l, u] with [, € [0, 1] to a probabilistic
logic programP, its correctanswersubstitutionsunder s aresubstitutions) suchthat P |~ *(36|a8)][l, u]
andthat# actsonly on variablesin 3(3|a)[l,u]. Its correctanswerunder s is Yes if sucha @ exists and
No otherwise Givena probabilisticquery3(8|«a)[z, y] with z, y € X to aprobabilisticlogic programP, its
tight answersubstitutionsunder s aresubstitutions suchthat P [ ; ., (86]|ad)[26, yd], that6 actsonly
onvariablesin 3(5|a)[z,y], andthatzf,y0 € [0,1]. Notethatfor probabilisticqueries3(5|«a)[z,y] with
z,y € X, therealwaysexist tight answersubstitutiongin particular object-groundqueriesalwayshave a
uniquetight answersubstitution).
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2.4 Problem Statements

In this paper we especiallyconcentraten the following two importantdecisionandoptimizationproblems
relatedto probabilisticlogic programs:

PosITIVE PROBABILITY: Givena probabilisticlogic programP anda groundevent ¢, decidewhetherP
hasa model Pr suchthat Pr(¢) > 0.

TIGHT s-CONSEQUENCE: Givenaprobabilisticlogic programP andanobject-grouncprobabilisticquery
Q=3(p|a)[z,y], computethetight answersubstitutiorfor ) to P underafixednotionof entailments.

Obsene thatPosITIVE PROBABILITY is ageneralizatiorof the problemof decidingwhethera proba-
bilistic logic programis satisfiable sincea probabilisticlogic programP is satisfiableff it hasa model Pr
suchthat Pr(T) > 0.

Notice alsothat, differently from classicaldefinitelogic programsconjunctve probabilisticlogic pro-
gramsmay be unsatisfiablebecausef logical inconsistenciethroughintegrity clausesor, moregenerally
becaus®f probabilisticinconsistenciem theassumegbrobability ranges.

3 Entailment Semantics

In this sectionwe describghenotionsof entailmenfor probabilisticlogic programghatwe focusonin this
paper Wefirst definethe classicahotionof model-theoretitogical entailmentalsocalled0-entailment We
thenrecalltheclassicahotionof entailmentundermaximumentrogy, andwe finally introducea new notion
of entailmentundermaximumentropy, which adoptsthe closedworld assumptiofCWA) from classical
logic programming.They arecalled me-entailmentand mc-entailment respectrely, andareboth stronger
than0-entailment(seeFig. 1).

O—entailment

me—entailment mc—entailmer

Figurel: Entailmentsemanticgor probabilisticlogic programs.

3.1 Logical Entailment

We now describeheclassicahotionof model-theoretitogical entailmentwhichwe alsocall 0-entailment.
It is basedntheideaof conditioning.

We definelogical entailment(or 0-entailmen} asfollows. Givena groundprobabilisticlogic program
P and a groundconditional constraint(5|«)[l, u], we say (5|a)[l, u] is a 0-consequencef P, denoted
PIN°(Bla)l, ], iff every model of P is alsoa model of (B|a)[l,u]. We say (B|a)[l,u] is a tight 0-
consequencef P, denotedP Hv‘;ight (Bla)[l,u], iff I (resp.u) istheinfimum (resp. supremumpf Pr(5|a)
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subjectto all modelsPr of P with Pr(a) > 0. Notethat,canonically/ =1 andu =0, whenP |)° L <«
(i.e., Pr(a) =0 for all modelsPr of P).

Intuitively, we performa conditioningof every model Pr of P onthe premisex, sinceP |~°(8]a)[l, u]
expresseshat Pr,(5) € [I, u] for all modelsPr of P with Pr(«) > 0. Moreover, P |}v‘;i9ht (Bla)[l,u] says
that! (resp.,u) is theinfimum (resp.,supremumpf Pr,(3) subjectto all modelsPr of P with Pr(«) > 0.
Thisintuition is moreformally expressedy thefollowing lemma.

Lemma 3.1 Let P be a ground probabilistic logic program, and let (3|«)[l, ] be a ground conditional
constaint. Then,P |~°(B|a)[l,u] iff Prq(B8) € [I,u] for all modelsPr of P with Pr(«) >0. Moreover,
P ”Ngight (Bla)[l,u] iff I (resp.,u) is theinfimum(resp.,supemum)of Pr,(3) subjectto all modelsPr of
P with Pr(a) > 0.

3.2 Entailment under Maximum Entropy

The notion of logical entailmenthasoften beencriticized in the literaturefor its inferentialweaknesgsee
alsoExamplest.2and4.3). Oneway to strengtherogical entailments by usingtheprinciple of maximum
entroy. Thisis anold ideathatis alreadydiscussedy Nilsson[56]. Entailmentundermaximumentropy
is basedon selectinga single uniquemodel (the one with maximumentrogy) ratherthan consideringall
modelsof a probabilisticlogic program.

The maximumentiopy model (or me-modél of a satisfiableprobabilisticlogic program P, denoted
me[P], is the uniqueprobabilisticinterpretationPr thatis a modelof P andthathasthe greatesentropy
amongall the modelsof P, wherethe entopy of a probabilisticinterpretationPr, denotedH (Pr), is
definedasfollows:

H(Pr) = —Ig; Pr(I) -log Pr(I).

Using Lagrangeoptimizationtechniqueswe obtainthe following representationf the me-modelof P for
all possibleworldsI € Zs:

me[P](I) = ag H a;};w H Qs 1)
(¥[9)[t,u]€ ground(P) (¥/9)[l,u]€ground(P)
I=yne I=—$Ag
Whereoz;;| 4 and ay ., are real numbersassociatedvith eachelement(«|¢)[l,u] of ground(P) suchthat

P is satisfiedandthe entrofy is maximized[77]. Thus, me[P] is a so-calledc-adaptation following the
structureimposedby the conditionalconstraintsn ground(P) [29]. In particular thefollowing holds:

=0 forall (¢|¢)[1,1] € ground(P),

aj,=1 and «a
2)
=1 forall (¢|4)[0,0] € ground(P).

Yl

=0 and ‘%Ifzﬁ

H
We arenow readyto definethe notionof entailmentundermaximurrentropy (or me-entailmeny asfollows.
Let P beagroundprobabilisticlogic programandlet (3| «)[l, u] beagroundconditionalconstraint We say
(B|a)[l,u] is an me-consequencef P, denotedP |~ ™¢(8|a)[l, u], iff either(i) P is unsatisfiablepr (ii)
me[P] satisfiegS|a)[l, u]. Wesay(¢[)[l, u] is atight me-consequencef P, denotedP |t ;07, (8] (I, u],
iff either(i) P is unsatisfiable] =1, andu =0, or (ii) me[P](a) =0, =1, andu =0, or (iii) me[P](ca) >0
andme[P](B|a) =1 =u.
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3.3 Entailment under Maximum Entropy and CWA

We next introducea new notionof entailmentuundermaximumentropy, which appliesto conjunctve proba-
bilistic logic programsandwhichadoptshe closedworld assumptiofCWA) from classicalogic program-
ming. We will seethatit hasin particularmicercomputationapropertieghanthe notionof me-entailment.

The closedworld assumptiorfor a conjunctie probabilisticlogic programP is definedrelative to a
classicalapproximationof P asfollows. The classicalappoximationof a conjunctize probabilisticlogic
programP, denotedapp(P), is the setof all ¢ < ¢ suchthat (i) (¢|4)[l, u] € ground (P) for somel > 0,
and(ii) P |[)t° 1< ¢. For groundconjunctie eventse, the closedworld assumptiorfor P w.r.t. o, denoted
CWA(P, «), is definedasfollows:

CWA(P,a) = {L<p|pe€ HBg, app(P)U{a} ~p}.

We distinguishbetweenactive and inactive groundformulasw.r.t. P and « asfollows. A groundatom
p € HBg is inactivew.r.t. P and« iff L < p belongsto CWA(P,«). A groundevent~ (resp.,ground
conditionalconstraintF’) is inactivew.r.t. P and« iff atleastonegroundatomin ~y (resp.,F) is inactve
w.rt. P anda. A groundatom(resp.,groundevent, groundconditionalconstraint)is activew.r.t. P and
« iff it is notinactve w.r.t. P anda. In the sequel,we oftenomit P and« whenthey areclearfrom the
context.

Thefollowing theoremshaws thatconclusion®f theform P |~°(3|a) [, u] areinvariantundertheclosed
world assumptiorior P w.r.t. 5 A a.

Theorem 3.2 Let P bea conjunctiveprobabilisticlogic program,andlet (5|«)[l,u]bea groundconjunctive
conditionalconstaint. Then,

P N(Blo)ll, ] iff PUCWA(P, BAq) M (Bla)l, ul.

Hence,all groundatomsp € HB ¢ thatareinactive w.r.t. P and8 A « areactuallyirrelevantto con-
clusionsof theform P |~°(8|a)[l, u]. Thatis, logical entailmentrom P coincideswith logical entailment
from the“active equivalent”to P. Thisresultis moreformally expressedy the following theorem.

Theorem 3.3 Let P bea conjunctiveprobabilisticlogic program,andlet (5|«)[l,u]bea groundconjunctive
conditionalconstaint. Let P denotethe setof (i) all membes of ground(P) that are activew.r.t. P and
B A a, and(ii) all L <« ¢ sud that(ii.a) ¢ is activew.r.t. P and g A «, and(ii.b) (¢|¢)[r, s]€ ground (P)
for somer > 0 andsomey thatis inactivew.r.t. P and A a. Then,

P(Ble)lt,u] iff PIR(Bla)i, u).

The notion of me-entailmenthowever, lacksthe propertiesdescribedn Theorems3.2 and3.3, asthe
following countergampleshaws.

Example 3.4 Let theconjunctve probabilisticlogic programP begivenby:
P = {(c[b)[0.9,0.9], (b|a)[0.8,0.8], (c|a)[0.9,0.9]} .

It thenholds P [ "¢ (b|c)[0.65, 0.65]. However, sincecCWA(P,bAc) = {1 <=a}, weobtainP U CWA(P,
bAc) | "™¢(blc)[0.56,0.56] andalso P |~ ¢(b|c)[0.56, 0.56], whereP = {(c|b)[0.9,0.9]}. O
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To combinethe strengthof me-entailmentwith the straightnessf logical entailmentwe now definethe
notion of entailmentundermaximumentiopy and CWA (or mc-entailmen}. Intuitively, the groundatoms
thatareirrelevantto logical conclusionshouldactuallyalsobeirrelevantto maximumentropy conclusions.

More formally, let P be a ground conjunctve probabilisticlogic program,and let (8|a)[l,u] be a
groundconjuncte conditionalconstraintWe say(3|a)[l, u] is anmc-consequencef P, denotedP |k ™°
(Bla)[l,u], iff PUCWA(P,BAa) |~™° (Bla)[l,u]. We say(B|a)[l,u] is atight mc-consequencef P,
denotedP an’.’;cht (Bla)[l,u], iff PUCWA(P,BA«) me’.’;eht(ma)[l, ul.

The following two resultsthen follow from the definition of mc-entailment. They shav that The-
orems3.2 and 3.3 carry over to mc-entailment. The first one shavs that also conclusionsof the form
P | ™¢(B|a)[l, u] areinvariantunderthe closedworld assumptiorfor P w.r.t. 8 A a.

Theorem 3.5 Let P bea conjunctiveprobabilisticlogic program,andlet (5|«)[l,u]beagroundconjunctive
conditionalconstaint. Then,

PI~"(Bla)ll,u] iff PUCWA(P,BAa) |~ (Bla)[l,ul.

Thenext theoremshavs thatall groundatomsp € HB ¢ thatareinactive w.r.t. P andg A « arealsoirrel-
evantto conclusionsP |~ ™“(8|a)[l, u]. It alsoshavs that mc-entailmenttanbe definedasme-entailment
from the“active equivalent”to P.

Theorem 3.6 Let P bea conjunctiveprobabilisticlogic program,andlet (5|«)[l,u]beagroundconjunctive
conditionalconstaint. Let P denotethe setof (i) all membes of ground(P) that are activew.r.t. P and
B A a, and(ii) all L < ¢ sudh that(ii.a) ¢ is activew.r.t. P and g A «, and(ii.b) (¢|¢)[r, s]€ ground (P)

for somer > 0 andsomey thatis inactivew.r.t. P andf A a. Then,

P (Bla){t,u] iff P~ (Blo)[l,u) iff P l~"¢(8la)[l,ul.

4 Examples

In thissectionwe give someexampleghatshav therelevanceof probabilisticlogic programsn practice.ln

thesequelpredicateandconstansymbolsbegin with lower casdetters wherea®objectandboundvariables
startwith uppercasdetters.Thecorrectanswerandthetight answeisubstitutionainder0-entailmenbelow

are computedwith LINOP [68], which is built on top of the public-domainlinear optimizationsoftware
| p_sol ve, while the correctanswersandthetight answersubstitutionsinderme- and mc-entailmeniare
computedwith SPIRIT[67] andPIT [16, 71]. Ourfirst exampleconcernghe problemof routeplanning.

Example 4.1 (RoutePlanning AssumethatJohnwantsto pick up Mary aftershestoppedworking. To do
so,hemustdrive from his hometo heroffice. But, heleft quitelate. So,heis wonderingif hecanstill reach
herin time. Unfortunately sinceit is rushhour, it is very probablethatherunsinto atraffic jam. Now, John
hasthefollowing knowledgeat hand:

Givenaroad(ro) from R to S, the probabilitythathe canreach(re) S from R without runninginto a
traffic jam is greaterthan0.7. Givenaroadin the south(sg of the town, this probability is even greater
than0.9. A friendjust calledhim andgave him advice(ad) aboutsomeroadswithoutary significanttraffic.
Clearly, if hecanreachS from T andT from R, bothwithout runninginto atraffic jam, thenhe canalso
reachS from R without runninginto atraffic jam. Furthermore,Johnhassomeconcreteknovledgeabout
theroads,theroadsin the southof thetown, andthe roadsthat his friend wastalking about. For example,
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he knows thatthereis a roadfrom his home(h) to the university (u), from the university to the airport(a),
andfrom theairportto Mary’s office (0). Moreover, Johnbelievesthathis friend wastalking abouttheroad
from the university to the airportwith a probability betweerD.8 and0.9 (heis not completelysureaboutit
arymore,though).

Theabore andsomeotherprobabilisticknowledgeis expressedby thefollowing conjunctive probabilis-
tic logic programpP:

P = {(ro(h,u)[T)[1,1],
(ro(u,a) [ T)[1,1],
(ro(a,0) [ T)[1,1],
(ad(h,u) | T)[1,1],
(ad(u,a) | 7)[0.8,0.9],
(sofa, 0) | T)[1,1],
(re(R,S)|ro(R, S))[0.7,1],
(re(R, S)|ro(R,S) AsAR, S))[0.9,1],
(re(R,S)|ro(R,S) Nad(R, S))[1,1],
(re(R,S)|re(R,T) Are(T, S))[1,1]}.

Johnis wonderingwhetherhe canreachMary’s office from his home,suchthatthe probability of him
runninginto atraffic jamis smallerthan0.01. Moreover, heis wonderingaboutthe probability of reaching
the office, without runninginto atraffic jam. Finally, he is wonderingaboutthis probability giventhathis
friend wastalking aboutthe roadfrom the university to the airport. This canbe expressedy the following
conjunctve probabilisticqueries:

Q1 = 3I(re(h,0)|T)[.99,1],
Q2 = El(re(ha 0) | T)[Xa Y]a
Q3 = 3(re(h,0)|ad(u,a))[X,Y].

The correctanswerfor ; to P andthetight answersubstitutionsfor Q2 and @3 to P under0- and mce-
entailmentareshavn in Table4.1.0

Tablel: Correctanswersandtight answersubstitutiondor Example4.1.

‘ probabilisticqueryH 0-entailment ‘ mc-entailment ‘
Q1 No No
Q> {X/0.7000,Y/1} | {X/0.9353,Y/0.9353}
Q3 {X/0.8750,Y/1} | {X/0.9632,Y/0.9632}

Thefollowing two examplesaretakenfrom the areaof medicaldiagnosis.

Example 4.2 (Diagnosisl: Appendiciti¥ In a hospital,physicianshave to diagnosevhetherpatientswith
acuteabdominapainaresuffering from appendicitisor not. Diagnosingappendicitiss a difficult task,since
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alot of differentsymptomgqase.g.hightemperaturea high rateof leucogtes,vomiting, andvarioustypes
of pains)canindicateappendicitispbut oftenonly thejoint occurrencef several of thesesymptomgeliably
supportghediagnosiqseee.g.[57, 69]).

Here,we only considerfour possiblesymptomsof appendicitisapp), namelya high rateof leucogtes
(leucahigh) andthe following threedifferenttypesof pain: rectal pain (recpain), pain whenreleased
(pain_rel), andreboundtendernes$reb tende). Thus,for the sale of intelligibility, our view on this area
is avery simplifiedonel Let our knowledgeaboutthe relationshipsetweerapp, leucahigh andthe three
typesof painbeexpressedy thefollowing conjunctive probabilisticlogic programP (seealso[73]):

P = {(rehtendefP)|painrel(P))[0.70,0.75],
(reb.tendef P) | leucahigh(P))[0.70, 0.75],
(app(P) | rec_pain(P) A painrel(P))[0.70,0.75],
(app(P) | recpain(P) A rebtendefP))[0.65,0.70],
(app(P) | painrel(P) A reb.tendefP) A leucahigh(P))[0.80,0.85]} .

Supposeaow thatJudyis a patientshaving thesymptomdeuca highandpain rel. Whichis the probability
thatJudyhasappendicitisahichis the probabilitythatshehasappendicitiggiventhatshealsofeelsrectal
pain?Thesequestiongcanbe expressedy the following two probabilisticqueries:

@1 = 3F(app(judy) | leucahigh(judy) A painrel(judy))[X, Y],
Q2 = 3F(app(judy) |leucahigh(judy) A painrel(judy) A recpain(judy))[X,Y].

Thetight answersubstitutiondor ()1 and@- to P under0-, me-, andmec-entailmentareshavn in Table2.
Here,we obsere a slight differencebetweerthe tight answersubstitutionaunderme- and mc-entailment
to @1, whereaghetight answersubstitutionsinderme- andmec-entailmento ), arethesame.d

Table2: Tight answersubstitutiongor Example4.2.

‘probabilisticqueryHO—entailment me-entailment ‘ mc-entailment ‘
Q1 {X/0,Y/1} |[{X/0.7375,Y/0.7375} | { X /0.7250,Y/0.7250}
Q2 {X/0,Y/1} |{X/0.7837,Y/0.7837} | { X/0.7837,Y/0.7837}

Example 4.3 (Diagnosis2: Cold) We now modelthe dependencieketweerthediseaseold (cold) andits
symptomsheadachéheadabe), cough(cougl), sorethroat(sore_throat), andfever (fever). Considerthe
following conjunctve probabilisticlogic programP:

P = {(cold(X)|headabe(X))[0.60,0.70],
(cold(X) | cough(X') A sore_throat(X'))[0.90,0.95],
(fever(X) | cold(X'))[0.60,0.80]} .

The systemLEXMED [16] shawvs that maximumentroyy inferenceis ableto take into accountmary more symptomsfor
appendicitis.By acceptingarbitrarycombinationof themfor queriesLEXMED aimsat capturingadequatelyhe comple inter-
relationshipbetweersymptomsanddiseases$o proposeareliablediagnosis.
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Supposehat Peter(peten, Paul (paul), and Mary (mary) are patients,eachof them suspectingo have
caughta cold. Petercomplainsaboutheadachenda sorethroat, Paul is coughingandhasheadachetoo,
andMary shaws all four symptomsWhatis the probability of eachof themactuallysuffering from a cold?
This canbe expressedy thefollowing threeconjunctve probabilisticqueries:

Q1 = 3I(cold(peten | headabe(peten A sore_throat(peten)[X, Y],
Q2 = 3(cold(paul) | coughpaul) A headabe(paul))[X, Y],
@3 = 3J(cold(mary) | coughimary) A headabe(mary)
A sore_throat(mary) A fever(mary))[X,Y].

Thetight answersubstitutiongor thesequerieso P under0-, me-, andmc-entailmentareshavn in Table3.
Here,we seea cleardifferencebetweentight me- andtight mc-entailmentin the answergo the first two
gueries. Of course for thethird query we obtainthe sametight probability intervals underme- andmec-
entailmentshaving a clearaccumulatiorof effects.O

Table3: Tight answersubstitutiondor Exampled4.3.

‘probabilisticqueryHO-entailmen# me-entailment ‘ mec-entailment ‘
Q1 {X/0,Y/1} |{X/0.6854,Y/0.6854} | { X/0.6000,Y/0.6000}
Q2 {X/0,Y/1} |{X/0.6854,Y/0.6854} | { X/0.6000,Y/0.6000}
Qs {X/0,Y/1} |{X/0.9201,Y/0.9201} | {X/0.9201,Y/0.9201}

5 NonmonotonicProperties

Nonmonotoniclogics are appreciatedor their closenestso commonsenseeasoningbut also known as
problematicasto concernscompleity andformal logical aspects.In a probabilisticervironment,all the
moreweightmustbeattachedo theseproblemsdueto therichnesf syntaxandthealbundanceof models.

Within thelastdecadestandardéiave beenestablishedo judgethe quality of nonmonotonidogics,and
benchmarlexamplespointing out specificproblemshave beendiscussedividly. Thatwork hasbeendone
mostlyin qualitatve andsymbolicsettings.In this section we elaboratehenonmonotonidehaior of me-
and mc-entailmentwith respecto probabilisticversionsof the abore mentionedstandardsto shaw their
well-behaednessin addition,we comparehemto classicaformalisms,andhighlight specialfeaturesby
illustrative examples.

We startwith delineatingthe nonmonotoniaspectf probabilisticreasoningunder0-, me-, andme-
entailmentthatwe explorein this section.

5.1 Nonmonotonicity of Probabilistic Reasoning

Certainconditionalconstraintgy|¢)[1, 1] and(+|#)[0,0] canbe understooctlassicallyas“¢ implies”
and“ ¢ implies —1)”, respectrely. The notionsof 0-, me-, and mc-entailmentareall compatiblewith the
monotonicnotionof model-theoretidogical entailmenin classicapropositionalogicsfor suchconstraints,
andsatisfythefollowing propertyof inheritanceof classicalknowledg:



14 INFSYS RR 1843-02-12

C-INH If F |k (¢]¢)[c, c] and¢g <« ¢* is valid, thenF |~ (¢|¢*)[c, c],

for all groundeventsy, ¢, and¢*, all setsof groundconditionalconstraintsF, andall ¢ € {0,1}. Thatis,
classicaknowledgeis inheritedalongsubclasselationships.

Purely probabilisticconditionalconstraints(y|¢)[l, u], however, shouldbe interpretedas “the condi-
tional probability of 4 given ¢ lies betweenl and«”. Due to this inherentuncertainty the notionsof 0-,
me-, andmc-entailmengenerallydo notsatisfythefollowing propertyof inheritanceof purely probabilistic
knowledg:

P-INH If F~ (v]9)[l,u] andg < ¢* isvalid, thenF |~ (v|¢*) |1, u].

for all groundevents, ¢, and ¢*, all setsof groundconditionalconstraintsF, andall I, u € [0, 1] with
[ <1 andu > 0. Evenworse,strengtheninghe antecedendf a purely probabilisticconditionalconstraint
may leadto totally differentprobability values. This is exactly what makes probabilisticreasoningunder
0-, me-, and mc-entailmentan excellent candidatefor default reasoningwith exceptions. Therefore,no
completesubclassnheritanceof purely probabilisticknowledge,asexpressedy P-INH, canbe expected
to hold under0-, me-, andmc-entailment

Theinheritanceof purely probabilisticknowledge,however, canneverthelese a desirablefeatureof
probabilisticentailmentwhich is well-knovn from e.g.refeenceclassreasoning64, 34, 35, 61]. In fact,
while logical entailmentdoesnot have ary subclassnheritanceof purely probabilisticknowvledge,we will
shav thatboth notionsof entailmentundermaximumentopy realizesomelimited form of inheritanceof
purely probabilisticknovledgealongsubclasselationshipsThis suggestshatanappropriateform of sub-
classinheritanceof purelyprobabilisticknowvledgemay be obtainedby focusingon somepreferredmodels,
or onone“best” model,asis doneby me- andme-entailmentWe will firstillustratethe nonmonotonide-
havior of me- andmc-entailmenty studyingbenchmarlexamplesandthendescribesomeof theirgeneral
propertiesof nonmonotonidnference.

5.2 Benchmark Examples

We startwith analyzingin moredetailthenonmonotonibehaior of me- andmc-entailmentith respecto
the missingpropertyP-INH . Our first exampledealswith Tweety the non-flying penguin,which is worth-
while studyingfor mary reasons.lt is not only the mostfamousexamplefor illustrating nonmonotonic
behaior in generalbut it alsoprovidesa well-understoodsettingto investigatesubclassnheritance the
aspecbf irrelevance andhow exceptionalityis dealtwith.

Example 5.1 (Tweety The following probabilisticlogic program P describeghe penguinTweety with
regardto onepropertythathe doesnot sharewith otherbirds(fly), andonepropertythatis commonto both
birdsandpenguing havelegs):
P = {(fly(T)|bird(T))[0.9,0.98],
(bird(T") | penguir(T))[1, 1],
(fly(T") | penguin(T’))[0, 0.05],
(havelegs(T') | bird(T'))[0.98,1]}.
So, Tweety (tweety is anexceptionalbird with respecto the propertyof beingableto fly (fly). Butis

Tweetyalsoexceptionalwith respecto having legs (havelegs)? Certainlynot— it would be unintuitive to
believe that Tweetydoesnot have legsfor the only reasorthat Tweetyis a non-flying bird. Moreover, what
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aboutthe ability to fly of the bird Robin (robin), whois red (red) andthusbelongsto a propersubclasf
birds? The atomredis not mentionedat all in the probabilisticrulesabaove. Thus,it shouldbe considered
irrelevantto the conditionaleventfly(T") |bird(T").

Considetthefollowing probabilisticqueries:

@1 = 3d(haveleggtweety | penguirftweety)[X, Y],
Q2 = 3J(havelegs(robin) | bird(robin))[X, Y],

Q@3 = 3(fly(robin) | bird(robin) A redrobin))[X, Y],
Qs+ = 3(fly(robin) | bird(robin))[X, Y],

Qs = 3(fly(tweety | penguirftweety)[ X, Y].

The tight answersubstitutiondor thesequeriesaregivenin Table4. Underme- and mc-entailment,
Tweetysinability to fly hasindeedno effectontheprobabilityof him having legs— Tweetyis anexceptional
bird with respecto flying, but notwith respecto beingequippedwith legs. Moreover, processinghethird
qguery Q3 revealsthat, in fact, the property of being red doesnot influenceRobin’s ability to fly. So,

obviously irrelevant attributesare simply ignoredby me-inference.The notion of 0-entailment,however,
doesnotyield thesedesiredresults.O

Table4: Tight answersubstitutiondor Exampleb.1.

‘ probabilisticquery H 0-entailment ‘ me-entailment ‘ mc-entailment ‘
Q1 {X/0.00, Y/1.00} | {X/0.98, Y/0.98} | {X/0.98, Y/0.98}
Q2 {X/0.98, Y/1.00} | {X/0.98, Y/0.98} | {X/0.98, Y/0.98}
Q3 {X/0.00, Y/1.00} | {X/0.90, Y/0.90} | {X/0.90, Y/0.90}
Q4 {X/0.90, Y/0.98} | {X/0.90, Y/0.90} | {X/0.90, Y/0.90}
Qs {X/0.00, Y/0.05} | {X/0.05, Y/0.05} | {X/0.05, Y/0.05}

Probabilitytheory provides an excellentframevork to handlenonmonotonicity:Birds mostly fly, that
is, Pr(fly(T")|bird(T)) ~ 1, but Tweety who is a bird anda penguin,doesnot fly within a probabilistic
environment: Pr(fly(tweety|bird(tweety A penguirftweety) =0, if only Pr(fly(T)|penguifT’)) =0. The
notion of logical entailmentwhich is basedon consideringall probabilisticmodels,however, is too weak
in general-for instancejt allows of no systematicsubclassnheritance regardingarything asrelevantin
principle.

In contrasto this, the notionsof me- andmc-entailmentbothbasedon consideringexactly onedistin-
guisheddistribution, copein anelegantway with obviously irrelevantinformation,asthefollowing general
consideratiorshavs: If « is agroundinstanceof anatomnot mentionedn a probabilisticlogic programP
but occurringin thebodyof aquery@ = 3(¥|¢ A a)[z, y], then

me[P]($|p A a) = me[P](]9).

No externalandexplicit assumptiorof conditionalindependences necessarpere.Rather the principle of
maximumentropy treatsinformationasirrelevantaslong asthereis noreasorto supposehecontrary This
permitsa systematisubclassnheritance asin Exampleb.1: birdsmostlyfly, andredbirdsdo so,too.
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Moreover, Exampleb.lillustratesthatme-inferencéandlesxceptionalitywith respecto oneattribute
in anadequatevay, withoutblockingotherreasonableonclusionsWe shavedthat,given P = Pryeeqy, the
probability of Tweetyto have legsis the sameasthat of ary otherbird, althoughTweetyis an exceptional
bird. Thisis notamerenumericalcoincidence- usingformula(1), it is easyto verify that

me[PTweety](havelegS(T)|penguMT)) = me[PTweety](havelegS(T)|bird(T))

whatever probabilityis assignedo havelegs(T’) |bird(T").

Thiswell-behaednesss dueto anindifferencepropertythattheme-modekhaws for worldsthatbehae
in the samepositive, negative, or neutralway w.r.t. theinvolved conditionalevents(seeLemma?.7), which
in turnis only a superficialmanifestatiorof a deeperconditionalindifference The me-principlerepresents
conditionalconstraintdy balancingconditionaleffects;for moredetails,se€g[29, 31].

In thefollowing example weillustratehow olviously irrelevantinformationis dealtwith under0-, me-,
andmec-entailment.

Example 5.2 Considerthefollowing conjunctive probabilisticlogic programpP:

P = {(bird(T)|penguifT))[1,1],
(fly(T') | bird(T))[0.9, 0.95],
(fly(T) | penguir(T’))[0, 0.05],
(easyto_sedT) | yellowm(T"))[0.95,1]}.

We arenow interestedn the probabilitieswith which Brian, the brightly yellow penguin,is ableto fly, and
is easyto beseenfespeciiely:

Q1 = 3(fly(brian) | penguirfbrian) A yellow(brian))[X, Y],
Q2 = 3J(easyto_sedbrian)|penguirbrian) A yellow(brian))[X,Y].

As expectedthetight answersubstitutiongor ¢); and@, underboth me- andmc-entailmentaregivenby
{X/0.05,Y/0.05} and{X/0.95,Y/0.95}, respectiely. So,themaximumentroy methodologiesaithfully
obsere explicit information,while notallowing obviously irrelevantinformationto have ary influence.The
tight answersubstitutiongor 2; and@4 under0-entailmenthowever, arebothgivenby { X/0.00, Y/1.00},
falling backto completeignorancen bothcasesO

The (extended)Nixon Diamondin the next exampledealswith conflicting evidenceandthe relevanceof
informationin amoregenerakense.

Example 5.3 ((ExtendedNixonDiamond We considera probabilisticgeneralizatiorof the well-known
Nixon Diamond“generally qualersarepacifists”and“generally republicansarenot pacifists”extendedby
thedefault rules“generally qualersare Americans”,“generally Americandik e baseball” and“generally
qualersdo notlike baseball’.More precisely let the following probabilisticlogic programP describethe

original Nixon Diamond:

P = {(pacifis{T") | qualer(T'))[0.8,0.95],
(pacifis(T") | republicar{7"))[0.05,0.2]} .
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Let the probabilisticlogic programP’ describethe extendedNixon Diamond:

P' = Pu{(americadT) | qualer(T))[0.9,0.99],
(like_basebal(T") | americar{T"))[0.85,0.95],
(like_basebal(T") | qualer(7))[0.05,0.3]} .

Given P andP’, whatis the probability of Dick, whois known to bea qualer andarepublicanto bea
pacifist?We getthefollowing probabilisticqueryQ:

@ = 3I(pacifis{dick) | qualer(dick) A republicaridick))[X,Y].

The tight answersubstitutionsfor @ to P and P’ under0-entailmentare both givenby {X/0,Y/1},
while the tight answersubstitutionsunderboth me- and mc-entailmentaregivenby {X /0.5, Y/0.5} and
{X/0.61, Y/0.61}, respectiely.

Thatis, in this casethetight answersubstitutionsinder)-entailmengive amoreintuitive, but lessinfor-
mative result, reflectingcompleteignorance.The tight answersubstitutionaunderme- and mc-entailment
shaw that, similar to treatingthis problemvia the rational closureapproacH38] or by SystemZ [20] (cf.
[10, p. 26]), the (numerical)answerto the querydependon which of thetwo programsP and P’ is used.
While the original Nixon diamonddoesnotallow usto draw ary conclusioraboutwhethemDick is a pacifist
or not, the extendedNixon diamondis now biasedn favor of Dick beinga pacifistunderthe maximumen-
tropy approach.This appears bit strangeasthe new informationaboutAmericans gualers,andbaseball
seemgrimafacieirrelevantto therelationshipdbetweemualers, pacifists,andrepublicans. The obsered
shiftin probability however, maybeexplainedby theincreasednteractiondbetweerconditionalconstraints
in P', whichmaximumentrojy methodologiesarefullyfollow — addingconstraintsnay changehe point
of view. This, however, doesnot imply that being Americanor liking baseballis definitely relevant for
Dick’s loving peace:Adding americarfdick) A like_basebal(dick) to theantecedenf theconditionalevent
abore will notalterthe maximumentrogy probability:

me[P'](pacifis{dick) | qualer(dick) A republicar{dick)
A americar{dick) A like_basebal{dick)) = 0.61. O

Onceagainweillustratehow the maximumentropy approachesombineconflictinginformationin another
penguin-gample.

Example 5.4 Thefollowing probabilisticlogic programP expresse&nowledgeaboutthe flying capabili-
tiesof penguinspirds,andobjectswith metalwings:
P = {(bird(T)|penguir(T))[L, 1],
(fly(T) | metalwingq7"))[0.95, 1],
(fly(T) | bird(T'))[0.95, 1],
(fly(T) | penguidT))]0, 0.05]} .
Whatis the probabilityto fly of Supertweetya penguinwith metalwings,

3(fly(supertweety| penguir{supertweety A metalwinggsupertweety) [ X, Y] ?

As tight answersubstitutionsfor this query underboth me- and mc-entailment,we obtain { X /0.2127,
Y /0.2127}. Althoughthe metalwingsthat Supertweetyasattachedo his sidesincreaseour confidencen
him beingableto fly, they arenot corvincing enoughto make usbelieve thathe canreally fly. Notethatthe
tight answersubstitutionunderlogical entailmenis givenby { X/0,Y/1}. O
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The last example, which is taken from [2], shavs how non-conflictinginformation is combinedby the
maximumentrofy approaches.

Example 5.5 Lettheprobabilisticlogic programP begivenasfollows:

P = {(bird(T) | magpie(T))[1, 1],
(chirp(T') | bird(T'))[0.7,0.8],
(chirp(T') | magpie(T'))[0, 0.99]} .

Considerthefollowing probabilisticqueryQ:

Q@ = (chirp(polly) | magpig(polly))[X,Y].

Knowing that magpiesare birds, the probability to chirp of the magpiePolly is alreadyexpectedto be in
[0,0.99]. So,thelastconditionalconstrainibf P turnsoutto bevacuousandby maximizingindeterminate-
nessthetight answersubstitutionsinderme- andmc-entailmentarebothgivenby { X/0.7,Y/0.7}, while
thetight answersubstitutionunderlogical entailmenis givenby { X/0,Y/0.99}. O

5.3 General Properties

As the examplesfrom the precedingsectionshaw, the notionsof me- andmc-entailmentraisetheinferen-
tial power of probabilisticreasoningsubstantially Insteadof consideringall possiblemodels the maximum
entropy methodbasests inferenceson oneparticularlydistinguishednodel— thatwith maximumentropy.
However, one may wonderif this view is nottoo narrav. Oneway to explain the reasonablenes¥ max-
imum entrogy inferenceis to investigateits formal propertiesaccordingto widely acceptedstandardgor
nonmonotonidnferencerelations,suchas SystemP [33] andrelatedpostulates.A specialfocuswill be
on irrelevanceproperties;herewe proposea nev postulatecalledstrong irr elevanceaiming at preventing
interactionof conditionalconstraints.

In the following, we assumethat ¢, 1, ¢, €', o, 3 are ground events, and that P is a (fixed) ground
probabilisticlogic program.In caseof mc-entailmentwe additionallyassumehat ¢, 4, €, €', a, 8, and P
areall conjunctve. Letl,l’, u,u,r, s € [0,1].

Moreover, for the sale of representationatlarity, we presuppos¢hat P satisfieghe following explic-
itnesscondition which ensureghat every classicalrelationshipthatis logically entailedby P is already
explicitly statedn P.

Explicitness condition: For every I € Zs, if Pr(I)=0 for all models Pr of P, thenthereexists some
(4]¢)[c, c] € P suchthateither

c=landI =¢A—yp or c=0andl = Ap. 3)

We implicitly assumehatall notionsof entailmentare naturally extendedto negationsof conditional
constraintof the form —(5|a)[r, s|, which aretrue in a probabilisticinterpretationPr iff Pr(«) >0 and
Pr(Bla) ¢ [r,s).

We first considerthe postulatesRight Wealening (RW), Reflivity (Ref) Left Logical Equivalence
(LLE), Cut, CautiousMonotonicity(CM), andOr proposedy Kraus,Lehmann,andMagidor [33], which
arecommonlyregardedasbeingparticularly desirablefor ary reasonablaotion of nonmonotonicentail-
ment |~ , andwhich areusuallyreferredto as SystemP. We considerthe following generalizatiorfor a
probabilisticsetting:
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RW. If (¢|T)[l,u] = (4| T)[l',+] islogically valid and P |~ (¢|)[l, u], thenP |~ () [l u'].
Ref P~ (gle)[1,1].

LLE. If e & £ islogically valid, thenP |~ (¢|e) [, u] iff P |~ (éle')[l, u)].

Cut. If P~ ('le)[1,1] andP | (dle A€')[l, u], thenP |~ (¢le) L, u].

CM. If P (€'|e)[1,1] andP |~ (¢le) [, u], thenP |k (dle A €')[l, u).

Or. If P~ (¢le)[1,1] andP |~ (¢[e")[1,1], thenP |~ (¢le V €')[1, 1].

Thefollowing theoremshaws thatmostof thesepostulatesareindeedsatisfiedby all describechotions
of entailmenfor conditionalconstraintgnotethatOr doesnot applyto mc-entailment).

Theorem5.6 |~° and |~ ™€ satisfyRW, Ref LLE, Cut, CM, and Or for all probabilistic logic programs
P, all groundeventse, ¢, ¢, 4, andall 1,1’ u,u’ €[0,1]. Moreover, |~™¢ satisfiesRef LLE, Cut, and
CM for all conjunctiveprobabilistic logic programs P, all ground conjunctiveeventse, €, ¢, ¢, andall
LU u,u €[0,1].

It is unclearwhether |~ ¢ satisfiesRW or not. The pointis thattakingnew conditionalconstraintsnto
accountmay changethe resultingmaximumentrogy distribution sothatlogical dependenciesay getlost.
Neverthelessthereareinformation-theoreticalinformal agumentsthat suggesthat RW holdsfor |~ ™.
However, neithera formal proof nor a countergamplefor RW have beenfoundsofar.

Anotherdesirablepropertyis RationalMonotonicity(RM) [33]:

RM. If P |k (9]e)[l, u] andP [t —(¢'|e)[1, 1], thenP .~ (e A €')[L, ul.

Informally, RM describesa restrictedform of monotoly, andthus allows to ignore certainkinds of
irrelevantknowledge. Thefollowing theoremshaws thatboth me- andmc-entailmentalsosatisfyRM.

Theorem5.7 |~ (resp., | ™) satisfiesRM for all probabilistic (resp.,conjunctiveprobabilistic) logic
programsP, all ground(resp.,groundconjunctive)eventse, €', and, andall 7, u € [0, 1].

We next considetthe propertylrr elevance(lrr) , which is adaptedrom [3]:
Irr. If P~ (¢|e)[l, u], andnoatomof ground (P) andg|e occursin &', thenP |~ (dle A€')[l, u].

Informally, Irr saysthate’ is irrelevantto a conclusion®P |~ (¢]e)[l,u]” whenthey aredefinedover
disjoint setsof atoms.Thefollowing resultshawvs thatboth me- andmc-entailmentsatisfylrr .

Theorem5.8 |~ (resp., | ™) satisfiedrr for all probabilistic (resp.,conjunctiveprobabilistic) logic
programsP, all ground(resp.,groundconjunctive)eventse, ', and ¢, andall I, u € [0, 1].

Thepropertylrr formalizesavery basicform of irrelevanceto be expectedrom inferencerelations.We
now proposea strongelirrelevanceproperty calledstrongirr elevance(SI):

SI. If P |k (9|¢)[l,u] andnoatomof ground (P) andiy|¢ occursn B|a, thenPU{(8|a)[r,s]} | (¢|d)[l,u]
andP U {(Blo)[r, s]} I (9]¢ A )1, u].
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Stongirr elevancesaysthataddingconditionalconstraintson newly occurringatoms,on the onehand,
doesnot changepreviously madeinferencesand,on the otherhand,doesnot causeinterferencesvith the
other conditional constraints. The following theoremstatesthat both me- and mc-entailmentsatisfy the
propertySl.

Theorem5.9 |~ ™ (resp., | ™) satisfiesSI for all probabilistic (resp.,conjunctiveprobabilistic) logic
programsP, all ground(resp.,groundconjunctive)eventse, 3, ¢, and, andall [, u,r, s € [0, 1].

We next considerthe propertyDirectinference(Dl), adaptedrom [2]:
DI. If (¢|4)[l,u] € ground (P) ande < ¢ is logically valid, thenP |~ (1|e)[l, u].

Informally, DI expresseshat P shouldentailall its own conditionalconstraints Note thatthe property
DI is similar to LLE. In fact, DI is implied by LLE togetherwith anothernonmonotonigoropertycalled
Inclusion(Inc):

Inc. If (v|@)[l,u] € ground(P), thenP |~ (¢|d)[l, u].
Lemma5.10 If |~ satisfied LE andInc, thenit alsosatisfieDI.

Thenext resultshavs thatall discussechotionsof entailmentsatisfylnc andDl.

Theorem5.11 |~° and |~ ™¢ satisfylnc and DI for all probabilisticlogic programs P, all groundevents
e, ¢, and+, andall I,u € [0, 1]. Moreover, | ™ satisfiednc and DI for all conjunctiveprobabilisticlogic
programsP, all groundconjunctiveeventse, ¢, and, andall [, u € [0, 1].

5.4 Relationship betweenProbabilistic Formalisms

We next analyzetherelationshipbetweerthe discussedhotionsof entailment.

For entailmentsemanticss; and sq, we say s; is stronger than sq iff | ® is a supersebf | 2.
Thatis, F |~ *2F implies F |~ °* F, for all setsof groundconditionalconstraintsF andall groundcon-
ditional constraintsF for which both s; and s, are defined. Equivalently F |k ;7 . (1|¢)[l2, u2] and
F ”“fz'lght(¢|¢)[ll’u1] implies [l2,u2] D [I1,u1], for all setsof groundconditionalconstraints# andall
groundconditionalconstraintvy|¢)[lz2, uz] and(1|¢)[l1, u1] for which both s; ands, aredefined. Note
thatthis “strongerthan” relationis reflexive andtransitive.

Thefollowing theoremshaws thatthe arronvs in Fig. 1 actuallyrepresentstrongerthan” relationships
betweernthe entailmentsemanticshavn in Fig. 1. In fact,from Example3.4,0r 4.2,0r 4.3it canbe seen
that Fig. 1 dravs a completepicture of the “strongerthan” relationshipsbetweenthe shavn entailment
semantics.

Theorem 5.12 Both me- and mc-entailmentare stronger thanlogical entailment.

The next resultshawvs that entailmentundermaximumentropy andlogical entailmentcoincideon the
concludedyroundclassicalconditionalconstraints.

Theorem 5.13 Let P bea probabilisticlogic program,andlet (4|¢)][c, c] withc € {0, 1} bea groundclassi-
cal conditionalconstaint. Let P and(v|¢)[c, c| beconjunctivefor s = mc. Thenfor everys € {me, mc}:

@ Pl~>(le)le, o] iff PI~(4]¢)[c, .
(0) Plrsign (l@)les ] iff PIRGion (116)le, dl.
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5.5 Relationshipto ClassicalFormalisms

We now analyzetherelationshipto classicaformalisms.

For classicakonditionalconstraintg” of theform (3|« |0, 0] (resp.(8|a)[1, 1]), weusey(F') to denote
theevents L <= B A« (resp.,3 < «). For probabilisticlogic programsP, we definey(P) asthe setof all
eventsy(F) with F € P.

The following theoremshaws that all three describednotions of probabilistic entailmentgeneralize
logical entailmentwith events.

Theorem5.14 Let s € {0, me, mc}. Let P be a probabilistic logic program, andlet F' = (1|¢)]c, ¢] with
c€{0,1} beagroundclassicalconditionalconstaint. Let P and F' be conjunctivefor s = mec. Then,

@ PI~°F iff y(P) = ~(F).
(0) Pl jign F iff 7(P) | y(F) andy(P) [~ —¢.

6 Naive Characterizations

In this section,we characterizethe solutionsof the problemsPosITIVE PROBABILITY and TIGHT s-
CONSEQUENCE, Wheres € {0, me, mc}, by straightforvard decisionandoptimizationproblemsinvolving
a systemof linear constraints. We first describehow the modelsof a probabilisticlogic programcorre-
spondto the solutionsof a systemof linear constraints.We thendescribehonv PosITIVE PROBABILITY
canbereducedo the sohability of a systemof linear constraintsandhow TIGHT 0-CONSEQUENCE can
be reducedo PosITIVE PROBABILITY andtwo linear optimizationproblems.We next shav how TIGHT
me-CONSEQUENCE canbe reducedto PosITIVE PROBABILITY andan entrofy maximizationproblem.
All the abore resultsarewell-known from theliterature. As a new resultof this papey we finally describe
how TIGHT mc-CONSEQUENCE canbereducedo POSITIVE PROBABILITY, computingtheleastHerbrand
modelof a classicadefinitelogic program,andTIGHT me-CONSEQUENCE.

6.1 Preliminaries

Thefollowing theoremshavs thatthe modelsof a probabilisticlogic programP correspondo the solutions
of thesystemof linearconstraintsL.C (4, F, R) shavnin Fig. 2, wherethe parameters, 7, and R denotea
conditioningevent, afinite setof groundconditionalconstraintsandanindex setfor thevariables.

Theorem 6.1 Let P bea probabilisticlogic program. Let the parametes §, F, and R begivenby =T,
F = ground(P), and R =T, respectivelyThen:

(a) For everymodelPr of P, ther s a solution(y, ),cr of the systenof linear constaints LC (4, F, R)
sud that Pr(r) =y, for all r € R.

(b) For everysolution(y,),cr of the systenof linear constaints LC (4, F, R), there existsa model Pr
of P sud thaty, = Pr(r) forall r € R.

The crux with this naive systemof linear constraintss that the numberof variablesis given by the
numberof possiblenvorldsover ® andthatthenumberof linearconstraintss linearin the numberof ground
instance®f conditionalconstraintsn P. Hence especiallythe numberof variabless generallyquitelarge,
asthefollowing exampleimmediatelyshaws.
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Yr = 1
r€R, rl=6
X lye+ X (1-Dy >0 (forall (p|¢)[l,u] € F,1>0)
re€R, rTE=E-YAp rER, TEYAQ
> uyet ¥ (w—1)y, >0 (forall (|¢)[l,u] €F, u<l)
rER, r=—9YAd r€ER, r=yYAd
yr > 0 (forallreR)

Figure2: Systemof linearconstraintd.C (4, F, R) for Theorems.1and6.3-6.5.

Example 6.2 Considerthe probabilisticlogic programP of Example4.1. The nave systemof linearcon-
straintsof Theorenb.1hasthequitelargenumberof 264x18-10'® (1) variablesand120linearconstraintst

6.2 Positive Probability

Thenext theoremshaws thatthe decisionproblemPosITIVE PROBABILITY canbereducedo the problem
of decidingif the systemof linear constraintsLC(§, F, R) in Fig. 2 is sohable. This resultfollows from
Theorem6.1.

Theorem 6.3 Let P bea probabilisticlogic program,andlet « bea groundevent. Then,P hasa modelPr
with Pr(«) > 0 iff the systenof linear constaints LC (4, F, R) is solvable whee § = «, F = ground (P),
andR=1s.

6.3 Tight Logical Consequence

Considernow an object-groundprobabilisticquery @ = 3(8|a) [z, y] to a probabilisticlogic programP.

To computethe tight answersubstitutions for @ to P underlogical entailment,we first decidewhether
P |~° L < a, whichis the complemenbf aninstanceof POSITIVE PROBABILITY. If P |~°1 < a, theno

is immediatelygivenby {z/1, y/0}. Otherwise we additionallysolve two optimizationproblemsn which

a linear fractional objective function must be minimized and maximizedsubjectto the systemof linear
constraintsn Fig. 2 asfollows.

Theorem 6.4 Let P bea probabilisticlogic program,andlet @ = 3(5|a) |z, y] bean object-gpundproba-
bilistic querywith P |[£° | < «. Then,thetight answersubstitutionfor @ to P underlogical entailmentis
givenby o = {z/l, y/u}, whee! (resp.,u) is the optimal value of the following linear fractional program
overthevariablesy, (r € R), whee §=T, F=ground(P), andR=Ts:

minimize (resp.maximize) (Y ye)/C > yr)
rER,T = BN reER,r=a

subjectto LC(6, F,R) and > y, > 0.
TER, T =«

(4)

By a standardechniquegoing backto Charnesand Cooper[5], the linear fractionalprogramg4) can
betransformednto two equialentlinear programsasfollows.
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Theorem 6.5 Let P bea probabilisticlogic program,andlet @ = 3(8|a)[z, y] be an object-gound prob-

abilistic querywith P |[£° 1 < «. Then,thetight answersubstitutionfor Q to P underlogical entailment
isgivenbyo ={z/l, y/u}, whee! (resp.,u) is the optimal valueof thefollowing linear program over the

variablesy, (r € R), whee § = o, F = ground(P), andR=Ts:

minimize (resp.,maximize) . yr Subjectto LC (4, F, R). 5)
r€R,r = PN

6.4 Tight Consequencainder Maximum Entropy

Consideragainan object-groundprobabilisticquery Q = 3(5|a)[z, y] to a probabilisticlogic programP.
To computethe tight answersubstitutions for @ to P under me-entailment,we first decidewhether
P |~ ™1 < a. By thefollowing well-known propositionwe canequivalentlydecidewhetherP |~° | < «,
whichis the complemenbf aninstanceof POSITIVE PROBABILITY.

Proposition 6.6 Let P bea probabilisticlogic program,andlet « bea groundevent. Then,P |~ ™ 1 < «
iff P|~°L<a.

If indeedP |~ ™¢ L < «, theno is immediatelygivenby {z/1,y/0}. Otherwise g is givenby {z/d,
y/d}, whered = me[P](f|a) = me[P](8 Aa)/me[P](a). Thus,it remainsto computethe valuesof
B A a anda underthe me-modelbof P.

More generallythe me-modelof P canbe computedn a straightforvard way by solvingthe following
entrofy maximizationproblemover thevariablesy, (r € R), where§ = T, F = ground(P), andR = Zg:

max —)». y,logy, subjectto LC(4,F,R). (6)
re€R

6.5 Tight Consequencainder Maximum Entropy and CWA

To computethe tight answersubstitutions undermc-entailmentfor an object-groundprobabilisticquery
Q =3(B|a)[z, y] to aprobabilisticlogic programP, we first computethelogical approximatiorof P, which
canbe doneby solving someinstanceof PosITIVE PROBABILITY. Using classicaldefinitelogical pro-
grammingtechniqueswethencomputehesetof all active groundatomsw.r.t. P and8Aa, whichistheleast
Herbrandmodelof the logical approximatiorof P. We next computetheset]3 of (i) all actve membersof
ground (P) w.rt. P andB A «, and(ii) all actve L < ¢ w.r.t. P andB A« suchthat(y|¢)[r, s] € ground(P)
for somer > 0 andsomeinactive ¢ w.r.t. P andg A a. By Theorem3.6, ¢ is thengivenby thetight answer
substitutionfor ) to P underme-entailment.

7 Exploiting ClassicalKnowledgeand Clustering PossibleWorlds

In this sectionwe give somemoresophisticated¢haracterizationsf the solutionsof PosITIVE PROBABIL-
ITY andTIGHT s-CONSEQUENCE, wherese{0, me, mc}, by decisionandoptimizationproblemsnvolving
asystemof linearconstraintsWe shaw how classicaknowledgecanbeexploitedandhow variablescanbe
clusterednto equivalenceclassesn orderto obtaina systemof linear constraintghat hasfewer variables
and fewer linear constraintsthan the onein Section6. Note that the characterizationgor TIGHT me-
CONSEQUENCE, andTIGHT mc-CONSEQUENCE arenew resultswhile thecharacterizationfor POSITIVE
PrROBABILITY andTIGHT 0-CONSEQUENCE areessentiallytakenfrom [45].
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7.1 Preliminaries

In the sequellet P be a probabilisticlogic program. We write P = (C, D) to denotethatC (resp.,D) is
thesetof all classicalresp. purelyprobabilistic)memberf P (resp.,ground(P)). For setsof conditional
constraintsF, we use|F] to denotethesetof all conditionaleventsy|¢ suchthat(i|¢)[l, u] € F for some
l,uelo,1].

Roughlyspeakingthe mainideasbehindexploiting classicaknowvledgeandclusteringpossibleworlds
canbesummarizeasfollows:

e Weintroduceavariableonly for every I € 73 thatsatisfies”, ratherthanfor every I € Zg. Moreover,
we introduceup to two linearinequalitiesonly for eachmemberof D, ratherthanfor eachmember
of ground(P).

e We exploit the structureof the conditionaleventsin D, whichimposesanequivalencerelationonthe
setof all modelsI € Zg of C. Wethenintroduceavariableonly for eachequivalenceclassof possible
worlds.

We first definea characterizatiorof the above setof equivalenceclassesf possibleworlds. Given
a setof classicalconditionalconstraintsC' and a setof groundconditionalevents E = {e1,...,¢,}, de-
note by R¢(F) the setof all mappingsr that assignevery e; = ;|¢; € EU{T|T} an elementof
{1i A bi, i A ¢y, —¢; } suchthatC U {r(e;) | &; € E'} is satisfiable WeuseA r todenoter(e1)A- - -Ar(ey,).
For suchmappings- andgroundeventsg, we user = ¢ to abbreiate A r = ¢.

Thefollowing lemmaformulatestheimmediateresultthat R¢ (E) definesa partition S¢(E) of the set
of all possibleworldsI € Zs thatsatisfyC'. Thatis, R¢(E) definesanequivalencerelationon the setof all
modelsI € 75 of C.

Lemma 7.1 LetC beasetof classicalconditionalconstaints,andlet E bea finite setof groundconditional
events. Then,thefamily S¢(E) ={S, |r € Rc(E)}, whee S, ={I €Zs |I E C U {Ar}}, is a partition
of {I€Zs|I=C}.

We next shav that the setof conditionalevents E can be interpretedby a probability function over
Sc(E). Thatis, asfar as E is concernedwe do not needthe fine granulationof {I € Zs | I =C}. To
formulate this result, we introducethe notion of measuability in Ro(F). We saythat a groundevent
¢ is measuable in R¢(E) iff for all r€ Ro(E), it holdsthat I = ¢ for somel € S, iff I |=¢ for all
I €S,. A groundconditionalevent|¢ is measuablein R¢(E) iff ¢ andy A ¢ aremeasurablén Ro(E).
Intuitively, ¢ (resp.,®|¢) is measurablén R (E) iff it canbe interpretedby a probability function over
Sc(E). In particular T andall ¢|¢ € E are measurablén R¢(FE), asthe following immediatelemma
shaws, which alsoimpliesthatall =¢ and— A ¢ with 9|¢ € E aremeasurablén R¢(E).

Lemma 7.2 LetC bea setof classicalconditionalconstaintsand E be a finite setof ground conditional
events.Then,T andall ¢|¢ € E are measuablein R¢(E).

The next resultshavs that the modelsof a probabilisticlogic programP = (C, D) correspondo the
solutionsof a systemof linear constraintdn which we have onevariablefor eachr € R¢([D]) andup to
two linearconstraintdor eachF' € D. Thisresultisimmediateby Theorem6.1andLemmas/.1and7.2.

Theorem 7.3 Let P=(C, D) bea probabilistic logic program. Let the parametes §, F, and R be given
byéd=T,F=D,andR = R¢([D]). Then:
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(a) For everymodelPr of P, ther s a solution(y,.),cr of the systenof linear constaints LC (4, F, R)
sud that Pr(r) =y, for all r € R.

(b) For everysolution(y,),cr of the systenof linear constaints LC (4, F, R), there existsa model Pr
of P sud thaty, = Pr(r) for all r € R.

The index set R¢([D]) of the new systemof linear constraintscan be computedusing Algorithm
index_set_2 from [45]. The following propositionshavs that for ground conjunctve probabilisticlogic
programsP, thesetR¢([D]) canbecomputedn time O(|D| ||P|| |Rc([D])|), where|S| denoteshe car
dinality of a setS, and|| P|| denoteshe input sizeof P. This shavs thatthe index setR¢([D]) canbe
computedn output-polynomiatotal time (seeespecially13)]).

Proposition 7.4 Givena groundconjunctiveprobabilisticlogic program P = (C, D), computingR¢ ([ D])
canbedonein time O(|D| || P|| |Rc ([D])|)-

7.2 Positive Probability

Thefollowing theoremshavs thatPosITIVE PROBABILITY canbereducedo thesolvability of a systenmof
linearconstraintssimilar to the onein Theorem?.3. Thisresultfollows immediatelyfrom Theorem6.3and
Lemmas/.1and7.2.

Theorem 7.5 Let P = (C, D) bea probabilisticlogic program,andlet o bea groundevent. Then,P hasa
model Pr with Pr(«) > 0 iff the systenof linear constaints LC (4, F, R) is solvable whee § = a, F = D,
andR= Rc([D]U{«|T}).

7.3 Tight Logical Consequence

Let P =(C, D) beaprobabilisticlogic programandlet Q = 3(5|«a)[z, y] beanobject-groundgrobabilistic
querywhereP ||£° | < a. Thenext theoremshavs thatalsothetight answersubstitutiorfor Q to P under
logical entailmentcanbe computedoy solvingtwo linearprogramswith a systenmof linearconstraintasin
Theorem?7.3. Thisresultis immediateby Theorem6.5andLemmas7.1and7.2.

Theorem 7.6 Let P =(C, D) be a probabilistic logic program, and let @ = 3(5|«a) [z, y] be an object-
ground probabilistic querysud that P |[£° | < a. Then,the tight answersubstitutionfor @ to P under
logical entailments givenby o = {z /I, y/u}, wher! (resp.,u) is the optimalvalueof thefollowing linear
programover thevariablesy, (r € R), whee § = «, F = D, and R= R¢([D] U {B|a}):

minimize (resp.,maximize) Y. yr Subjectto LC (4, F, R). @
r€R, T = BA

7.4 Tight Consequencainder Maximum Entropy

Consideragaina probabilisticlogic programP = (C, D) and an object-groundprobabilisticquery @ =

3(B|a)[z,y] whereP ||£° L < . Wenow shav thatexploiting classicaknovledgeandclusteringpossible
worldscanalsobedonewhencomputingthetight answeisubstitutiorfor () to P underme-entailment.The
following lemmastatesthe auxiliary resultthatall possibleworldsin the sameequvalenceclasshave the
sameprobabilityunderthe me-modebf P.
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Lemma7.7 Let P =(C, D) be a probabilistic logic program. Let R = R¢([D] U {S|a}). Then,for all
I, I, €Ty sudhrthatly, I = CU{Ar} for somer € R, it holdsthat me[P](I;) = me[P](I2).

Thefollowing theoremshavs how thetight answersubstitutiorfor @ to P underme-entailmentanbe
characterizethroughtheoptimalsolutionof anoptimizationproblemthathasa systenof linearconstraints
similar to the onein Theorem?7.3. This resultcanbe proved usingLemmas7.1,7.2,and7.7. Note that
the objective functioninvolves weightsa, (r € R), whereeacha, is given by the numberof all possible
worlds I € Zs thatbelongto the equivalenceclasss;.

Theorem 7.8 Let P=(C, D) be a probabilistic logic program, and let @ =3(8|«) [z, y] be an object-
ground probabilistic querywith P |[£° | <= . Letd =T, F=D, and R= R¢([D] U {B|a}). For r € R,
leta, =|{I €Zs | I =CU{AT}}. Then,thetight answersubstitutionfor @ to P under me-entailment

is givenby o={z/d, y/d},whee d= (}_,cg ;pna U7) / (XCrer,rea ¥r) @Ndy; (r € R) is the optimal
solutionof thefollowing optimizationproblemover the variablesy, (r € R):

max —». y,(logy, —loga,) subjectto LC(4,F, R). (8)
r€ER

In the following two subsectionsye briefly discussthe problemof computingthe weightsa, (r € R)
andthe problemof solvingthe optimizationproblem(8).

7.5 Computing the Weightsa,

We now discusshow to computethe weightsa, (r € R) in Theorem7.8. In the sequellet P=(C, D)
be a probabilisticlogic program,and let @ = 3(5|a)[z, y] be an object-groundprobabilisticquery Let
R=Rc([D] U {Bla}).

In generaltheweightsa, = |{I € Z | I = C U{A r}}| with re R canbe computedby simply counting
all I € Zy suchthatl =CU{Ar}.

In the caseof conjunctve P and @, they canbe computedmore efficiently by solving one systemof
linearequationsLet S = Ry([ground (P)] U {B8|a}). Forevery s € S, let Iy bethe setof all groundatoms
p € HBg with s =p. By Lemma7.1,thesetS partitionsZg into thesets{I € Zs | I = A s}. We now first
computethe numbersh; = [{I € Zg | I = A s}| with s € S, which arethe uniquesolutionof the following
systemof linearequationgassuminghat P and(@ areconjunctve):

by = 2HBal=lL+[ (for all s* € S).
s€S, [xCI

Thenumberss, with r € R arethengivenasfollows:

ap = > bs (forallr € R).
s€S, I;=CU{Ar}

7.6 Solving the Optimization Problem

The optimizationproblem(8) canbe solved by standard_agrangegechniquegase.g.describedn [67, 71,
77)). Here,we canbuild on existing maximumentrofy technology For instance the maximumentrofy
systemPIT [16, 71] solvesentropy maximizationproblemssubjectto indifferentpossiblewvorlds (whichare
known to have the sameprobabilityin me-modelscf. Lemma?7.7). This comesdown to working with the
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index setRq ([D] U{B|a}). Therefore PIT canbedirectly usedto solve theoptimizationproblem(8). The

medicalsystemLEXMED? [16, 70, 71] is basedn PIT andsupportgphysiciansn diagnosingappendicitis
in a Germanhospital(cf. [69]). SPIRIT [67, 65, 66, 50] is anothersystemshell using the principle of

maximumentropy to represensetsof probabilisticrulesandto answermueries.

To computethe me-modelof somefinite setof groundconditionalconstraintsP, both PIT andSPIRIT
adoptthe conditional constraintsin P successiely anditeratively. Both systemsmale use of tree-like
structuredo reducethe compleity of probabilisticinterpretationsThe conditionalconstraintsarelearned
onadequateomponen{or mamginal) distributions,andthechangegrobabilitiesarepropagatedhroughthe
tree.So,likethecliguetreesof Bayesiametworks[37, 60,51, 27], thesdreesalsoallow local computations
andpropagation®f probabilities.It is worth noticingthatthe Lagrange‘actorSaﬂ andca,, . occurringin
(), which areso meaningfulfor the theoreticalresultson maximumentrogy reasoningsee[29, 31]), are
alsoof crucialimportanceor the efficient computatiorin SPIRIT.

In principle, the properhandlingof inequality constraintsin (8) is no problem: The me-modelof P
fulfills someof the constraintan (8) with equality somewith strict inequality (cf. [77, 19]). Therefore,
me[P] is still of theform (1), with someof thefactors«;ﬂL anda equalto 1. Unfortunately no method
is known to decidein advancewhich of theconstramtsareessentla 0 computethe me-modekthosewhere
equality holds) and which areirrelevant (thosewhereinequality holds). PIT usesheuristicsto solwve this
problemwheniteratvely learningthe conditionalconstraintsfor a detaileddescriptionsee[71].

8 Efficient Reductions

In this section,we presentefficient reductionsof instancesof PosITIVE PROBABILITY and TIGHT s-

CONSEQUENCE, wWheres € {0, me, mc}, to smallerinstancesf theseproblems. They areto be applied
beforegeneratinghe sophisticatedystemsof linear constraintsn Theoremsr.3,7.5,7.6,and7.8. They

all aim at reducingtheir numberof variables,which canbe doneby addingfurther classicalknowledge
and by reducingthe numberof groundinstancef purely probabilisticconditionalconstraints. This can
be achieved by (i) makinghiddenclassicalknovledgeexplicit, (ii) by removing vacuousconditionalcon-
straints,(iii) by removing inactive conditionalconstraintsand (iv) by decomposing probabilisticlogic

program.Here, (i), (ii), and(iv) applyto the generalcase while (iii) appliesonly to the conjunctie case.
We shaw that (i)—(iii) canbedonein polynomialtime in the groundconjunctve case andthat (iv) canbe
donein linear time in the groundcase. Note that (i)—(iii) arerefinementsf implicit techniquesn [45],

while (iv) is inspiredby similar methodsn [49, 14].

8.1 Adding ClassicalConditional Constraints

We now describea techniquewhich addsto a probabilisticlogic programlogically entailedclassicalcon-
ditional constraints Obsenre thatary newly derived classicalconditionalconstraintreduceshe numberof
variablesin the systemsf linear constraintsn Theorems/.3,7.5,7.6,and7.8.

In thesequellet P = (C, D) beaprobabilisticlogic programandlet K beasetof classicakonditional
constraintsWe first definethe functionstrivg andtrivy,, which associatevith D asetof groundclassical
conditionalconstraintghattrivially follow from K and D. Thefunctiontrivk assigngo D the setof all
conditionalconstraintsL < ¢ (thatis, (¢|T)[0, 0]) suchthateither

2Homepagef LEXMED: ht t ps: / /| exmed. f h- wei ngart en. de/ .
3Availableatht t p: / / www. f er nuni - hagen. de/ BALOR/ for sch. ht ni .
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(i) KEL<yAg (Y|9)[l,u] € D,andl >0, or
(i) K =9 <9, (¢|4)[l,u] € D,andu< 1, 0r

(i) K EpiAd1 & Pande, K| d1 & ¢, (Y1]¢1)[l1,u1] € D, (¥2|¢2)[lo, us] € D,
and[ll,ul] N [lz,’U,Q] = @

We definetriv} (D) = 0 andtrivit' (D) =trivguin (p) (D) for all n.> 0. We thendefinetrivy (D) =
trivly (D), wheren is theleastnumbern > 0 suchthattrivl (D) = trivi! (D).

Thefollowing theoremshaws that,asfar asPosITIVE PROBABILITY is concernedye cansimply add
the classicakonditionalconstraintsn trivg (D) to P. It follows from thefactthat P is logically equivalent
to P* = P Utrivg(D).

Theorem 8.1 Let P = (C, D) bea probabilisticlogic program,andlet « bea groundevent.Let P* = P U
trivg (D). Then,P hasa modelPr with Pr(a) > 0 iff P* hasa modelPr with Pr(ca) > 0.

Thefollowing exampleillustratesthe abore P* = P U trivs (D).

Example 8.2 Considerthe probabilisticlogic programP = (C, D), whereC = {L < fAg} andD =
{(e|f)[0.4,0.5],(f|9)[0.6,0.8]}. Then,we obtaintrivy, (D) ={L < g}, andthusP*=PU{L «g}. O

The next theoremshaws that,asfarasTIGHT s-CONSEQUENCE is concernedwheres € {0, me, mc},
we canalsosimply addthe classicalconditionalconstraintsn ¢rivs (D) to P. This resultfollows from P
andP* = P Utrivg(D) beinglogically equivalentandfrom CWA (P, BAa) = CWA(P*, SA«).

Theorem 8.3 Let P = (C, D) bea probabilisticlogic program,andlet (5|a)[l, u] bea groundconditional
constaint. Let P* = P Utrivg,(D). Then,for every s € {0, me, mc}, it holdsthat P [~ ., (Ble)[l, u] iff

P* ||Ntsight (Ble)[l, ul.

The following propositionshaws that, in the groundconjunctie case,trivy,(D) canbe computedin
time O(|| P|||D|3), where]|| P|| denotegheinputsizeof P, and|D| denoteshe cardinalityof D, thatis, in
polynomialtime. It follows from thewell-known resultthatfor finite setsof groundconjunctive conditional
constraintsK and ground conjunctve conditionaleventsi|¢, decidingwhetherK |= L <4 A ¢ (resp.,
K =1 < ¢) holdscanbedonein lineartime.

Proposition 8.4 Givena groundconjunctivgprobabilisticlogic program P = (C, D), computingrivy (D)
canbedonein time O(||P||| D|?).

8.2 Removing VacuousConditional Constraints

Anothertechniguetowardsanincreasecefficiengy is to remove conditionalconstraintghatarevacuousby
our classicaknowledge.

In thesequellet P = (C, D) beaprobabilisticlogic program.A conditionalconstraint(s|¢)[l, u] € D
is vacuouaunderC iff either(i) C = L < ¢, or (i) C = L < ¢y A¢pandl =0, or (iii) C ¢ < pandu=1,
or (iv) I =0 andu = 1. We usevacc (D) to denotethe setof all vacuousnemberf D underC.

Thefollowing theoremshaws that P hasamodel Pr with Pr(c«) > 0 iff its equivalentwithout vacuous
conditionalconstraints?* = C' U (D — vacc (D)) hassuchamodel.It follows from thefactthat P and P*
arelogically equivalent.
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Theorem 8.5 Let P = (C, D) bea probabilisticlogic program,andlet o bea groundevent.Let P* =C U
(D — vace(D)). Then,P hasa model Pr with Pr(«) > 0 iff P* hasa model Pr with Pr(«) > 0.

We give anexampleto illustratetheabore P* = C U (D — vacc(D)).

Example 8.6 Considettheprobabilisticlogic programP=(C, D), whereC={_ L < g} andD={(e|f)[0.4,
0.5, (f]9)[0.6,0.8]}. Then,vacc (D) ={(f|g)[0.6,0.8]}, andthusP* = { L < ¢, (e|f)[0.4,0.5]}. O

The next theoremshaws that, for s € {0, me, mc}, s-entailmentfrom P coincideswith s-entailment
from P*=C U (D — vacc(D)). Thisresultfollows from P and P* beinglogically equivalentandfrom
CWA(P, BAa) = CWA(P*, BA).

Theorem 8.7 Let P = (C, D) bea probabilisticlogic program,andlet (g8|a)[l, u] bea groundconditional
constaint. LetP* = C'U (D—vacc(D)). Thenfor ead s € {0, me, mc}, it holdsthat P |~ ., (8le)[l, u]

iff P* (k)2 ons (Bla) [l ul.

Thefollowing propositionshavs thatin thegroundconjunctve casepacc (D) canbecomputedn time
O(||P|||D|), thatis, in polynomialtime.

Proposition 8.8 Givena groundconjunctiveprobabilisticlogic program P = (C, D), computinguacc (D)
canbedonein time O(|| P|||D|).

8.3 Removing Inactive Conditional Constraints

We next describea reduction,which only appliesto the conjunctie case,andwhich characterizesome
groundpurelyprobabilisticconditionalconstraint@ss-inactive, andsimply removesthem. Notethatsimilar
technique$have alsoprovedto beusefulin default reasoningrom conditionalknowledgebaseg14].

In the sequellet P = (C, D) bea conjunctve probabilisticlogic program. We now definethe strong
classicalapproximatiorof P, whichis a supersebf the classicalapproximatiorof P. Moreover, we define
thenotionof s-actve formulasrelative to the strongclassicabpproximatiorof P. Moreformally, thestrong
classicalappoximationof P, denoteds-app(P), isthesetof all 1) < ¢ suchthat(i) (¢|¢)[l, u]€ ground (P)
for somel > 0, and(ii) C ||£° L < ¢. Givenagroundconjunctve eventa, agroundatompe HB ¢ is s-active
w.r.t. P anda iff s-app(P) U{a} = p. A groundeventry (resp.,groundconditionalconstraintF’) is s-active
w.r.t. P anda iff all groundatomsin «y (resp.,F') ares-actve w.r.t. P anda. A groundatom(resp.,ground
event,groundconditionalconstraint)s s-inactivew.r.t. P and iff it is nots-actve w.r.t. P anda. We use
actc,q (D) to denotethe setof (i) all membersf D thatares-actve w.r.t. C UD ande, and(ii) all 1 <= ¢
suchthat (a) ¢ is s-actve w.r.t. CUD and«, and (b) (¢|¢)[l,u] € D for somel >0 andsomes thatis
s-inactve w.r.t. C U D anda. Thefollowing lemmais immediate.

Lemma 8.9 LetP = (C, D) bea conjunctiveprobabilisticlogic program,andlet o« bea groundconjunctive
event. Then,app(P) C s-app(P). Moreover, if a groundatomp € HB is activew.r.t. P and «, thenit is
alsos-activew.r.t. P anda.

The following theoremshaws that decidingif P hasa model Pr with Pr(«) > 0 canbe reducedto
decidingwhetherC Uactc,o (D) hassucha model. Roughly it follows from the result that every s-
inactive groundatomw.r.t. P and a canalways be assignedhe probability zero undermodelsPr of P
with Pr(a) > 0.
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Theorem 8.10 Let P = (C, D) be a conjunctiveprobabilistic logic program, andlet « be a ground con-
junctiveevent. Let P* = C Uactc,o (D). Then,P hasa modelPr with Pr(a) > 0 iff P* hasa model Pr
with Pr(a) > 0.

Thefollowing exampleillustratesthe above result.

Example 8.11 Considerthe conjunctie probabilisticlogic programP = (C, D), whereC = {e < f} and
D =1{(fle)[0.1,0.2], (¢]f)[0.1,0.2], (h|g)[0,0.2]}. DoesP have amodel Pr with Pr(e) > 0? Then,since

s-app(P)U{e} ={e<f,f<e,g<f, e},

the groundatomse, f, andg areall s-actve w.r.t. P ande, while h is not s-actve w.r.t. P ande. Thus,
actc,e(D)={(f]e)[0.1,0.2], (¢|f)[0.1,0.2]}. By Theorem8.10, P hasa model Pr with Pr(e) >0 iff
C Uactc,(D) hassuchamodel.O

The next resultshavs that, for s € {0, mc}, s-entailmentof groundconjunctve conditionalconstraints
(Bla)[l,u] from P coincideswith s-entailmentof (8|a)[l, u] from C' Uactc gra (D). Notethatthis result
doesnotcarryoverto me-entailment.

Theorem8.12 Let P = (C, D) be a conjunctiveprobabilistic logic program and (8|«)[l, u] be a ground
conjunctiveconditionalconstaint. Let P* = C U actc gao (D). Then,for every s € {0, mc}, it holdsthat

P | gignt (Bla) [l ul if P* [k, (Bla) [l ul.

Thefollowing propositionshawvs that,in the groundconjunctie case computingthe setactc (D) can
bedonein time O(|| P|||P| + ||«||), where||«|| denotesheinputsizeof ¢, thatis, in polynomialtime.

Proposition 8.13 Givena groundconjunctiveprobabilisticlogic program P = (C, D) anda groundcon-
junctiveeventa, computingactc o (D) canbedonein time O(|| P|||P|+||c]]).

8.4 Decomposition

We now describea reduction,which is basedon the decompositiorof the setof all purely probabilistic
groundinstance®f a probabilisticlogic program.

In thesequellet P = (C, D) beaprobabilisticlogic programandlet o« beagroundevent. We useAt(«)
to denotethesetof all groundatomsp € HB thatoccurin o. We useHBp,, to denoteHBp U At(a). The
decompositiorof HBp , W.r.t. P anda is the uniquepartition{ H, ..., H, } of HBp , suchthat(i) each
memberof ground(P) is definedover someH; with i € {1,...,k}, (ii) « is definedover someH; with
i€{l,...,k}, and(iii) £k >1ismaximal.Fori€{1,...,k}, denoteby D; thesetof all memberf D that
aredefinedover H;. Wecall { Dy, ..., Dy} thedecompositiomf D w.r.t. C ande, denotediecc, (D). We
calltheuniqueD; suchthat(i) At(«) C H;, and(ii) i € {1, ..., k} is minimal, therelevantsubsebof D w.r.t.
C ande, denotedrelc o (D).

Thefollowing resultshavs that P hasa model Pr with Pr(a) > 0 iff C Urelc (D) hassuchamodel
andall theotherC' U D;’s aresatisfiable Here,the*="-part is imnmediate. The “ <"-part follows from the
factthata model Pr of P canbe constructedrom modelsPr; of the C'U D;’s by assumingprobabilistic
independence.

Theorem 8.14 Let P = (C, D) bea probabilisticlogic program,andlet « bea groundevent. Supposehat
decco(D)={Dr,...,Dy} andrelc (D) = D;. Then,P hasa modelPr with Pr(a) > 0 iff
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(i) CUD; hasamodelPr with Pr(a) >0, and
(i) foreveryie{2,...,k}, it holdsthatC U D; is satisfiable

Thefollowing exampleillustratesthe above result.

Example 8.15 Let the probabilisticlogic program P = (C, D), which is definedover the setof ground
atomsHBp ={e, f, g, h, k, 1}, begivenasfollows:

P=({e<=f}{(flerg)F, 1], (meVFlg)[3, 1], (RIEAD[Z, 1], (k[RAD[Z,1]}) -

Then,the decompositiorof D w.r.t. C ande is given by decc (D) ={D1, D2}, whereD; and D, over
Hy={e,f, g} andHy={h, k, 1}, respectiely, aregivenby:

Dy = {(fleng)l ]
Dy = {(rlEAT) 3
By Theoren8.14, P hasamodel Pr with Pr(e) > 0 iff (i) C U D1 hasamodel Pr with Pr(e) > 0, and(ii)
C U D, is satisfiable O

3
2 kA ADE T

The following theoremshaws that computingtight answersubstitutionsfor object-groundqueries@
to P under0-, me-, and mc-entailmentcan be reducedto computingtight answersubstitutionsor @ to
CUrelc, gna(D) under0-, me-, andmc-entailmentyespectrely, andto checkingsatisfiabilityof the other
CUD,.

Theorem 8.16 Let P = (C, D) bea probabilisticlogic program,andlet (5|«)[l, u] bea groundconditional
constaint. Letdecc, gra (D) = {D1, ..., D} andrelc, gra (D) = D1. Thenfor everys € {0, me, mc}:

(@) If everyCU D; withi € {2,...,k} is satisfiable
thenP |k i op (Ble) (1, u] iff CU Dy b g, (Ble) 1, u].

(b) Otherwise P [~ 505, (Bla)[1, 0]

The following result shavs that, in the ground case,computingthe decompositiorand the relevant
subsetanbedonein time O(|| P|| + ||l|), thatis, in lineartime. It follows from areductionto the problem
of computingthe connecteacomponent®f a hypegraph,which canbedonein lineartime.

Proposition 8.17 Givenagroundprobabilisticlogic program P = (C, D) anda groundevente, decc,q (D)
andrelc (D) canbecomputedn time O(|| P||+||c]]).

9 Reduction-BasedAlgorithms
In this section,we presentalgorithmsfor solving the problemsPosITIVE PROBABILITY and TIGHT s-

CONSEQUENCE, wheres € {0, me, mc}, which arebasedon the techniquef exploiting classicalknowl-
edgeandclusteringpossibleworlds of Section7 andon the efficient reductionsdescribedn Section8.
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Algorithm Positive_Probability
Input: Probabilisticlogic programP = (C, D) andgroundeventa.
Output: “No”, if P|~°L < a; “Yes”, otherwise.
1. C:=CUtrivs(D);
2. if C|p°L < athenreturn “No”;
3. D:=D —wacc(D);
4. if CUD anda areconjunctivethen D := actc o(D);
5 D;:= Telc,a(D);
6. R:= Ro([Di] U{a|T});
7. if LC(a, D;, R) is unsohablethen return “No”;
8. for eachD; € decc (D) — {relc,o(D)} do begin
9.  R:=Rc([Di]);
10. if LC(T, D;, R) is unsohablethen return “No”
11. end;
12. return“Yes’.

Figure3: Algorithm Positive_Probability.

9.1 Positive Probability

Algorithm Positive_Probability (seeFig. 3) decidesgivena probabilisticlogic programP = (C, D) anda
groundeventa, whetherP hasamodel Pr suchthat Pr(«) > 0. In stepl, we addtrivially entailedclassical
knowledgeto C. In step2, we thencheckwhetheralreadyC' logically entails L <= «.. In step3, we then
remove all vacuousconditionalconstraintdrom D, while in step4, in the conjunctve casewe remove all
s-inactve conditionalconstraint§rom D. In steps5-7, we decidewhetherC Urelc (D) hasa model Pr
with Pr(a) > 0, while in steps8-11, we decidewhetherall the other C U D; where D; € decc, (D) are
satisfiable.

The following theoremshaws that Algorithm Positive_Probability is correct. It follows immediately
from Theorem<.5,8.1,8.5,8.10,and8.14.

Theorem 9.1 Let P be a probabilistic logic program, andlet o be a groundevent. Then,Positive_Prob-
ability(P, @) is “No”, if P|~°L < «, and“Yes”, otherwise

Thefollowing exampleillustratesAlgorithm Positive_Probability.

Example 9.2 Let P = (C, D) betheprobabilisticlogic programgivenin Example4.1,andlet o = ad(u, a).
To decidewhetherthereexistsa model Pr of P suchthat Pr(«) > 0, Algorithm Positive_Probability gen-
eratesa systemof six linearconstraintover six variables asthefollowing constructiorshaws.

ThesetsC and D aregivenasfollows:

¢ = {(ro(h,u)| T)[L, 1], (ro(u,a) [ T)[1,1], (ro(a 0) | T)[1, 1],
(ad(h, u) | T)[1, 1], (re(R, S) | ro(R, S) A ad(R, 5))[1, 1],
(so(a0) | T)[1, 1], (re(R, S) | re(R, T) Are(T, 5))[1,1]}

D = ground({(ad(u,a)| T)[0.8,0.9], (re(R, S) | ro(R, S))[0.7, 1],
(re(R, S) |ro(R, S) A So(R, 5))[0.9,1]}) .
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o(u,a)A—re(u, a)
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ro(a o)A—re(a,0) ro(a,0)Are(a, o)
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ro(u, a)Are(u,a)
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ro(a, o)/\—w‘e a,0) ro(a, o)/\re(a 0)
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ad —ad(u, a)
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70 r2 T3

Figure4: Semantidreefor Example9.2.

Algorithm Positive_Probability now runsthroughstepsl-3withoutchangingC' andD. In particular it does
not stopat step2, asC doesnot logically entail L < «. SinceC U D anda areconjunctive, we compute
actc,o (D) in step4. For this, we first computethe strongclassicalapproximatiorof P, whichis givenby:

ground({(ro(h,u) | T)[1,
ad(h,u) | T)

( 1], (ro(u, &) | T)[1,1], (ro(a, 0) | T)[1,1],
( [1,1], (re(R, S) |ro(R,S) Nad(R, S))[1,1],
(sofa, 0) | T)[1,1], (re(R, S) | re(R, T) Are(T), S))[L, 1],
(ad(u,a) | T)[1,1], (re(R, S) | ro(R, S))[1,1],
(re(R,S)|ro(R,S) AsA(R, S))[1,1]}

s-app(P)
A
A
)
)

Thesetof all groundatomsp € HBg thatares-actvew.r.t. P anda is givenby theleastHerbrandmodel
of s-app(P) U {ad(u, a) }, andthusgivenasfollows:

{ro(h, u), ro(u, a), ro(a, o), ad(h, u), ad(u, a), so(a, o),
re(h, u), re(u, a), re(a, o), re(h, a), re(u, o), re(h,0)} .

Thesetactc o (D) is thengivenasfollows:

actca(D) = {(re(u,

(ad(u,

It is easyto verify thatin steps5 and8, it holdsthat D; = relc,o(D) = actc,o(D) anddecc,o(D) =
{actco (D)}, respeciiely, andthuswe only have to decidewhetherthe systemof linearconstraints.C (.,
actc,o(D), R) in step7 is solvable. Here,we have theindex setR={r;|i€{0,...,5}}, wherether;’s
correspondo the leavesof the directedtreeshavn in Fig. 4. More precisely every A r; is logically equiv-
alentto the conjunctionof all labelsalongthe pathfrom theroot labeledT to the leaf associatedvith r;.
For example,A 5 is logically equivalentto ro(u, a) A re(u, a) A ro(a, o) Are(a,o0) A ad(u,a) A so(a, o).

a) | ro(u,a))[0.7,1], (re(a, 0) | ro(a, 0))[0.7, 1],
a)| T)[0.8,0.9], (re(a, 0) | ro(a, 0) A so(a, 0))[0.9,1]}.
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Algorithm Tight_0_Consequence
Input: Probabilisticlogic programP = (C, D) andobject-grouncprobabilistic
query@Q =3(8|a)[=, y].
Output: Tight answersubstitutions for @) to P underlogical entailment.
1. if P|ML<athenreturno = {z/1,y/0}
2. elseif P|r°L<aApthenreturn o ={z/0,y/0}
3. elseif P|~°L <aA-fthenreturno = {z/1,y/1};
4. C:=CU{L<¢|I®|¢)[l,u]eD: PR L« ¢};
5. D:=D —wacc(D);
6. if CUD anda A g areconjunctivethen D := actc gra(D);
7. D := Tel(j’ﬂ/\a(D);
8. R:=Rc([D]U{Bla});
9. [(resp.u):=min (resp.max) >  cp , L gaa Yr SUbjectio LC(a, D, R);
10. returno={z/l,y/u}.

Figure5: Algorithm Tight_0_Consequence.

Thesystenof linearconstraintd.C(co, actc o (D), R) is thengivenasfollows (whereeachvariabley; with
i€{0,...,5} correspond$o r;):

ys+ys =1

—0.7-(yo+y1) +0.3- (2 +ys+ya+ys) >0

—0.7-(yo+y2+uys) +03-(y1 +ysatys) >0

—0.8-(yo+y1 +y2 +v1) +02-(y3+ys) >0

9-(yo+y1+y2+ys) —0.1-(ys +y5) >0

—0.9-(yo+y2tys) +0.1-(y1+yst+ys) >0
y; > 0 (forallie{0,...,5}).

This systemis solvable,andthusAlgorithm Positive_Probability returns‘Y es”in stepl12. By Theoren9.1,
P hasamodel Pr suchthat Pr(a) > 0. O

9.2 Tight Logical Consequence

Algorithm Tight_0_Consequence (seeFig. 5) computesgivena probabilisticlogic programP=(C, D) and
anobject-groundprobabilisticquery@Q=3(8|«)[z,y], thetight answersubstitutionfor @ to P underlogical
entailment.In stepsl-3, we first checkwhetherP logically entailseither | < «, or 1. <8 A, or < a,
which canbe doneusing Algorithm Positive_Probability. If this is the case thenwe immediatelyreturn
either{z/1,y/0}, or {z/0,y/0}, or {z/1,y/1}, respectiely. Otherwise,in step4, we addto C some
classicalknowledgethatis entailedby P. Here,the setof all addedclassicalconditionalconstraintss a
supersedf trivy, (D) andcanbe computedusing Algorithm Positive_Probability. In steps5-6, we then
remove all vacuousands-inactve conditionalconstraintsin steps7-9, we finally computetheintenal [1, u]
suchthatC Urelc, gra (D) HNgight (Bla)[l, u].

Thefollowing theoremshaws that Algorithm Tight_0_Consequence is correct. This resultfollows im-
mediatelyfrom Theorem?7.6,aslight generalizatiorof Theorem8.3,andTheorems3.7,8.12,and8.16.
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Figure6: Semantidreefor Example9.4.

Theorem 9.3 Let P be a probabilistic logic program, and let ) be an object-gound probabilistic query
Then,Tight_0_Consequence(P, Q) is thetight answersubstitutionfor @@ to P underlogical entailment.

We give anexampleto illustrate Algorithm Tight_0_Consequence.

Example 9.4 Considettheprobabilisticlogic programP givenin Example4.1andthe object-groungrob-
abilistic query @ = 3(re(h, 0)|ad(u, a))[ X, Y]. In orderto computethe tight answersubstitutionfor @ to
P underlogical entailmentAlgorithm Tight_0_Consequence generateswo linearprogramsgachof which
consistof only sixlinearconstraintover sevenvariables.

In detail, we have g =re(h, 0) anda = ad(u, a). The systemof linearconstraintsL.C(«, D, R) thatwe
usein step9 is thengiven through D = actc, gra (D), Which coincideswith actc (D) of Example9.2,
andR={r;|i€{0,...,6}}, wherether;'s correspondo theleavesof the directedtreein Fig. 6. Thetwo
linear programsarethengivenasfollows (whereeachy; with i € {0, ..., 6} correspond$o r;):

minimize (resp.,maximize) y4 + yg

subjectto
Yst+ys+ys =1
—0.7- (yo+y1) +03- (y2+ys +ya +ys +ys) > 0
0.7 (yo+ty2+ys +ya) +03- (1 +ys +ys) > 0
—0.8- (yo+y1+yz+y5)+02 (y3 +ys+ys) >0
9-(yo+y1+y2+ys) —0.1-(ys+ys+ys) >0
—0.9- (yo+y2+y3+y4)+01 (y1+ys+ys) >0

y; > 0 (forallie{0,...,6}).
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Algorithm Tight_-me_Consequence
Input: Probabilisticlogic programP = (C, D) andobject-grouncprobabilistic
query@Q =3(8|a)[=, y].
Output: Tight answersubstitutions for () to P underme-entailment.
1. if P|ML<athenreturno = {z/1,y/0}
2. elseif P|r°L<anpthenreturn o ={z/0,y/0}
3. elseif P|~°L <aA-fthenreturno = {z/1,y/1};
4. C:=CU{L<¢|3IW|P)[l,u)eD: PIN°L<¢};
5. D:=D —vacc(D);
6. D:= T61075AQ(D);
7. R:= Ro([D]U{Bla});
8. computetheweightsa,. (r € R);
9. computetheoptimalsolutiony: (r € R) of the optimizationproblem
10.  max —) p¥y-(logy, —loga,) subjectto LC(T, D, R);
11. d:= (ZTER,T":,B/\O( y:) / (ZT‘ER,T":O( y:)’
12. returno={z/d,y/d}.

Figure7: Algorithm Tight_me_Consequence.

Theoptimalvaluesare0.875and1, respectiely. Thus,by Theoren®.3,thetight answersubstitutionfor )
to P underlogical entailmenis {X/0.875, Y/1}. O

9.3 Tight Consequencainder Maximum Entropy

Tight answersubstitutionsunderme-entailmentcanbe computedwith Algorithm Tight_me_Consequence
(se€eFig. 7), whichis verysimilarto Tight_0_Consequence. Theonly differencesrethat,in Tight_me_Con-
sequence, We cannotremore arymore s-inactve conditionalconstraintgstep6 of Tight_0_Consequence),
andwe performan entrofy maximizationin steps7—11ratherthansolvingtwo linear programg(steps7—9
of Tight_0_Consequence).

The next resultshawvs that Algorithm Tight_me_Consequence is correct. It is immediateby a slight
generalizatiorof Theorem8.3andTheorems/.8,8.7,and8.16.

Theorem 9.5 Let P be a probabilistic logic program, andlet ¢ be an object-gound probabilistic query
Then,Tight_me_Consequence(P, Q) is thetight answersubstitutionfor @) to P underme-entailment.

9.4 Tight Consequencainder Maximum Entropy and CWA

Givena conjunctve probabilisticlogic programP = (C, D) anda conjunctve object-groundprobabilistic
query@ = 3(8|a)[z, y], thetight answersubstitutiorfor @ to P undermc-entailmenicanbe computedwvith
Algorithm Tight_mc_Consequence (seeFig. 8), whichis nearlyidenticalto Tight_me_Consequence, except
thatwe now alsoremove s-inactve conditionalconstraintsn step6.

The following theoremshaws that Algorithm Tight_mc_Consequence is correct. This resultfollows
immediatelyfrom Theorem?.8,a slight generalizatiorof Theorem8.3,andTheorems.7,8.12,and8.16.
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Algorithm Tight_-mc_Consequence

Input: Conjunctie probabilisticlogic programP = (C, D) andconjunctve
object-groundprobabilisticquery@ = 3(8|a)[z, y].

Output: Tight answersubstitutions for @) to P undermc-entailment.

R = Re([D]U{Bla});

computetheweightsa, (r € R);

10. computetheoptimalsolutiony} (r € R) of the optimizationproblem
11.  max -}  py-(logy, —loga,) subjectto LC(T, D, R);

12. d:= (ZTER,H:,B/\a y:) / (ZreR,rlza y:)’

13. returno={z/d,y/d}.

1. if P|~L<athenreturno={z/1,y/0}

2. elseif P|R°L < aApthenreturn o = {z/0,y/0}

3. elseif P|~L < aA-fthenreturno = {z/1,y/1};
4. C:=CU{L<¢|IW|P)[,u)€D: P|R°L<¢};

5. D:= D —wacc(D);

6. D:= athﬂg/\a(D);

7. D:= ’relcyg/\a(D);

8.

9.

Figure8: Algorithm Tight_mc_Consequence.

Theorem 9.6 Let P be a probabilistic logic program, and let ) be an object-gound probabilistic query
Then,Tight_mc_Consequence(P, @) is thetight answersubstitutionfor @ to P undermc-entailment.

Thefollowing exampleillustratesAlgorithm Tight_mc_Consequence.

Example 9.7 Consideragainthe probabilisticlogic programP = (C, D) of Example4.1 andthe object-
groundprobabilisticquery@ = 3(re(h, o)|ad(u, a))[ X, Y]. In orderto computethetight answersubstitution
for @ to P undermc-entailment,Algorithm Tight_mc_Consequence generatesn entrofy maximization
problemsubjectto a systemof only six linearconstraintsver sezenvariables.

More preciselyin steps/—11,we computethe uniqueoptimal solutionof

max —Z yr(logy, — loga,) subjectto LC(T, D, R),
reR

whereD andR arethe sameasin Example9.4,andevery weighta, with » € Risgivenby {I €Zs | I

CU{Ar}}|. Here,thereare18 possibleworlds I € Zg suchthat I |= C, which arepartitionedasfollows
throughR={ro,...,76}:

’l"()ﬁ{J(),...,Jf,}, T ﬁ{Jg,...,Jlg,}, (] ﬁ{Jﬁ,...,Jg},
rs = {Jis}, ra ={Jis, Jiz}, 5 ={Jua}, 16 ={J1s}.

Thus,(ag, a1, a2, a3, a4, as5,a¢) = (6,5,3,1,2,1, 1), andwe getthefollowing optimizationproblem(where
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eachy; anda; with i € {0, ...,6} correspond$o r;):
- - 6
maximize — >’ y; (logy; — loga;)
i=0

subjectto

Yo+y1i+y2+ys+ys+ys+ys

—0.7- (yo +y1) + 0.3 - (y2 + Y3 + Y1 + Y5 + Ys)
—0.7-(yo +y2 +y3 +ya) + 0.3 (y1 +ys + ys)
—0.8- (yo+y1+yz+y5)+02 (y3 + ya + ys)
9-(yo+y1+y2+ys) —0.1-(ys+ys+ys)

—0.9 - (yo+yz+y3+y4)+01 (y1 +ys + s)

1
0
0
0
0
0
yi > 0

vV IV IV IV IV IV

(forallie{0,...,6}).

The tight answersubstitutionfor @ to P undermc-entailmentis then{X/d, Y/d}, whered = (y; +
vg) [ (v5 + v + y§) andy? (:€{0,...,6}) is the optimal solution of the above optimizationproblem.
Numerically it is { X/0.9632, Y/0.9632}. O

10 Conclusion

In this paper we presentedwo approacheso probabilisticlogic programmingundermaximumentroyy,
which arebasedn the usualnotion of entailmentundermaximumentropy (me-entailment)andanew no-
tion of entailmentundermaximumentropy (mc-entailmentkhatcoupleshe principle of maximumentropy
with theclosedworld assumptiofCWA) from classicalogic programmingWe analyzedhenonmonotonic
behaior of bothapproachealongbenchmarlexamplesandalonggeneralpropertiesor default reasoning
from conditionalknowledgebases.It turnedout that both approachesave very nice nonmonotonidea-
tures.Furthermorewe presentedlgorithmsfor computingtight intenalsfrom probabilisticlogic programs
underme- and mc-entailmentwhich arebasedon generalization®f techniquedrom [45]. In particular
computingtight intenals undermc-entailmentis reducedto an optimizationproblemof the samesize as
theoneproducedoy computingtight internvals underlogical entailmentn [45].

We have usedthe principle of maximumentrofy asa way to overcomethe inferential weaknesof
model-theoretidogical entailment. This approacthasa numberof advantagesver the Bayesiametwork
approachei [63, 62, 22, 55, 24, 25]: Sincethelatterapproachesriginatedfrom Bayesiametworks, they
all assumeomestrongstructurakestrictionson probabilisticknowledgebasesIn particular they all require
thatthe groundingof a knowledgebaseis agyclic. Moreover, conditionalprobabilitiesarealwaysgiven by
aprecisepointvalue,ratherthanby anintenal. Ourwork, in contrastjs freefrom suchstrongrestrictions.

The me-modelof a probabilisticlogic program P automaticallysatisfiesconditionalindependencies
that areimplicitly entrenchedn the structureof P. Roughly we find conditionalindependencies the
me-modelwherethe availableinformationdoesnot justify establishinga dependengc In generalhowever,
theme-modebf a probabilisticlogic programP thatrepresentafragmentof a Bayesiametwork BN does
not satisfythe conditionalindependenciesnplicitly encodedn BN. However, a simulationof Bayesian
networksis possiblethrougha slight modificationof the usualme-approachin orderto obtainmaximum
entrofy modelsthatautomaticallyencodeconditionalindependencieasin Bayesiametworks,onecanuse
the principle of sequentiamaximumentropy introducedn [43].
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Theremaybeapplicationsn practicewheretheimprecisionthatis expressedy thewidth of theproba-
bility intenalsin a probabilisticlogic programshouldalsosomehav bereflectedn the concludedntenals.
In suchcasesthe approaches$o probabilisticlogic programmingunderinheritancewith overriding intro-
ducedin [44] arebettersuitedthanour approacheto probabilisticlogic programmingundermaximumen-
tropy. Obsenre, however, thatthe notionsof entailmentunderinheritancewith overridingin [44] areclosely
relatedto entailmentundermaximumentrofy, asthey all have very similar nonmonotonigroperties,in
particular they all realizesomeinheritanceof probabilisticknonledge. Exploringin somemoredetail this
relationshipbetweerentailmentunderinheritancewith overridingandentailmentundermaximumentropy
is anexciting topic of furtherresearch.

Anotherinterestingtopic of future researchs to generalizethe notion of entailmentundermaximum
entropy and CWA to a larger classof probabilisticlogic programs beyond thoseover conjunctive events.
A closelyrelatedissueof further researchs to extend the reductionof removing s-inactve conditional
constraintslescribedn Section8.3to a larger classof probabilisticlogic programs.

A Appendix: Proofsfor Section3

Proof of Lemma 3.1. Recallthat P |~°(8|a)[l, u] iff every model Pr of P is alsoa modelof (8|a)[l, u].

The latteris equvalentto Pr(f|«a) € [I,u] for every model Pr of P suchthat Pr(«) > 0, whichin turnis

equialentto Pr,(f) € [I, u] for every model Pr of P suchthat Pr(«) > 0. Thisagumentatioralsoshovs
that P |kv‘;ight (Bla)[l, ] iff I (resp.,u) is theinfimum (resp.,supremum)f Pr,(5) subjectto all models
Pr of P suchthat Pr(«) > 0. O

Thefollowing lemmawill beusedin the proofof Theorem3.2.

LemmaA.l Let P bea conjunctiveprobabilisticlogic program,andlet « be a groundconjunctiveevent.
Then for everymodelPr of P, there existsa modelPr* of P U CWA(P, a) suc that Pr*(y) = Pr(vy) for
everygroundeventy thatis activew.r.t. P anda.

Proof of Lemma A.1. Let Pr beamodelof P. We define Pr* by Pr*(I) = Pr(er) for all I € Zg with

I=CWA(P, a), wheree; is the conjunctionof all active atomsp € I andof all negationsof actve atoms
p¢ I, andby Pr*(I)=0 for all otherI € Zy. Clearly Pr* satisfiesCWA(P, «), and Pr*(y) = Pr(v)

for all actve groundevents~y. Hence, Pr* satisfiesall actve membersof ground(P). We now shav

that Pr* also satisfiesall inactve membersof ground(P). Supposethe contrary Thatis, someinac-
tive (¢|@)[l, u] € ground (P) exists suchthat Pr* [~ (v|¢)[l, u]. It thenfollows that Pr*(¢$) > 0, as oth-

erwise Pr* |= (¥|¢)[l,u]. Hence,¢ is actve, as otherwise Pr*(¢) =0. Since (¢|¢4)[l,u] is inactie, it

thus follows that 1 is inactve. Hence,we obtaini >0, as otherwise Pr* = (¢|¢)[l,u]. Furthermore,
as Pr(¢) = Pr*(¢) >0, it follows that P ||[£° 1 < ¢. This shaws in particularthat ¢ < ¢ belongsto

app(P). But this contradictsy beingactve and beinginactive. This shavs that Pr* is alsoa model
of all inactve memberf ground (P). O

Proof of Theorem 3.2. (=) Sincethe consequenceelation |~° is monotonic,P |~°(8]a)[l, ] implies
PUCWA(P,BA ) [R°(Bla)l,u].

(<) Assumethat () P U CWA(P, 8 A ) |~ (B|)[l,u]. Towardsa contradictionsupposenow that
P X% (Bla)[l,u]. Thatis, thereexists a model Pr of P suchthat Pr |~ (8|a)[l,u]. Since(B|a)[l,u] is
active, by LemmaA.1, thereexistsa model Pr* of P U CWA(P, 8 A «) suchthat Pr* (= (B|a)[l, u]. But
thisthencontradicts*). ThisshavsthatP |~° (8|a)[l,u]. O
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Proof of Theorem3.3. Wefirstshaw thatP U CWA (P, 8 A «) islogically equivalentto 13UCWA(P, BA).
Obsenre that P logically entailsall L <= ¢ suchthat(a) ¢ is actve w.r.t. P andSA«, and(b) (v|4)[r, s] €
ground (P) for somer >0 and some thatis inactve w.r.t. P and A «. Thus, every modelof P U
CWA(P, 8 A «) is alsoa model of PU CWA(P,B A a). To prove the converse,it is suficient to shav
thatP U CWA (P, 8 A ) logically entailsevery (14|¢)[r, s] € ground (P) thatis inactve w.r.t. P andg A a.
Towardsa contradiction, assumehat thereexists a model Pr of P U CWA(P, 8 A a) andsomeinactive
(¥|@)[r, s] € ground(P) suchthat Pr [~ (¢|¢)[r, s]. Hence,Pr(¢$) >0, andthus¢ is active. Hence,y is
inactve, andthusr > 0. Thus, | < ¢ belongsto P. But this contradictsPr beinga model of p. Thus,
P U CWA(P, B A o) logically entailsevery inactive (14|¢)[r, s] € ground(P). Hence every modelof P U
CWA(P, B A «a) is alsoamodelof P U CWA(P, A «). In summary PUCWA(P, A «) is logically
equivalentto PUCWA(P, B A a).

By Theorem3.2, P I~°(Bla)[l, u] iff PUCWA(P, BAa) I~°(Bla)[l, u]. By theresultabove, thelatter
is equivalentto P UCWA(P, B A ) |F°(8]e)[l, u]. As P and(B|)[l, u] containonly active p € HB g, this
is equivalentto P |~°(Ba)[l, u]. O

Proof of Theorem 3.5. Recallthat P |~ ™¢(8|a)[l,u] iff P UCWA(P,BAa) |~™° (Ba)[l,u]. Since
CWA(P,BNa)=CWA(P U CWA(P, B Aa),B A «), aseasily verified, the latter is equivalentto P U
CWA(P,8Na) UCWA(PUCWA(P,BA ), BAa)|~™(B]a)[l,u]. Thatis, PUCWA(P,BAa) ™
(Ble)[l,u]. O

Proof of Theorem 3.6. Recallthat P |~ ™“(8|a)[l, u] iff P U CWA(P,SAa) |™ (Bla)[l,u]. By the

proofof Theorem3.3, P U CWA(P, 8 A «) is logically equivalentto Pu CWA(P, B A ). It istheneasyto

verify thatCWA (P, B A a) = CWA(P,BA). It thusfollowsthat PUCWA(P, S A a) |~ ™¢(Bla)[l, u] iff

PUCWA(P BAa) | (Bl)[l, u]. Thelatteris equivalentto P | ™¢(Ba) (1, u] and,sinceCWA (P, B A
o) =CWA(P, B A ), alsoto P |~ ™ (8|a)[l, u]. O

B Appendix: Proofsfor Section5

We next prove Theoremss.6-5.11. In the sequelfor groundprobabilisticlogic programsP, andground
events¢, we defineMod ,(P) asfollows:

Mody(P) = {Pry|Pr|= P, Pr(¢)>0}.

Fortheproofof Theorenb.6in thecases = mc, we needthefollowing lemma respectiely, its (immediate)
corollary

LemmaB.1 Letg, 1, e, ¢ begroundconjunctiveevents,andlet P bea (fixed)groundconjunctiveproba-
bilistic logic program; set

={p<=¢| @)L, 1] € P, Pt (¢|T)[0,0]} C app(P)
If PUCWA(P,e A€') |R°(e A—€'|T)[0,0], thenP |~°(¢|T)[0,0], or P, U {e} = €.

Proof. Lete = p; A... A p,, andlet sy, ..., s, betheotheratomswhich areentailedby P; U {¢}, i.e.
PiU{e} Epiy---yPn,S15-- -3 8m. S :={p1,...,Pn,S1,...,Sm} € L. In particular I |= . Assume
I |~ €', hencel = e A —¢'. By presupposition U CWA(P,e A €') = I]0,0]. Sinceeachs; is entailedby
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P, U{e}, itis alsoentailedoy app(P) U {e A€'}. HenceP = I[0, 0]. Now, usingthe explicitnesscondition
(3), thereis (p2|p1)[c, c] € P suchthateitherc = 1 andI |= p; A =pg, 0rc = 0 andI = p; A pa. If
c = 1,thenpy < p; € P, andI | p1 A —ps is acontradictionto the choiceof sy, ..., 8y,. Soc =0
andI = p1 A po, i.e. p1 A po is a conjunctionof someof the atomspy, ..., pp, s1,...,S,. Butthen,
P |R°(g|T)[0,0], ascanbeseenasfollows: Let I' € Zg with I’ |= €. If thereis ans;, 1 < i < m, suchthat
I' |~ s;, thenP |= I'[0, 0], accordingto the choiceof sy, ..., s,,. Otherwise,I’ |= si,...,sy,. Thenalso
I' = p1 A p2, andhenceP = I'[0,0]. In eithercase,P |= I'[0,0]. O

Corollary B.2 If PUCWA(P,e A€') |F°(e A =€'|T)[0,0], thenP |~°(g| T)[0, 0], or app(P) U {e} = &'

Proof of Theorem5.6. Let |~ * beoneof |~°, |~™¢, |~ ™, i.e.we considerthe casess € {0, me, mc}
(exceptfor RW, wherewe only considers € {0, me} .

RW. Let s = 0. If every modelof (¢|T)[l,u] satisfies(y|T)[l',«'], and (¢|T)[l,u] is truein all Pr €
Mod.(P), then(y| T)[I',«'] istruein all Pr € Mod.(P), too.

Lets = me. LetPr™® = me[P] betheme-modebf P. Dueto P |k (¢|€)[l, u], wehave Pr'™¢ |= (¢|e)[l, u],
thatis, Pr*e = (¢|T)[l,u]. ThenalsoPr™¢ |= (4| T)[I',u'], since(¢le)[l,u] = (¢|T)[I',u'] is logically
valid. But thismeanghatPr™¢ = (¢|e)[l', u'], andso P | " (¢p|e)[I!, u'].

Ref Clearly (ele)[1,1] is true in all probabilistic interpretationsPr, in particular in me[F] andin
me[F UCWA(F,e)]. So,RW holdsfor eachs € {0, me, mc}.

LLE. If e< ¢’ is logically valid, thene and &’ are propositionallyequvalent. So, Pr. = Pr, for all
probabilisticinterpretationsPr. In particular Pr. = (¢|T)[l,u] iff Pro = (¢|T)[l,u]. SettingPr =
me[P] andPr = me[P UCWA(P, ¢ A €)] = me[P UCWA(P, ¢ A¢e')], this provesthe assertiorfor s =
me ands = mc, respectiely. For s = 0, we have Mod.(P) = Mod.(P). Hence,(¢|T)[l,u] is truein all
Pr € Mod (P) iff (¢|T)[l,u] istruein all Pr € Mod.(P).

CutandCM. Lets = 0. If (¢'|T)[1,1] istruein all Pr € Mod.(P), thenMod . (P) = Mod.(P). Hence,
(¢|T)[l,u] istruein all Pr € Mod.pe'(P) iff (4| T)[l,u] istruein all Pr € Mod.(P).

Lets = me, andlet Pr™¢ = me[P]. SupposeP |~ ™¢(e'|e)[1, 1], thatmeansPr™¢ = (&'|e)[1, 1]. Thenfor
all eventsa, Pr*¢(aAe) = Pr*¢(a Ae A€'), dueto Pré(e A —e') = 0. ThereforePr™e = (dle Ae')[l, u]
iff Prme = (¢le)[l, ul.

Let s = mc. Here P | "°('[e)[1,1] meansme[P UCWA(P,e A&')] Ee A =€'[0,0], and hence,due
to the openmindednessrinciple (cf. [59]), P U CWA(P,e A €') |~% A =¢'[0,0]. By Corollary B.2,
P|R°(g|T)[0,0], or app(P)U{e} =€ If P|r°T)[0,0], then both me[P UCWA(P,+ A¢)] and
me[P UCWA(P, 9 Ae A€')] satisfy (¢|T)[0,0], and therefore, P |~ (dle A e')[l,u] iff P~ (dle)[l,u].
Otherwise we have app(P) U {e} |= €', andconsequentlyCWA (P, A e Ae') = CWA(P, ¢ A €), which
impliesme[P U CWA(P,v Ae A€e')] = me[P UCWA(P,9 A )] =: Pr*. Moreover, Pr*(e A —¢') = 0,
sothat Pr*(+|e A ') = Pr*(¢le). Thisshaws P |~ (¢le A €')[l, u] iff P |~ (¢le)[l, u]. ThereforeCutand
CautiousMonotonicityhold for s = mec.

Or. Lets = 0. Assumethat (¢|T)[1,1] is truein all Pr € Mod.(P) U Mod. (P). Hence,¢ is truein
all I € Zg suchthat! = ¢ Vv ¢’ and Pr(I) > 0 for somemodel Pr of P. Thus,(¢|T)[1, 1] is truein all
Pr € Mody. (P).

Let s = me, andlet Pr™¢ = me[P]. AssumeP |~ (¢|¢)[1,1] and P |k (¢|e’)[1,1], which meansPr™e =
(9le)[1,1] andPr™e |= (¢le’). ThisimpliesPr™(e A =¢) = Pr¢(e' A =¢) = 0, andhence Pr™¢((e v
g) A =) = 0. Therefore Pr¢((e V &') A ¢) = Pré(e v &), i.e. Pr™¢ = (¢le V €')[1,1]. This shavs
Pl (dle v eL, 1] O
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Proof of Theorem 5.7. In the framevork of me- and mc-entailment,P || —(&'|€)[1,1] is equivalentto
P~ (€'|e)[1, 1], so RationalMonotonicity (RM) hereis equivalentto CautiousMonotonicity (CM). The
assertiomow follows with Theoremb.6. O

Proof of Theorem 5.8. First, we considerthe caseof me-entailment. Set Pr™¢ = me[P]. Then
Pl~™(¢le)[l,u] meansPr™ = (¢le)[l,u]. Let HBs = HB;UHB, with HBy containingthe atoms
occurringin ¢’. Then all atomsoccurringin ground(P),e and ¢ will be in HB;. We will shav
Pre(gle) = Pre(ple A €'), whichimplies P |~ ™¢(¢le Ae')[l, u].

Prme fulfills some of the conditional constraintsin P with equality (i.e. Pr'™¢(8;|a;) = 1;, or
Prme(5;|a;) = u; for some(B;| ;) [l;, u;] € P), andtheotherconstraintsith inequality(i.e. Pr'™¢(8;|«;) €
(13, u;) for theother(B;|a;)[li, ui] € P) (seee.g.,[77]). Only theconditionalsof thefirst typeareessential
for computingPr™¢; we assumehattheseareexactly (1 |¢1)[l1, u1]; - - - s (¥m|m)[lm, um] € P. Thenfor
I € Zg, Pr'™e canbewritten as

Pre(I) = ay H o H o

1<i<m 1<i<m

Il=¢; A, T=g A=ty
with suitablenon-n@ative factorsay, o , oy , ..., o), ar.. Lety beaneventno atomof which occursin
¢’, thatis, all atomsoccurringin 4 lie within HB,, asdo all atomsoccurringin ¢1,%1, . . . , ¢m, Pm. Writing
eachl € Zg intheformI = I; U I, with I; C HBy, I, C HBy, weseethat! = ¢ A ¢’ iff I; = 4 and
L=, TE ¢ N (IE ¢; N, respectiely) iff Iy = ¢; A (It |E ¢ A —;, respectiely). Sowe
obtain

Pree(p Ae') = a Z H of H a;

I€Ty 1<i<m 1<i<m
I=yne! TE¢;AY; IE=g; A=ty

=a > Jl o ]I e

IiCHBq:I =y 1<i<m 1<i<m
IoCHBy:Igk=e! T1E¢inY;  IE¢iA—Y;

= cad{LCHB [ EePa >, [ o I o

I,CHB; 1<i<m 1<i<m
Iy LIE6iAy; I =¢iA—;

Similarly,

Prme(w) — 2card(HBg) o Z H 052— H ai_

LhCHBih=y Illlgﬁ/ﬁbi Iy ‘1:%15/\72%
Therefore Pr™¢(¢) A €') oc Pr™¢(4)) for eacheventsy which hasno atomin commonwith £’. In particular
by presuppositiong ande aresuchevents.Thisimplies

Pre¢(¢ Ne ANe')  Pr™e(¢ Ae)

Prme !/ — _
(Ple N &) = —pme e p o P (c)

= Pr*(¢le)

which wasto beshawn.

Now we dealwith mc-entailmentP | "“(¢le)[l, u] heremeansme[P U CWA(P, ¢ A €)] = (dle)[l, u]. It
is to beprovedthat P |~ ™“(dle Ae')[l,u], i.e.thatme[P U CWA(P, ¢ Ae Ae')] = (¢le Ae')[l,u]. Set

Pri = me[PUCWA(P, ¢ Ae A€')], and Pry= me[P UCWA(P, ¢ Ac¢)].
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Moreover, let
HB, = {pcHBs |appP)U{sAc} | p},
HB3 = {p€HBs |appP)U{pAeAe} =p},
HB, = {p€HBs | =p}.

By presuppositionno atomoccurringin P, e and ¢ alsooccursin /. Sowe have HB, N HB; = (), and
HB3; = HBy U HB4.

Dueto thefact,thatno atomof ¢’ occursin P, a conditionalconstraintin P is essentiafor calculating
Pry iff it is essentiafor calculatingPrs. Let (v1|¢1)[l1, w1], - - -, (¥m|dm)[lm, um] € P betheconditional
constraintsn P which areessentiafor computingPr; andPr;. Thenthe distributions canbe written as

follows (cf. [29, 31])):
o J[ o J[ i ifICHBs

* — 1<i<m 1<i<m
Pri(7) IE¢inp;  TEg; Ay
0, otherwise
z;

whereoegL = a;— , o =a; "z € {l;,u;}, andthew;’s, 1 < ¢ < m, beingsolutionsto theequations

7

S acupy [ i af I = o

Zi I=en-y  TEsiAY; T T I iAyy T 9
oy = 1 — ( )
—Z; ZICHB3 H Bl a- H j#i Q;
TEpAd T I=0AY; IE¢; A=Y,
analogously
s I[85 II 67 ifICHB
* — 1<i<m 1<i<m
Pr2(I) I=¢;Np; I=g; A=Y
0, otherwise

whereg;" = ﬁil‘“, B = B; ", z; € {li,u;}, andthe B;’s,1 < i < m, beingsolutionsto theequations
> rcumy [ i ,8+H iz B
T IEoA— I|—¢JA¢J I=gjny; 7

11—z Y icus, [] i 5 I1 J =

I=gng I ¢J/\¢] = ¢]Aﬁ¢3

Bi =

(10)

ap andg, areobtainedasnormalizingconstants.

First,we shav thatthetwo equationabystemg9) and(10) areequialent.For I, I C HB3, we define
arelation~ by I} ~ I, iff I;\HB, = I,\HB,. Clearly ~ is anequialencerelation, partitioningHB3 in
equialenceclasseswith exactly oneJ C HB, in eachequialenceclass.For eachsuchJ C HB,, andfor
eachl C HB3 with I ~ J, wehave J |= gb]/\d)] iff I = ¢]/\’¢J],Wlth wj € {¢;,y;}, foralll <j <m.
Thisimplies

2. ler 1l o

ICHBs  j#i
I=gny TES;AY; ”—%“%

=22 Il 1l

ICHBy JmI  i# i
I=oNY I\—d)J/\% T=gjn—y;

:2card(HB4 Z H Oz;' H a

ICHBy  j#i
IE=pny IFojAY; 1|=¢] /\—'%
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Thus, the factor2¢@d(#B4) js canceledn (9), which shavs thatin fact, (9) and (10) areequialent. Since
theme-distritutionsdo notdependupona particularsolutionto (9) and(10), respectiely (se€[29, 31]), we
maychooseax; = §; for 1 < i < m; note,however, thatthe normalizingconstantsy, andgy, maydiffer.
Observingthateachl C HB3 canbewrittenasl = I; U I, with I; C HBy andl; C HBy, andthat
Tl= s Ay iff Iy |= s A by, andl = A e Ae'iff I) = ¢ Ae andl, = € (i.e. I, = HBy), we obtain

Pri(p AeANe') = Z Qg Ha;" H a;

ICHB3 1<i<m 1<i<m
I=¢Aene! ITeginy;  TEA-Y;

= Zaoﬂazﬂ'ﬂa;

11 CHBy 1<i<m 1<i<m
I=gAe Ti=¢;AY; Ti=¢ A=ty

= afy 'Pry(p Ae).

In the sameway, we calculatePr} (e A ') = agfy ' Pri(e). This provesPri(dle Ae') = Pri(¢le). O

Proof of Theorem 5.9. SetP* := P U {(B|a)[r,s]}. We first considerthe caseof me-entailment.
Here, P |~ ™(|$)[l, u] meansme[P] = (¥|¢)[l,u]. We may now argue similarly asin the proof of
Theoremb5.8, or we may usethe propertyof systemindependenc§76] statingthat learningconditional
constraintawith disjoint setsof atomsyields statisticalindependencef thesesetsof atomsin the result-
ing me-distrilution. Hence,in the presentcase,me[P"] = me[P] - me[{(B|a)[r, s]}], i.e., P*=P; - Py
with P*:= me[PT], P{f := me[P], and Pj := me[{(B|a)[r, s]}], all distributions on the obviously corre-
spondingsetsof atoms.This shavs atonce P*(y|¢) = P;*(¢|¢), and P*(¢|¢p A a) = P (|¢). Therefore,
PU{(Bla)lr,s]} [~ ($l¢)[l, u] and P U {(Bla)[r, s]} [ (#]¢ A @)[l, u], asdesired.

Let us now considerthe caseof mc-entailmentthatis, we have to take classicalapproximationandthe
closedworld assumptioninto account.P |~ ™¢(1)|¢)[l, u] meansme[P U CWA(P, ¢ A )] = (¢|¢)[1, u].

Sinceno atomof «, 8 alsooccursin ground (P), ¢, 1, we have CWA (P, ¢ A 1)) = CWA(P, ¢ A 1)) which

makesthe new constraint(3|a)[z, y] vacuousfor me-propagationhenceme[P™ U CWA(PT,¢ A ¢)] =

me[P U CWA(P, ¢ A 1)]. Thisshawvs P U {(B|a)[r, s]} |~ "“(¢|¢)[l,u]. In orderto prove the second
statementyve first notethat CWA(P, ¢ A 1) = CWA(PT, ¢ Ay Aa) U{L < p| a A B = p}, wherethe
unionis disjoint. By systemndependencf 6], me[P UCWA(P, ¢ A1))] = me[PUCWA(PT,pApAa)]-

me[{L < p| aApB = p}]. SetPy := me[P UCWA(PT, ¢ A9 A )], takenasadistribution on all atoms
exceptthoseoccurringin a, 5. So,me[PUCWA(P, ¢ A )] = (|¢)[l, u] implies P = (¢|4)[l, u]. Again,

by systemindependencaye furtherobtain P* := me[PT UCWA(PT, pAp Aa)] = me[P UCWA(PT, oA

P Ac) U{(Bla)[r, s]}] = me[PUCWA(PT, g Ap Aa)]- me[{(Ble)[r, s]}] = P -me[{(B|e)[r, s]}], hence
P*(¢pl¢ A o) = Pr(¢|¢) € [I,u]. ThisprovesthatP U {(Ble)[r, s]} [~ "(4[¢ A a)[l,u]. O

Proof of Lemma5.10.Let (¢|¢)[l, u] € ground (P). Then,by Inclusion P | (|4)[l, u]. Now, if e<¢ is
logically valid, thenLLE implies P |~ (v]e)[l, u]. O

Proof of Theorem 5.11. Sinceall notionsof entailmentconsiderederesatisfyLLE (cf. Theorem5.6), we
only have to shaw thatthey alsosatisfylnc. Butthisis obviousfor |~°, |~ ™, and |f ™. O

Proof of Theorem 5.12. Let P be a (conjunctve) probabilisticlogic program,and let (i|¢)[l,u] be a
ground(conjunctie) conditionalconstraint. AssumeP |~°(1)|¢)[l, u], thatis, every modelof P satisfies
(¥|@)[l,u]. Hence,asme[P] andme[P U CWA(P, ¢ A v)] aremodelsof P, they alsosatisfy (1|¢)[l, u].

Thatis, P |~ *(¢|¢)[l, u] for every s € {me, mc}. O
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Proof of Theorem 5.13. (a) Assumefirst that s = me. Assumenow that P |~° (1|¢)][c, c]. Thatis, every
modelof P satisfiegv|¢)][c, c]. Thus,in particular me[P] satisfie1|¢)[c, ¢]. Thatis, P |~ ™¢(¢|¢)]c, c].
Corversely asshavn by Paris and Vencarska [59], the maximumentrogy inferenceprocesssatisfiesthe
open-mindednegwinciple. Appliedto theframavork of this paperthis principlesaysthat P |[£° (1|¢)]c, c]
implies me[P] [~ (v¥|¢)[c, ], for all probabilisticlogic programsP, andall groundclassicalconditional
constraintg|¢)|c, ¢]. Thisshaws that P |~ ™ (v|$)]c, c] implies P |~°(3|#)][c, c].

Assumenext thats =mc. By Theorem3.2, P |~ % (s6|¢)[c, ] iff P U CWA(P, 4 A ¢) |~ °(1]8) e, d.
As shavn abore, thelatteris equivalentto P U CWA(P, 4 A @) |~ ™¢(| )¢, c], thatis, P | ™(1]4)[c, c].

(b) Immediateby (a). O

Proof of Theorem 5.14.(a) It is easyto verify thatevery model Pr of P satisfiesF' iff everymodell € Zg
of v(P) satisfiesy(F). Thatis, P |~°F iff v(P) =~(F).

Assumenow s € {mc,me}. By Theorem5.13, it holdsthat P |~ *F iff P|°F. As P|OF iff
v(P) = v(F), it thusfollows that P |~ * F iff y(P) = v(F).

(b) Forall s € {0, me, mc}, it holdsP |t 2, Fiff P |~ °F andP|X *(¢[T)([0,0]. Thus,by (a), P |~ gn; F
is equialentto y(P) = v(F) andy(P) fE —~¢. O

C Appendix: Proofsfor Section7

Proof of Proposition 7.4. Obsere first that the setsC and [D] canbe computedin linear time in the
sizeof P. Algorithm index_set_2 from [45] reducesthe computationof R ([D]) to O(|D||Rc([D])|)
satisfiabilitytestson classicalogic programsof sizeupto || P||. Sinceeachsatisfiabilitytestcanbedonein
time O(||P||), it follows that R ([D]) canbecomputedn time O(|D| || P|| |Rc ([ D])])- O

Proof of Lemma 7.7. Dueto Equationg1) and(2), for all I € Zg with I = C, thefollowing holds:

me[P](I) = «ag H a;ltlcb H Qs (11)
(¥|8)[t,uleD (¥18)[l,u]eD
I=9Ad I==$A¢

Assumenow that!y, I, € g with I, I, = CU{Ar} for somer € R. Thus,for all ¢)|¢ € E, it holdsthat (i)
LiEyAiIff o=y A, () T =y A@iff Io|=—p A, and(iii) I; ¢ iff Io =-¢. By (11),it then
follows me[P](I1) = me[P](I2). O

Proof of Theorem 7.8. Recallfirst thatme[P] is givenby the optimalsolutionz} (I€Zs) of thefollowing
optimizationproblem(12) overthevariablesc; (I1€Zs):

maximize — Y zrlogz;
I€Ty

subjectto

ooz =1

I€Zs

Z —lzr+ Z (1—l).’L‘1

I€Ts, I=—yYA¢p I€Lls,IEyYAD

> ouzr+ Y (u—1l)wzg

I€Te, I="YN¢ I€Le, I=YAP

(12)

\Y%

0 (forall (¢|@)[l,u] € ground(P), 1 >0)

Y

0 (forall (¢|9)[l,u] € ground(P), u<1)

\Y%

Ty 0 (forallIeZs)
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By Lemmas7.1and7.2, it is now sufficient to shawv thatfor every r € R, it holdsthat me[P](Ar) =y,
wherey; (r € R) is theoptimalsolutionof thefollowing optimizationproblem(13) overy, (r € R):

maximize - y,(logy, — loga,)
reR

subjectto

Eyr:]-

rER

Z _lyT+ Z (1_l)yr

rER, T=—9YA¢d rER, TEYAP

> uwyt Y (w-Dy

reR, rE-YA$ reR, rTEYAS

(13)

vV

0 (forall (¢|¢)[l,u] € D, 1>0)

vV

0 (forall (4|@)[l,u] € D, u<1)
yr > 0 (forallreR)
We first shav that (x) for every solutionz; (I € Zs) of (12) suchthat
zr, = g, forall I, I, € Zg with I1,I, = CU{Ar} for somer e R, (14)
thereexistsa solutiony, (r € R) of (13) suchthat

> zrlogzr = Y. yr (logy, —loga,). (15)
Iely reR

Letz; (I € Zgs) beasolutionof (12) that satisfie14). For every r € R, we thendefiney, = a, z;, where
I €Zg suchthatl =C U {Ar}. Then,y, (r € R) is asolutionof (13) thatsatisfieg15).

We next prove that (xx) for every solutiony, (r € R) of (13),thereexistsa solutionz; (I € Zg) of (12)
that satisfieq14) and(15). Let y,. (r € R) be a solutionof (13). We definez; =0 for all I € Zg suchthat
I'EC,andzr =y, /a, forall I € Zg andr € R suchthat =C U {Ar}. Then,z; (I € Zs) is a solution
of (12) thatsatisfieq14) and(15).

By (*), (+*), andLemma?7.7,thefactthat(12) hasa uniqueoptimal solutionz} (I € Zg) impliesthat
also(13) hasa uniqueoptimal solutiony; (r € R). Moreover, 7 = y;/a, for all I € Zp andr € R with
I=CU{Ar}. Thus,forallre R:

me[P|(Ar) = > aj = 2w = >, yrlar = yr.0O
I€eZy, I=NT I€Zy, IEFCU{Ar} I€Zy, IFCU{AT}

D Appendix: Proofsfor Section8

Proof of Theorem 8.1. Obsere first thatfor all i € {0,...,n — 1}, wheren >0 suchthattrivy (D) =
triv (D), it holdsthat every modelof P Utriv,(D) is alsoa modelof P U triviC’Ll(D). Hence,every
modelof P is alsoamodelof P* = P U trivy (D). Thus, P and P* have exactly the samesetsof models.
This shavs that P hasa model Pr with Pr(«) > 0 iff P* hasamodel Pr with Pr(«) > 0. O

Proof of Theorem 8.3. As aguedin the proof of Theorem8.1, P and P* have the samesetsof models.
This alreadyprovesthatfor every s € {0, me}, it holdsthat P |}vt§ght (Bla)[l,u] iff P* |}vt§-ght (Bla)[l, u].
Recall thenthat P [~ ™(8|a)[l,u] iff P U CWA(P, BAa) | (Bla)[l, u].  Since CWA(P, BAa) =
CWA(P*, BAa), aseasilyseenit alsofollows that P |kt . (Ble) 1, u] iff P* [ (Bla)[l, u]. O
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Proof of Proposition 8.4. Obsere thatn <|D| for the numbern >0 suchthat triv}.(D) = trivg (D).
Thus, trivg; (D) is computableby aniterationof at most|D| + 1 steps. In iterationsteps, we first com-
pute trwc( ), which is the setof all (¢|T)[0,0] suchthat either (i), or (i), or (i) holds relatve to
C Utrivs 1(D), andthencheckwhethertrwc(D) —trwc 1(D). In the conjunctie case the formercan
bedonein time O(|| P|||D|?), while thelatteris possiblén time O(| D). If trivi, (D) = trivi; (D), thenthe
iterationstopsandtriv, (D) = trivs, (D). In summarytrivg (D) canbecomputedn time O(||P|||D?). O

Proof of Theorem 8.5. Obsere thateachmodelof C is alsoa modelof vacc (D). Hence,eachmodelof
=CU (D — vacc(D)) is alsoa modelof vacc (D) andthusof P. Thus, P and P* have exactly the
samesetsof models.Hence,P hasamodel Pr with Pr(«) > 0 iff P* hasamodel Pr with Pr(a) > 0. O

Proof of Theorem8.7. As arguedin theproofof TheorenB.5, P and P* have thesamesetsof models.This
alreadyprovesthatfor every s € {0, me}, it holdsthatP |~ . (Ble)[l, u] iff P* |k 4y, (Ble) (2, u]. Recall
thenthatPHvtZ S (Bl u] iff PUCWA(P, BA) HVu ht(,6’|a)[l u]. So,to prwethatPHth (B[l ul
iff P* ||Ntzght(/6|a)[l u], it is sufficient to shaw thatCWA(P BAa) = CWA(P*, BAc). Obser‘e first that
() CEY < ¢ andC L < ¢ implies app(C) =19 < ¢. Clearly every (9|¢)[l, u] € D with either (i),
or (ii), or (iv) canberemoved from ground (P) without changingCWA (ground(P), SA«). By (x), every
(¥|@)[l,u] € D with (iii) canalsoberemovedwithoutchangingCWA (ground(P), BA«), sinceeitherC' =
1< ¢ orapp(C) =< ¢. Hence,CWA(P, SAa) = CWA(ground(P), BAa) = CWA(P*, BAa), and
thusP |25, (Ble) {1, u] iff P* |k, (Bl u]. O

Proof of Proposition8.8. Thesetvacc (D) canbecomputedy checkingfor every (¢|4)[l, u] € D whether
a conditionamong(i)—(iv) is satisfied.In the groundconjunctive case gachsuchcheckis possiblein time
O(||P]|)- In summaryvacc (D) canbecomputedn time O(||P|||D|). O

Proof of Theorem 8.10. (=) We shav thatevery modelof P is alsoa modelof P* =C Uactc,o(D). Let
Pr beamodelof P. In particular Pr is amodelof C andof all membersf D thatares-actve w.r.t. P
anda. We now shaw that Pr is alsoa modelof all L < ¢ suchthat (x) ¢ is s-actve w.r.t. P anda, and
(%) (¢|#)[l,u] € D for somel >0 andsomes thatis s-inactve w.r.t. P anda. Towardsa contradiction,
assumehat Pr is notamodelof somel <« ¢ suchthat(x) and(xx). Hence,C |£° L < ¢, andthusy < ¢
belonggo s-app(P). Butthis contradictg) beings-inactve and¢ beings-actve w.r.t. P anda. Hence,Pr
isamodelof all 1 < ¢ suchthat(x) and(xx). In summary Pr is amodelof P*.

(<) We shaw thatfor every model Pr* of P*=C Uactc,(D), thereexists a model Pr of P such
that(1) Pr()= Pr*(v) for all groundevents~ thatares-actve w.r.t. P and«, and(2) Pr(p) =0 for all
p € HBg thatares-inactve w.r.t. P anda. Let Pr* beamodelof P*. We definePr by Pr(I) = Pr*(ej)
for all I € Zg with I | p for all s-inactve p € HBs, wheree; is theconjunctionof all s-actve groundatoms
g € I andof all negationsof s-actve groundatomsq ¢ I, andby Pr(I) =0 for all otherI € Zs. Then, Pr
satisfieg1) and(2), andthus Pr is alsoamodelof all F' € ground(P) thatares-actve w.r.t. P anda. We
now shaw that Pr is alsoa modelof all s-inactve F € ground(P). Towardsa contradictionassumehat
Pr isnotamodelof somes-inactve (y|¢)[l, u] € ground (P). Thus,¢ is s-actve, 1 is s-inactve, andl > 0.
Hence,C |~°L < ¢. Hence,Pr(¢) = Pr*(¢) =0, but this contradictsPr not beingamodelof (|¢)[l, u].
This shawvs that Pr is alsoamodelof all s-inactve F' € ground (P). In summary Pr is amodelof P. O

Proof of Theorem 8.12. We defineR = { Pr(f|a) | Pr |= P, Pr(a) >0} andR* = {Pr(8|a) | Pr = P*,
Pr(a) > 0}. As aguedin the proof of Theorem8.10,every modelof P satisfiesP*, andfor every model
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Pr* of P*, thereexists a model Pr of P suchthat Pr(vy) = Pr*(v) for all groundevents~ thatare s-
actve w.r.t. P and8 A «. It thusfollows R C R* and R* C R, respectiely. This alreadyshaws that
P [N igne (Bla)ll, u] iff P* |5, (Blo) L, u]. Recallthenthat P kv, (Bla)[L,u] iff P UCWA(P, fAa)
I~ tighe (Ble) [l u]. We now prove that (+) CWA(P, BAa) = CWA(P*, BAa). Clearly CWA(P, fAa) C
CWA(P*, BAa), sinceC |~° L < ¢ for all s-actve ¢ w.r.t. P andB A « suchthat (4|é)[l, u]€ ground (P)
for somel > 0 andsomes-inactie ¢ w.r.t. P andg A . To prove thecorverse considersome(v|¢)[l, u] €
ground(P) suchthatl > 0, that P |[£° | < ¢, andthat¢ is s-inactve w.r.t. P and A . Hence,¢ is also
inactvew.r.t. P andfAa. Thusy < ¢ in app(P)—app(P*) doesnothaveary influenceon CWA (P, fA«).
Hence,CWA (P, SAa) D CWA(P*, SA«), andthus(x) holds. By the proof of Theorem8.10,every model
of P satisfiesP*. Thus,(x) impliesthat (xx) every modelof P U CWA(P, SA«) is alsoa modelof P* U
CWA(P*, BAca). We now shaw the corverse,namelythat (xxx) every modelof P* U CWA(P*, fA«) is
alsoamodelof P U CWA(P, SA«a). Towardsa contradiction,assumehatthereexists somemodel Pr of
P* U CWA(P*, BAca) thatis nota modelof some(|¢)[l,u] € D. Thus,(¢|¢)[l,u] is s-inactve andthus
alsoinactve w.r.t. P andf A «. Hence,l >0, ¢ is active, and is inactve w.r.t. P ands A «. Thus, ¢ is
s-actve, andv is s-inactve w.r.t. P and A a. Hence, L < ¢ belongsto P*, andthus Pr(¢) =0, but this
contradictsPr not satisfying(v|¢)[l, u]. This shaws that (xxx) holds. By (xx) and (xxx), it thusfollows

thatP |, (8lc) L, u] ift P* |, (Bla) L, u]. O

Proof of Proposition 8.13. We first computes-app(P). For each(|¢)[l,u] € P, we decidewhether! > 0
andC |[£° 1 < ¢. This canbedonein time O(|| P|||P|). We thencomputethe setof all groundatomsthat
ares-actve w.r.t. P anda. Thiscanbedonein time O(||P|| + ||«||). Oncewe aregiventhesetof all ground
atomsthatares-actve w.r.t. P ande, thesetactc (D) canbe computedn time O(||P||). In summary
computingactc o (D) canbedonein time O(||P|||P| + [|e]]). O

Proof of Theorem 8.14. (=) Every model Pr of P with Pr(a) > 0 is amodelof C'U D; with Pr(a) >0
andalsoamodelof every C' U D; withi € {2,...,k}.

(<) Forie{1,...,k}, let C; bethesetof all F € ground(C) definedover H;. Assumethat (i) and
(i) hold. It follows thatevery C; U D; with i € {1,...,k} hasamodel Pr; over 2%, where Pr(a) > 0.
Thus,the probabilisticinterpretationPr over 2H8r.« thatis definedby Pr(I) = Pri(I1) - - - Pry(I}) for all
I €2HBra wherel; = INH; foralli€{1,...,k},isamodelof P with Pr(a)>0. 0

Proof of Theorem 8.16.(a) Fori € {1, ..., k}, denoteby C; thesetof all memberf ground(C) thatare
definedover H;. AssumethateachC U D; with i€ {2,...,k} is satisfiable.We defineR = {Pr(f|a) |
Pr=P, Pr(a) >0} and R, ={Pr(B|a)| Pr =CUD;, Pr(a) >0}. Sinceevery model Pr of P with
Pr(a) > 0isalsoamodelof C U D; with Pr(a) >0, it followsthatR C R;. To shav thecorverse,assume
that Pr is amodelof C' U D; with Pr(«) > 0. Hence thereexistsa model Pr; of C; U Dy over 2H1 such
that Pri(a) > 0 andPry(8|a) = Pr(B|a). AseachC U D; with i € {2, ..., k} is satisfiablegvery C; U D;
with i € {2,..., k} hasamodel Pr; over2fi, Thus,the probabilisticinterpretationPr’ over 218, 8ra that
is definedby Pr'(I) = Pry(I) - - - Pry(Iy) for all I € 2HBr.6ra wherel; = I N H; for all ie{1,... ,k},is
amodelof P with Pr'(B|a) = Pri(8|a) = Pr(B|a) and Pr'(a) = Pri(a) > 0. Thisshavsthat R D R;.
In summary it holdsthat R = R;. It thusfollows that P |}v§ight (Ble)[l,u] iff CUDy |}v§ight (Bla)[l, ).
By the proof of Theorem8.14, it holdsthat P hasa model Pr with Pr(a) >0 iff CUD; hassucha
model. Thus, P |~ 7, (Bla)[1, 0] iff CU Dy |k 30, (Bla)[1, 0] for all s€{me, mc}. Assumenow that P
andC U D; have amodel Pr with Pr(a) > 0. Obsere thenthat, me[P](I) = TI¥_, me;[C; U D;](g;) for
all I € 2HBr,sra wheree; is theconjunctionof all p € I N H; andall negationsof p ¢ I N H;, andme; is the
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me-modebver2¥i forallic {1,...,k}; thisrelationshigs known as“systemindependencefrom [76]. It
thenfollows thatme[P](5|a) = me[C1 U D1](B|a), andalsothatme[C U D1 ](8|a) = me[C1 U D1](B|e).
In summaryme[P](8|a) = me[C' U D1](B|a), andthusP |25, (Ble) I, u] iff C'U Dy |bvyi, (Bla)[l, ul.
Recallthenthat P |~ "¢(8|a)[l, u] iff P U CWA(P, BAa) |y, (Ble)[l,u]. Thelatteris equivalentto
CUD; UCWA(C U Dy, BAa) |, (Ble)[l, u], sinceCWA(P, BAa) andCWA(C U Dy, SAa) coincide
ontheirrestrictionto ;. We have thusprovedthat P |13, (8le) [, u] iff C'U Dy |~/ (Bla) [, u].

(b) If someC' U D; with i €{2,...,k} is not satisfiable,then P is not satisfiable,and thus P [~ 3, .,
(Bla)[1,0] for all s € {0, me, mc}. O

Proof of Proposition 8.17. We first computethe set .S of all connecteccomponentof the hypegraph
G=(V,E)= (HBp,, {At(F) | F € P} U{At(a)}), whereAt(F) denoteghesetof all groundatomsp €

HBp thatoccurin F'. ThissetS canbecomputedn lineartime usingstandardnethodsanddatastructures.
Onces is given,decc,o(D) andrelc,o(D) canbe computedn lineartime. In summarydecc (D) and
relc,o (D) canbecomputedn lineartime. O
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