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1 Introduction and Preliminaries

In this technical note we show that in every extension of theAXC that supports nominals, inverse roles,
counting constraints such as role functionality, and iteesclosure of roles, the entailment problem for
unions of conjunctive queries is undecidable (provided tizsitive closure is also allowed to occur in the
gueries). It has been established that if only two among nalsii inverse roles and counting constraints are
allowed, then query answering is decidable even in moreesspre logics such a87Q, Z0Q, andZ0Z,
and for more expressive query languages sucraay positive regular path queri¢d]. The combination
of all three, however, is known to be challenging, and therdgm in [5] is the only positive result for query
answering in such alogic. For logics that additionally supfransitive closure, such as the ILCOZF*
that we consider here, even the decidability of standarsbr@ag tasks (like knowledge base satisfiability)
remains an open problem. It is known, however, that addiatgad of transitive closure, one adds the full
power of least and greatest fixed-point operators, reswdtemstandard reasoning undecidable [2].

We start by introducing the DIALCOZF* and the corresponding query entailment problem.

1.1 The Description LogicSALCOZF*

We deal with the logicALCOZF* that extends the basic DULC with nominals (), inverse rolesX),
role functionality (F) and transitive closure of roles)( We briefly recall its syntax and semantics.

Syntax. Let N¢, Ng, andN; be fixed, countably infinite sets afoncept role, andindividual names
respectively. We assume thit containsT and L, denoting respectively the universal and the empty
concept.Concepts androlesr obey the following EBNF grammar, whetie= Nj, A € N¢c andp € Ng:

C:=Al{a}|CnC|CUC|Vr.C|3IrC
ruo=p|p” |r*

A knowledge basgKB) is is a set ofconcept inclusion axioms (CIAej the formC C C’ whereC and
C' are concepts, arfainctionality assertiongunc(p) andfunc(p~) wherep is a role name.

Semantics. We rely on the usual notion ofterpretationZ = (AZ, 1), consisting of adomainAZ # ()
and avaluation function? such thau”? € AZ for all a € N;; AZ C A% for all A€ N¢; p~ C AT x A7 for all
PeNg; TZ =A%, andL” = (). The function- inductively extends to all roles and concepts in the stahdar
way, and the satisfaction of CIAs and functionality assesiis also standard. ¥ satisfies all axioms and
assertions iriC we call it amodel ofKC and writeZ = K.

1.2 Query Entailment

A conjunctive role queryCRQ) is a formulay = 3Z.p(2), wherep(Z2) is a conjunction of atoms(z, 2’)
for z, 2/ variables fromz andt a role. Note that CRQs are a special case of ordiganjunctive queries
(CQs), where in addition concepts may be used in atomsnién of conjunctive role querig®JCRQ)q is
a disjunction of CRQs.

Given an interpretatiorf, a matchr for Z and ¢ is an assignment of an elementz) € A’ to each
variablez occurring ing that makes the formula tru€. satisfies;, denotedZ [ ¢, if there is a matchr for

*As nominal conceptga} allow us to express ABox assertions as CIAs, we omit therditin between the ABox and the
TBox part of KBs.



7 andgq. Given a KBK and a UCRQ, query entailmenis the problem of deciding whethérl= ¢ for each
modelZ of K, denotedC  q.

1.3 Unbounded Tiling Problem

We show the undecidability of query entailmentALCOZF* by a reduction from the following undecid-
able tiling (or domino) problem [1].

Definition 1.1 [Tiling problem] Atiling systent¥ is a triple(7', H, V') consisting of a finite set dfle types
T = {t1,...,tx}, K > 0, ahorizontal matchingelation H C T x T and avertical matchingrelation
H C T xT. A solutionfor ¥ is a functionf : N x N — T such that(f(z,y), f(z + 1,y)) € H and
(f(z,y), f(x,y+1)) € V foreveryz,y € N. Thetiling problemis to decide whether a given tiling system
% has a solution.

2 Query Entailment is undecidable inALCOZF*

We show that from a given tiling systefmiwe can obtain &ALCOZF* KB Kz and a UCRQ such that
K< [~ qiff there is a solution fof. Itis well known that in all extensions o £C we can write a knowledge
base whose models can be seen as tiled pseudo-grids, wleeyadewmain element is associated to one tile
type and has a matching right and up successor. Furtherindree presence of functionality and inverses
we can make the up and right successors unique, and enfaoerede to be the right or up successor of
at most one node. As we will see below, the additional presefnominals and roles of the forni allows
us to ensure in the models &f; the existence of a unique right-up path and a unique up-ggtit to every
noden. That is, to given a unique horizontal coordinate and a unique vertical coordinaie The only
reason why such an structure need not be a grid, is that a(nog¢ may have as right a successor a node
different from(z + 1,y), or as up successor a node different framy + 1). However, such ‘errors’ can
easily be detected with the queyywe defineg in such a way that it has a match in a modek@&f iff there
is some node whose right or up successor is wrong. Hence a wiokde whereq has no match represents
a properly tiled infinite grid, which is a solution far.

The reduction uses one concept nafhéor each tile type; € T', as well as a nominglo} for theorigin
of the planelN x IN (i.e., the point(0,0)), the conceptsX andY for the horizontal and vertical axes (i.e.,
the points of the fornjz, 0) and(0, y)), respectively, and the rolesandy to relate each pointz, y) with
its horizontal successdr: + 1,y) and its vertical successer, y + 1), respectively.

Defining the KB K. We first define/Cs, which contains four functionality assertions fary, and their
respective inverses:

func(x) func(x™)

func(y) func(y™)
Now we list the CIAs inC<. As we want each domain element to represent one point inrithevge make
sure it is associated to exactly one tile type:

TLC T.n [l =T
—thieT( 4 1 €T j#i J)

Furthermore, every element must have araad oney successor, whose respective tile types are compatible
with the H andV matching relations.

,I;; E ElX'(l_l(ti,tj)GH T]) M ElY'(l_l(ti,tj)EV CTJ)
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Next, we define the horizontal and vertical axXésandY as the set of all domain elements reachable from
the origin by only right and up successarandy, respectively.

X =3x"{o}
Y =3y "{o}

The only node that is in both axes is the origin, the nodesérhibrizontal axis do not have incoming up
arcs, and the nodes in the vertical axis do not have inconmgng arcs.

XY C{o}
XCVy .L
YCvx .L

This already ensures that both axes are infinite, acyclimsha objects. Finally, we make sure that every
node in the grid is reachable from the horizontal axis by asege ofy steps, and from the vertical axis by
a sequence of steps.

TCIy " XNk Y

Due to the functionality ok andy, we can now ensure that every domain element not in the ®iger
reachable from exactly one element of the horizontal bdogiernly x steps, and from exactly one element
of the vertical border by only steps.

Hence in every mode of K< we can assign to every nodec A’ a unique coordinate(n) = (x,y)
as follows:

e c(o?) = (0,0),

e If n € X7 and there existy, ...,n, € AL,z > 0, with ng = o andn,, = n, such that; # n; and
(ni,niv1) € x* for every0 <i < j < x, thenc(n?) = (z,0).

If n € Y7 and there existy, . ..,n, € AL,y > 0, with ng = o andn, = n such that; # n; and
(ni,nip1) € y* forevery0 <i < j <y, thenc(n?) = (0,y).

If n ¢ XTUuYZ, thene(n?) = (cu, ¢,), wheren, € X7 is the single such node for whigh,., n) €
(v*)%, e(ny) = (cz,0) n, € Y7 is the single such node for whidm,,n) € (x*)%, andc(n,) =
(0,¢y).

We say thatZ has arerror if there existn,n’ € A with ¢(n) = (z,y) andc(n’) = (2, y') for which one
of the following holds:

(HE) (n,n') € (x)? andz’ >z + 1, or
(VE) (n,n)) € (y)¥ andy’ >y + 1.

A model of K< where there are no errors is isomorphic to properly tieck IN grid, and thus represents a
solution ofT. Hence we have:

Lemma 2.1 If 7 = K< and there are no errors iff, thenT has a solution.

As anticipated, we use the queryo verify whether such af exists.

3



x vk A

Y

Y
Y
B |

vA

Figure 1: The querieg; (left) andgy (right)

Defining the query ¢. To conclude our reduction, we define the quersuch thatZ = ¢ iff there is an
error inZ. The query has the following form:

q=qHV qv

whereqy andqy are CRQs such thaty has a match iff if there is horizontal error (HE) i, andgy has
a match if there is vertical error (VE), which are defined dofes:

qg = Jvy,...,v6 . x(v1,06) Ay*(ve,v1) A x(va,v3) Ax(vs,v4) A X*(vg,05) A y*(vs, v6)
Qv = 30t (o) A (0, 0h) A ¥ ) A (0 2) Ay (0 08) A (0 )

The queries are depicted in Figure 1. Each arrow correspiorase atom. The variable names are omitted,
but the variables are ordered counterclockwise, startimg the upper left corner far, in ¢z, and from the
bottom left corner fow} in gy .

Now we show how the queriegy and ¢y, detect horizontal and vertical errors, respectively. tFirs
considergy, and an arbitraryZ such thatZ = K. Suppose there is a horizontal error, i.e., there exist
n,n’ € AT such that (HE)z(n) = (z,y), c(n) = (2',y'), (n,n’) € (x)? andz’ > z+1. Letn,, m,,n, €
X7 be such that(n,) = (z,0), ¢(my) = (x+1,0), ande(nl) = (2,0); i.e.,n,, m,, andn’, are the nodes
on the horizontal axis with the right-coordinatesz + 1 andz’, respectively. Note thatn,,n) € (y*)?
and (n’,n') € (y*)f. Asa’ > x + 1, there exists somer, € X7 with ¢(m’,) = (z,,,0) such that
Ty > x + 1 andzx,, > 2 (intuitively, m/, can ben/, or any node on th& axis betweemn, andn’). Since

(g, mz) € (x)%, (mg,ml) € (x)%, and(ml,n,) € (x*)%, there is a match for ¢y that hasr(vy) = n,

m(vg) = n/, T(v2) = ng, m(v3) = My, 7(vy) = ml, andm(vs) = nl.

One can similarly show that if there angn’ € A for which (VE) holds, then there is a matet for
qv in Z (with 7(v}) = n andw(v;) = n’). Hence there is a match for= ¢y V gy in everyZ that has an
error, and we obtain the desired reduction:

Theorem 2.2 K+ [~ ¢ iff there is a solution fofz.
Since the existence of a solution fiis undecidable, we get:
Theorem 2.3 K | ¢ fora ALCOZF* KB K and a UCRQY is undecidable.

Finally, we note that each CRQ in the querig a simple cycle, which can be expressed with one variable
only in every query language that allows for compositionadés. In fact, if we consider conjunctive regular
path queries [3], that allow full regular expressions owdes, then the query can be expressed as follows:

¢g= .y T x-x-x oy x )UK yy -y Xy (v, 0)
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This shows that conjunctive regular path queries are uddb@ inALCOZF*, even if only one atom and
one variable are allowed in the queries. It also shows theciddbility of standard reasoning tasks (such as
knowledge base satisfiability) in any extention4£COZF* that allows to enforce the irreflexivity of the
regular role expressions ™ - x - x-x* - y*-x~andx™ " -y -y -y - x* -y,
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